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Abstract

We consider a wireless communication network with a fixed number of frequency sub-bands to be shared
among several transmitter-receiver pairs. In traditional frequency division (FD) systems, the available sub-bands
are partitioned into disjoint clusters (frequency bands) and assigned to different users (each user transmits only
in its own band). If the number of users sharing the spectrum is random, this technique may lead to inefficient
spectrum utilization (a considerable fraction of the bands may remain empty most of the time). In addition, this
approach inherently requires either a central network controller for frequency allocation, or cognitive radios which
sense and occupy the empty bands in a dynamic fashion. These shortcomings motivate us to look for a decentralized
scheme (without using cognitive radios) which allows the users to coexist, while utilizing the spectrum efficiently.
We consider a frequency hopping (FH) scheme (with i.i.d. Gaussian code-books) where each user transmits over a
selection of sub-bands and hops to another selection (with the same cardinality) from transmission to transmission.
Developing an upper bound on the differential entropy of a mixed Gaussian random vector and via entropy power
inequality, we offer a lower bound on the achievable rate of each user in the proposed scheme. Thereafter, in
a setup where the number of active users and all the channel gains are unknown to transmitters, we obtain the
maximum transmission rate per user to ensure a specified outage probability at a given SNR level. We demonstrate
that “outage capacity” can be considerably higher in FH than the case of FD for reasonable distributions on the

number of active users which guarantees a higher spectral efficiency in FH.
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I. INTRODUCTION

Optimal resource allocation is an imperative issue in wireless networks. When multiple users share the
same spectrum, the destructive effect of multi-user interference can limit the achievable rates. As such, an
effective and low complexity frequency sharing strategy which maximizes the degrees of freedom per user,
while mitigating the impact of the multi-user interference is desirable. In frequency division (FD) systems,
different users transmit over disjoint frequency bands. Due to practical considerations, such FD systems
usually rely on a fixed number of such frequency bands. The main drawback of FD systems is that most
of the time the majority of the potential users may be inactive, reducing the resulting spectral efficiency.
Reference [1] considers a network of several users with mutual interference. Treating the interference
as noise, a central controller computes the optimum power allocation of each link over the spectrum
to maximize a global utility function. This leads to the best spectrum sharing strategy for a specific
number of users. Clearly, if the number of users changes, the system is not guaranteed to offer the best
possible spectral efficiency. In fact, it is shown in [1] that if the crossover gains are sufficiently greater
than the forward gains, frequency division is optimum. However, as mentioned earlier, if the number of
users sharing the spectrum is random, FD systems can be highly inefficient in terms of the overall spectral
efficiency. To avoid the need for a central controller, cognitive radios [2] are introduced which can sense the
bands and transmit over an unoccupied portion of the available spectrum. Fundamental limits of wireless
networks with cognitive radios are studied in [3]—[7]. Although cognitive radios avoid the use of a central
controller, they require methods for frequency sensing and dynamic frequency assignment which add
to the overall system complexity. For example, in opportunistic communication, each cognitive device
must search for idle regions of the spectrum or spectrum holes which requires sophisticated detection
techniques [8]-[10]. Noting the above points, it is desirable to have a decentralized frequency sharing
strategy (without the need for cognitive radios) which allows the users to coexist, while utilizing the
spectrum efficiently and fairly.

Distributed strategies based on game theoretic arguments have already attracted a great deal of attention
[11, [7], [32], [11]-[14]. In [1], the authors introduce a non-cooperative game theoretic framework to
investigate the spectral efficiency issue when several users compete over an unlicensed band with no
central controller. This approach has been recently followed more in [11] to the case where the users
have incomplete information about the channel gains in the network. This setup is more relevant to a

fast fading environment. Reference [12] offers a brief overview of game theoretic dynamic spectrum



sharing. Repeated non-cooperstive market game methods are adopted in [13] for resource allocation in
a decentralized network. Recently, in [14] the interaction between multiple random access networks has
been considered from a game theoretic point of view.

Generally speaking, the problem of distributed spectrum sharing is studied from two different view-
points. Many authors consider dynamic usage of idle parts of the spectrum that has been already allocated
to primary licensees [26]-[31]. An elegant approach to make this feasible is utilizing software defined or
cognitive radios. In [30], three different operational models for cognitive radios are mentioned, i.e., overlay,
underlay and opportunistic interweaving. In [31], motivated by the fact that the interference imposed on the
primary users by the secondary users must be below a certain level, the concept of capacity is studied under
constraints at the receiver instead of transmitter. Subsequently, authors in [32] show how the interference
effect of the secondary users can be mitigated in fading environments as deep fading on the cross over
links is to the benefit of the licensees. Another scenario is sharing the spectrum by a certain number of
users competing over a certain open bandwidth [34]—[37]. In [37], through an asynchronous distributed
pricing scheme, users exchange signals that indicate the negative effect of interference at the receivers. In
[36], users affected by the mobility event, self-organize into bargaining groups and adapt their spectrum
assignment to approximate a new optimal assignment.

On the other hand, spread spectrum (SS) communications is a natural setup to share the same bandwidth
by several users. This area has attracted tremendous attention by different authors during the past decades
in the context of centralized uplink/downlink multiuser systems. Appealing characteristics of SS systems
have motivated researchers to utilize these schemes in networks without a certain infrastructure, i.e., packet
radio or ad-hoc networks [15]. In direct sequence spread spectrum (DSSS) systems, the signal of each
user is spread using a pseudo-random noise (PN) code. The challenging point is that the PN codes used
by different users must have relatively small cross-correlation properties. In a network without a central
controller, if two users use the same spreading code, they will not be capable to recover the data at the
receiver side. Distributed code assignment techniques are developed in [38], [39]. In [38], using a greedy
approximation algorithm and invoking graph theory, a distributed code assignment protocol is suggested.
Another category of research is devoted to devise distributed schemes in the reverse link (uplink) of cellular
systems. Distributed power assignments algorithms are proposed in [41], [42]. Reference [43] proposes a
distributed scheduling method called “the token-bucket on-off scenario” utilized by autonomous mobile

stations where its impact on the overall throughput of the reverse link is investigated. On the other hand,



decentralized rate assignments in a multi-sector CDMA wireless network are discussed in [44].

Being a standard technique in spread spectrum communications and due to its interference avoidance
nature, frequency hopping is the simplest spectrum sharing method to use in decentralized networks.
As different users typically have no prior information about the codebooks of the other users, the most
efficient method is avoiding interference by choosing unused channels. As mentioned earlier, searching
the spectrum to find spectrum holes is not an easy task due to the dynamic spectrum usage. As such,
frequency hopping is a realization of transmission without sensing while avoiding the collisions as much
as possible.

Frequency hopping is one of the standard signaling schemes [15] adopted in ad-hoc networks. In short
range scenarios, bluetooth systems [19]-[21] are the most popular examples of a wireless personal area
network or WPAN. Using frequency hopping over the unlicensed ISM band, a bluetooth system provides
robust communication to unpredictable sources of interference. A modification of frequency hopping called
dynamic frequency hopping (DFH), selects the hopping pattern based on interference measurements in
order to avoid dominant interferers. The performance of a DFH scheme when applied to a cellular system
is assessed in [22]-[24]. Frequency hopping is also proposed in [7] in the context of cognitive radios
where each cognitive transmitter selects a frequency band but quits transmitting if the band is already
occupied by a primary user.

In this paper, we consider a decentralized party of N users sharing u discrete frequency sub-bands via
fast frequency hopping. Different transmitters are linked to different receivers through paths with static
and non-frequency-selective fading. Each user is assumed to have no prior knowledge about the code-
books of the other users. We propose a frequency hopping (FH) strategy in which the i'* user selects v;
frequency sub-bands among the w available sub-bands and hops to another set of v; sub-bands for the
next transmission. It is assumed that all users transmit independent Gaussian code-books over their chosen
frequency sub-bands.

As each user hops over different subsets of the sub-bands without informing other users about its
hopping pattern, sensing the spectrum to track the instantaneous interference is a difficult task. This
assumption makes the interference probability density function (PDF) on each frequency sub-band at the
receiver side of each user be mixed Gaussian. Since the channel gains have a continuous PDF, the number
of Gaussian components in the interference PDF is 2¥~! with probability one. It is presumed that each

user is able to derive the interference PDF after a sufficiently long training period at the receiver side.



Deriving an upper bound on the differential entropy of a mixed Gaussian random vector and invoking
entropy power inequality (EPI), we propose a lower bound on the achievable rate of each user in the
FH system. Our proposed lower bound is tight enough to have the same SNR scaling of the achievable
rate itself as SNR goes to infinity. Thereafter, in case no transmitter has the necessary knowledge about
the channel gains and the number of users in the system, we derive lower bounds on e-outage capacity
defined as

R(e) = sup{R : Pr{Outage} < €},

i.e., the maximum transmission rate for each user ensuring an outage probability below e. Fixing e,
simulation results show that Rppy(e) can be much greater than Rpp(e) for regular SNR values and
reasonable distributions on the number of active user in the system. We emphasize that the randomness
of the number of users contributes to the outage event.

The paper outline is as follows. System model is given in section II. Section III is devoted to derive
lower bounds on the achievable rates of users. In section IV, based on the results in section III, we discuss
how the users in the FH system fairly share the band while maximizing the outage capacity. Comparison
between the FH and FD systems is given in section V through simulation results. In section VII, the case
where the number of active users is a global knowledge is considered. We use the notation f(7) ~ g(v)

f()

implying lim.,_, o = 1 throughout the paper.

II. SYSTEM MODEL

We consider a communication system with N users! where the i user exploits v;(< u) out of the
u sub-bands and spreads its available power, P, equally over these selected sub-bands by transmitting
independent Gaussian signals of variance 5 over each of the chosen sub-bands. This user hops to another
set of v; frequency sub-bands after each transmission. We denote the achievable rate of the i** user by %,.
The static and non frequency-selective fading coefficient of the link connecting the ' transmitter to the ;"
receiver is shown by h; ;. Each receiver knows already the hopping pattern of its affiliated transmitter. On
the other hand, as all users hop over different portions of the spectrum from transmission to transmission,
no user is assumed to be capable of tracking the instantaneous interference. This assumption makes the
interference plus noise PDF at the receiver side of each user be a mixed Gaussian distribution. In fact,
depending on different choices the other users make to select the frequency sub-bands and values of the

"Each user consists of a transmitter-receiver pair.



crossover gains, the interference on each frequency sub-band at the receiver side of any user has up to

oN-1 power levels. For each 4, the channel model for the it user is as follows:
Y, = hi X+ Z; (1)

where X; is the u x 1 input vector of the i*" user and Z; is the noise plus interference vector on the receiver
side of the " user. One may write p g (%) = > cee T ™ ) g(Z,C') where g(, C') denotes a zero-mean jointly
Gaussian distribution of covariance matrix C and the set C includes all u x u diagonal matrices where

v; out of the u diagonal elements are 5 while the rest are zeros. Denoting the noise plus interference

on the j sub-band at the receiver side of the i'" user by Z; ; (the 4" component of Z:), it is clear that
Pz, ,(2) is not dependent on j. This is by the fact that crossover gains are not sensitive to frequency and
there is no particular interest to a specific frequency sub-band by any user. We assume there are L; + 1

(L; < 2V~1 — 1) possible non-zero power levels for Z; ;, say {cri l}lL:iO. The occurrence probability of oz .

is denoted by a;;. Then, pz, (z) is a mixed Gaussian distribution as follows:

Loy 22
il
pZij(Z> - E eXp —5 3 )
=0 V21O 207,
where 0 = 07 < 07, < 075 < ... < 07, (0 is the ambient noise power). In fact, one may write

Zij = Zg:m# €k il i Xk, +v;; where Xy, ; is the signal of the k'™ user sent on the j*" sub-band, €k,j 18
a Bernoulli random variable showing if the k' user has utilized the ;%" sub-band and v; ; is the ambient
noise which is a zero-mean Gaussian random variable with variance . Obviously, Pr{e,; = 1} = %.

Also, a quantity of interest would be the following:

a;o = Pr{Z, ; contains no interference} = H Pr{e;; =0} = H (1-— Z (3)
k#i k#i

We notice that for each [ > 1, there exists a ¢;; > 0 such that Uzz = 0'2—{—CNP where c;; <o < ... <c¢ip,.
To compute %;, one may see that for each i, the communication channel of the it" user is a channel with
state .9;, the hopping pattern, which is independently changing over different transmissions and is known
to both the transmitter and receiver ends of the i*" user. The achievable rate of such a channel is given
by

R =1(X;Y|S) = Y Pr(Si = s:)[(Xi;Yi|Si = s4) 4)

$;ES;



where [ ()Z'Z-; ﬁ\S, = s;) is the mutual information between X, and Y, for the specific sub-band selection
dictated by S; = s;. The set S; denotes all possible selections of v; out of the u sub-bands. As pZ(Z) is a
symmetric density function, meaning all its components have the same PDF given in (2), we deduce that
I ()Z'Z-; }7,|S, = s,;) is independent of s;. Therefore, we may assume any specific sub-band selection for the

it" user in S;, say the first v; out of the u sub-bands. Denoting this specific state by s}, we get:

1

7

=

In this case, we denote Y; and X; by Y;(s?) and X;(s) respectively. Obviously, we have:

—

R; = 1(Xi(s7); Yils7)) = h(Yi(s})) — h(Z). (6)

III. LOWER BOUNDS ON THE RATES

In this section, we derive lower bounds on the achievable rates of users. We are looking for a lower
bound on Z; having the following possible properties:

e Achieving the same asymptotic expression as that of %;.

e Not depending on the interference details as much as possible.

e Being positive and within a reasonable distance to %; for all ranges of SNR.

In what follows, we try to find such a lower bound. The idea behind deriving this lower bound is to
invoke entropy power inequality (EPI). As we will see, this initial lower bound is not in a closed form as
it depends on the entropy of a mixed Gaussian random variable. In appendix A and B, through a careful
examination of such an entropy, we obtain an appropriate upper bound on it which leads us to the final
lower bound on %,;.

Let us define X ! to be the v; x 1 signal vector? of the i’ transmitter which is sent through the first v;
chosen frequency sub-bands. Let 37;’ = h”)?l’ + Z{ where Z{ is the noise plus interference vector at the

receiver side of the i user on the first v; frequency sub-bands. According to EPI, we have:

Dividing both sides by Qh@), we get:
h(F/) — b(Z) > Dlog(at (0 X00E) ) ®

2X! consists of the first v; elements of X;(s).



On the other hand, since Y/ is a subvector of Y;(s?), we have:
%, = I(Xi(s1): Vi(sD)) 2 I(X5Y/) = h(¥}) — h(Z)). ©)
Based on (8) and (9), we get the following lower bound on %;:
s = D log (25 (XD ), (10)

As Z’ is a mixed Gaussian vector, there is no closed-form formula for h(Z{ ). To circumvent this difficulty,
we have to find an appropriate upper bound on h(Z; ). A general upper bound on the entropy of a random
vector is the entropy of a Gaussian vector of the same covariance matrix. But, it can be verified that this
leads to a lower bound on %; which is less than a constant threshold for all values of v, and hence would
not be suitable for our purposes. To find a sufficiently tight upper bound on h(Z;), we must investigate

the exact PDF of Z{ . In appendix A, we have shown the following lemma:

Lemma 1 Let Z be a u x 1 mixed Gaussian random vector having the following density:

L
A
m Cr 7z 11
; 2 ix/detC'l SRPTE S E an
Then,
1 & B
5 > ajlog ((2me)" det C)) < h(Z) < 5 > ajlog ((2me)" det Cy) +H (12)
1=1 1=1
where H = — Zle alog a; is the discrete entropy of {a;}= .
Proof: See appendix A. [ ]

The following lemma deals with a special class of mixed Gaussian random vectors and is quite useful in

terms of yielding a tight lower bound on %; having desirable properties mentioned above.

Lemma 2 Let Z be a u x 1 mixed Gaussian random vector with different covariance matrices {c?1,},

and corresponding probabilities {a;}£ | where 0? < --- < 02, Then,

L
h(Z) < %uz alog(2mec?) + H — G (13)

=1

where
L

H=-> aloga (14)

=1



and

g2 XL: 1 (1+OEZ$1%) (15)
= a;lo —=m=_ ),
pu 1108 o

Proof: See appendix B. [ |

Using the chain rule for the entropy function, one has the following bound:
h(Z) <Y h(Zy). (16)

Applying the special case of lemma 3 for a scalar mixed Gaussian random variable given in (2), we get:

L;

1
h(Z; ;) < 5 ZZ:; iy 10g(27reazl) +H;, — G, (17)
where
L;
Hi=—) a;loga; (18)
1=0
and
= oin, S a4
G = D alog(l 4 —mr&m=0_tm) (19)
9iL; 95 o ;1

e H; is only a function of {ai,l}f;'l, i.e., it does not depend on the crossover gains. However, G; is
implicitly a function of all crossover gains as the partial sums Zf;; a;m for 2 <[ < L; depend on the
ordering of the crossover gains. This will be more investigated in lemma 4.

e The upper bound given on h(Z; ;) replacing Z; ; by a Gaussian random variable of the same variance
is equal to to %10g(27re Zf;o ai,lgzz)- In contrast, one can see that although by Jensen’s inequality
Sy aiglog(2mea?)) < log(2me 1 aiyo?,), the upper bound 1 log(2me 3" a;;0%,) might still be less
than the upper bound %Zzﬁo a;;log(2mea;;) + H; — G; for relatively small values of P. But, as SNR
increases sufficiently, the upper bound in (17) is way tighter than %log(?we ZzL:io ai’lai ,)- To see this, one

simply has
li 3 ZlL:io a;;log(2meoy)) +Hi — G;
im

P—oco :log(2me Zleio aiylazl)

=1- ;o < 1. (20)
This shows that as P increases the bound in (17) is a tighter upper bound than the Gaussian upper bound.
By (10), (16) and (17), we have:

i 2 (1l ﬁew vi i (LS5 a, ) log(2mec? _G.
t@i Z %log (2'02 (21 g(2 v; ) 1(2 Zl:() L,ll g(2 1,Z)+Hz gz)) _I_ 1)



/l).
_ Uiy
5 %8

2—2Hi22gi h“ 2
( _ il +1). @1)
v [ 2 (cigry + 1)

hil?
- Ay 1). (22)
v [ 112 (cigy + 1)%!

Let us define
2—2Hi 2291

A\ = %log (

%ﬁz is a lower bound having desirable properties listed beow.

e It is easily seen that %ﬁg ~ %viaw log~, i.e., %ﬁz has the same asymptotic form [54] as that of %,.
(%)

® %, ,, 1s positive and continuous for all values on 7.

e It is notable that as [, (ciyy + 1)%! < [112,(ciz,y + 1)%* = (¢;p,y + 1)17%2), one gets a looser
version of the bound given in (22) as

. 2*27'52'2291 h. A|27
2% =% 1). 23
Wb = g 08 (LY + 1)1 o i 29

° t@ﬁg still has the same asymptotic expression as that of %ﬁg

e In case all the signal and noise components are assumed to be circular complex Gaussian (called the

hm‘|27
: 1 24
V(LY + 1)1 o i &Y

complex setup),
9-Hi9G:

%ﬁ; = v; log (

where G; is given by:

2 Li 2 -1
g 0L E : —0 %i,m
5 _ i 1 1 111 m I . 25
g - 1221 a;;log(1+ = . ) (25)

Let us consider a “fair” FH system in which v; = v forall 1 <i < N. As L; = 2¥~! —1 with probability
one, and each user selects a certain frequency band with probability =, the collection {ai7l}lL:i0 consists of
the numbers (2)i(1 — 2)N=1= repeated (", ") times for 0 < i < N — 1. Generally, H; is only a function
of {ai,l}fzio. On the other hand, G; depends on details about the ordering of {ci,l}lL:iO. To avoid this, the
following lemma introduces a lower bound on G, which only depends on ¢; , i.e., the largest interference

Crossover gain.

“«

Lemma 3 In a “fair” FH system, considered in the complex setup,

Hi=—(N = 1)(Slog = + (1= =) log(1 - 2)) 26)



and
E{1og (1+ (1= (2)%)einy) } = (N = 1)2log 2
cir, 7+ 1

Gi > Giw = 27)

where B is a binomial random variable of parameters (N — 1, %)

Proof: Let us define p = 7. By the fact stated before to the lemma, we have:

N-1

H, = — Z (NZ_ 1>pi(1 . p)N—l—i log(pi(l - p)N—l—i)

=0

=— ( i@(N Z_ 1>pi(1 — p)N‘H) log p

)

N-1

- ( SOV 1) (NZ_ 1)19"(1 —p)N_H) log(1 — p)

=0

=—(N —1)plogp— (N —1— (N —1)p)log(l —p) = (N — )H(p,1 — p). (28)

On the other hand, by (19), we have:

1 L; Zl*l a
gi=— a;;lo 1+M0i. +1)). 29
P ; 11og ( ey 4 1)) (29)

Computation of Zi;io a;m 1s not an easy task. In fact, it all depends on the ordering of the cross over

gains. For example, if N = 4,

2 2p(1 —p)* +p*(L —p) if |hoa|* < |hsal|® < |hoal® + [hs]? < Ry

> arm = . (30)

m=0 3]7(1 —p)2 if ’h2’1’2 < ’h371’2 < ‘h471‘2 < ‘h271|2 + ‘h371‘2

To avoid this difficulty of describing G;, we derive a lower bound on it which is not sensitive to the
ordering of crossover gains. Taking each a;,, there is a 0 < s < N — 1 such that a;; = p*(1 — p)N_l_s.

Sy heil?
%P + o2 for some

This implies that a;; corresponds to the interference plus noise power level
. . . 51 |, i) oy [Py il?
1<k <---<ks <N where k; #ifor1 <j <s. Since Z],1|+J,IP+02 > ZteAg{l‘Z’v oy ke 1 P+o?

> sy g il?
for all sets A C {1,2,--- s}, and =reAelizoe) 0

P + o2 is itself an interference plus noise power

N—-1—|A| is

level, we can deduce that its associated probability, pMI(1 — p) an element in the sequence

(a;0,ai1, - ,a;;-1). Therefore, we come up with the following lower bound:

-1 s—1
. Al (1 _ o \N—1-]A] _ S\, (1 _ \N—1—s
Yoaim= Y pM1-p) Z(S,>p (1-p) : 31

m=0 AC{1,2,- s} s'=0



Using (31) in (29) yields:

N-1 ool sen o
1 N -1 E:/f(/)ps(l—p)le
giZ—E < )81— N-1-s1q5(] 4 £==28=0 s iy 41

cir,y+1 g a p) 8( p*(1 — p)N-1-5 (ci,Ly )

N—-—1 s—1 s / !
1 N-—1 S () (1 —p)e
- - 5(1 — Nflfslo 1+ s'=0 \s il +1
N-1
1 N -1 —p°
= — (1 —p)N 1% log(1 + ciry+1
o () e et o e 1)
N-1
1 N -1
= sp*(L—p)" 1 ""lo
ooy T2 ( . ) p*(1—p) gp
N—-1
1 N -1
+— (1 —p)V 1 log(1 + (1 — p*)ei g,
e (U e et e
E{log (1 + (1 —p®)eir,y)} — (N — 1)plogp
(32)
ciL Y +1
where B is a binomial random variable of parameters (N — 1, p). [ ]

From now on, we replace G, by G, ;;, in all the expression offered for the lower bounds on Z%;. In a “fair”
FH system, we denote a;o, H; and G, j, by a(v,N), H(v, N) and G, ;(v, N) respectively. It is notable
that considering the tern G, ;, results in improvement for relatively lower ranges of SNR. In fact, it is seen
that G, ;, goes to zero as SNR goes to infinity. We will point out this fact again in example 1 given in
section V.

On the other hand, let us assume v; = u for all 7, i.e., all users spread their power on the whole
spectrum. We call this the full-band spreading scenario or FBS. Then a;; =0 for/ < L;—1and a; 1, = 1.
This yields a(u, N) = H(u, N) = G; »(u, N) = 0. In fact, %’ﬁg is tight for v = u, i.e., %ﬁ; is exactly the
achievable rate of the i'" user while all users transmit over the whole spectrum. We denote this rate by

Z; rps- In the complex setup, #; ppg is given by
u |hiz‘|27
X =1 _— + 1. 33
FBS = 5 log (U(Ci,Lﬂ 1) + (33)
IV. SYSTEM DESIGN, PART I: THE NUMBER OF ACTIVE USERS IS UNKNOWN

In this section, we consider the complex setup where signals, ambient noise and channel gains are

circular complex Gaussian random variables. In particular, we assume h;; ~ CAN(0,1). Generally, the



number of active users in the system is a random variable N. Each user is assumed to have no knowledge
about the channel gains and the number of active users. The FD system is originally designed to service /K
users based on frequency division multiplexing. Therefore, each user occupies 7 sub-bands upon activation
and is not allowed to occupy the sectors that are assigned to other users. However, if the distribution of
the number of active users changes, this scenario is highly inefficient on the heels that a considerable
portion of the sub-bands is unused. Assume, the number of active users follows the distribution ¢ where
gn = Pr{N =n} and ¢; > ¢ > ---. This is a reasonable assumption as the probability that two users
become active simultaneously is less than the probability that only one active user is in the system, etc.
Also, Pr{N > K’} = 0 where K’ < K. Comparison between a “fair” FH system and a FD system is
made according to a performance measure called “e-outage capacity” described as follows.

Denoting the transmission rate of the i user by R, the outage event for this user is
O; = {N,{hjihr<j<n : % < R}. (34)

We notice that the randomness of the number of active users is considered in the outage event. Let us

define the e-outage capacity as follows:
R(e) :==sup{R : Pr{O;} < ¢} (35)

, 1.e., the maximum transmission rate of a typical user such that its outage probability is below e. We
denote this quantity in the frequency division, full-band spreading and frequency hopping by Rprp(e),

Rpps(€) and Rpp(e) respectively.

A. Computing Rpp(e)

In the FD system, the spectrum is already divided into K non-overlaping units each containing 4
sub-bands. Each user that becomes active occupies one of the units. In this way, there is no interference
at all, and the outage event is

hii 2



As hi,i ~ CN(O, 1), defining Gi,i = ‘hi,’i|2a we have:

exp(—g) g=>0
pGi,i(g) = y
0 oth.

i.e., GG;; is an exponential random variable of parameter one. Thus,
Pr{O,rp} = 1 —exp (L 1(1 - 2"F))
i, FDJf = p K .

Using this in (35) yields:

1 K K
Rpp(e) = sup{R : exp (%;(1 — QTR)) >1—¢€} = % log (1 — 77111(1 —€)).

B. Computing Rpps(€)

Using (33), the following proposition yields Rrpg(€):

Proposition 1

DR

Rpps(e) = sup{R : exp ( 1 — 2 an SR €}

Proof: See appendix C.

(37)

(38)

(39)

(40)

Rpps(e) yields the maximum rate of each user assuming all users spread their power on the whole

spectrum while the outage probability per user is maintained below e.

C. Computing Rpp(e)

Let us consider a “fair” FH system in which v; = v for all 7. In this part, we derive lower bounds on

Rpy(€) using different lower bounds {Z. zb}ke{l 2} on %; derived in the previous section.

Taking the lower bound 2" i on % for any k€ {1,2}, it is clear that O; g C {N,{hji}1<j<n :

52 ; < R}. This yields® Pr{O; ry} < Pr {%( < R}, and hence
{R:Pr {%f’l“g <R} <e} C{R:Pr{O;ru} < €}.

Defining
Rg}l(e) :=sup{R:Pr {%’f’fg < R} < e},

By Pr{J( < R}, we mean Pr{{N, {h; i }1<j<n : Z" lb < R}}

(41)

(42)



we get

Ry (€) < Ren(e). (43)

In the following subsections we separately compute {R%I(e)}ke{m}.
1) Computation of Rg}i(e) We start with the following definition.
Definition 1 Ler n € N. For ¢ € (0,1] and b > 0, define the function o, (.;b,¢) : R™ — R" as

Eflog (14 b(1 — c®)z)} — (n— 1)cloge
bz +1

(44)

an(z;b,¢) =

where B is a binomial random variable of parameters (n—1, ¢). Also, for by < 0, by > 0 and ¢, ¢ € [0, 1],

define the function ¢, (b1, bs,c1,co) as

1 o0
On(by,ba,C1,00) = I / 2" 2 exp (bl(bgz + 1)512_%(2*2’62) — z) dz. (45)
+Jo

(n—2

Using this class of functions, the following proposition yields Rg}{(e)

Proposition 2

K/
v
Ry (6) = maxsup{R: i exp(- (1= 24))+ 3 anbnlbrnsbom c1ms20) > 1= ¢} (46)
n=2

where by ,, = %27{(”’”)(1 — 2%), bon =71 c1n=1—a(v,n) and cy,, = 7

Proof: See appendix D. [ |
The functions ¢,, appearing in the formulation of Rg}{(e) involve numerical integrations. The following

corollary, proved in appendix E, yields a closed form lower bound on R%)q(e)

Corollary 1 Let

Rg}{(e) = mfuxsup{R 1 exp(%(l — 2%)) + ; p—1 exp (b1, ((n — )by, + 1)1_a(v’n)) >1—¢€}.
47)

Then,
Rif(e) > Ry (e) (48)

where by, = %2”“’7”)(1 — 2%) and by, = %

Proof: See appendix E. [ ]



2) Computation of Rg}{(e) We start with the following definition.

Definition 2 For by < 0, by > 0 and c € [0, 1], we define

n—1 ("n')

exp (b12an(zn—1,n—1;b2,c) H H (b2zm,m’ + 1)cm,n _ an,nl) dzy -+ dz, 4

¢n(b175270) :/
m=1 m/=1
(49)

2120, ,2n-120

(")

where for each m, {2y, v },./~{ consists of all possible summations of m elements in the set {z; ?:_11 and

Cmm = (1 — )Pt

For example,

¢2(bl, bg, C) = / exp (612—a2(z;b2,c) (bQZl + 1)C — Zl) le (50)
0
and
1/)3([)1, bg, C) = / exp <b12—a3(z2,2;b2,0) ((bQZl + 1>(b2Z2 —+ 1))0(1_6) (b22272 + 1)62 — 22’2) ledZQ (51)
21,22>0

where 235 = 21 + 22 by definition. It is notable that 15(by, be, ¢) = ¢2(b1, ba, ¢, €).

The following proposition offers an expression to compute Rg}{(e)

Proposition 3 Let

K/
v
Rg}{(e; v) =sup{R:q exp(;(l — 2§))) + anwn(blm, bon, o) > 1 — €} (52)
n=2

where by, = %2”“””(1 — 2§), boy = X and c, = 2. Then,
Rg}i(e) = max R%)q(e; v). (53)

Proof: See appendix F. [ |
The expression given in (53) is quite complicated. On one hand, the multiple integrals do not have a
closed form. On the other hand, the maximization over v must be computed numerically. By the way,
R%)q(e) is the best lower bound on Rppy(€) as %Fl)b is the best lower bound we have found on #;. Fig.
1 shows the three lower bounds Rgf}l(e) for k € {1,2,3} we have developed in a system with K’ = 4,

(01,42, q3,q1) = (4,.2,.2,.2), u =15 and v = 100.

Remark 1 One may construct a lower bound on Ry (€) mixing the bounds Rg}{(e) and Rg}l(e) Let us
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Fig. 1. Depictions of R%“I){(e) for k € {1,2,3} in a setup where K’ =4, (q1,92,q3,q4) = (4, .2,.2,.2), v = 100 and u = 15.

write Pr{O;} as
K/

Pr{O;} = > Pr{Oi|N = n}q,. (54)

n=1

For n =1, we have Pr{O;|N =1} =1 —exp (%(1 - 2%)) For n > 1, one can find an upper bound on

each Pr{O;|N = n} using either of the lower bounds 9?1(];2 on %Z; for k € {1,2}. Using %ﬁg, we get the
following:

Pr{O;|N =n} <1—1,(b14,b2n, ). (55)

On the other hand, using %’ﬁg we have:
Pr{O;IN =n} <1 —= ¢n(bin,b2n, Cins Con).- (56)

The bound in (55) is tighter than the bound in (56), but its computation is more involving. Therefore, one
may choose the bound (55) for those n for which g, is relatively larger. Assume forn € N' C {2,--- , K'},

we use the bound in (55). Then our recommended upper bound on Pr{O;} would be

v
Pr{O;} <1-qexp (;(1 —29)) = Gua(brm b n) = D GG (brins by iy C2)- (5T
neN ng¢N



Defining R(P%(e;/\/) as
RO (6 N) =
v 3
max sup{ 1t : ¢, exp (;(1 —2%)) + D @ntn(bin, b2ms €n) + Y Gnbn(bin, bam, Crny C2n) = 1=}, (58)
neN ng¢N

we get the forth type lower bound on Rpy(€) as
Rpp(e) > RE) (e, N). (59)

V. DISCUSSIONS AND SIMULATION RESULTS

In this section, we consider different examples to demonstrate cases where the FH system outperforms
the FD system, i.e., Rrz(¢) > Rpp(e) for an € and at a given SNR. In fact, for any (K, {g,}X',, u,€), we

have three strategies to investigate, i.e., FD, FH and FBS. We have no expression for Rry(¢). However,

we have developed the following set of lower bounds on this quantity:
Rrn(€) 2 Ry (€) 2 Riy(e.N) 2 Rify(e) 2 Ry (o). (60)

Rg}{(e) is the best lower bound, however, its computation involves multiple integrals of up to order K’ —1
for any K’. Computing R}Q;{ only involves single integrals for all K’. Computation of R (¢) involves
no integrals. Rg}{(e,/\/’ ) is a lower bound on Rppy(e) mixing the lower bounds of type one and two. In

the following examples, we always assume K’ < 4. This enables us to use our best lower bound %}3}{ as

we encounter double and triple integrals. Let us define

u 1 K
frp(Riy) = exp (32 (1= 2), (61)
u R K (n—1)R
fras(Ri) = exp (Z(1 - 24)) g2 (62)
n=1
v R s v R, 7 v
feb(Roviv) = a exp((1=24)) + qun(f”(”’”)(l —2%), . 1—a(v,n).-)  (63)
n=2
and
v R K v H( ) R 'Y v
(1) AN it u,n i
fFH<R7U77)_QIeXp<;(1_2u))>+zqnwn(v7;2 (1_2U>7;7a) (64)

n=2



Now, by (39), (40), (46) and (53),

Rpp(e) = sup{R : frp(Riy) > 1 — €}, (65)
Rpps(e) = sup{R: frps(R;y) > 1 — e}, (66)
Ryt (€) = maxsup{ R : f{(R,v;7) > 1= ¢} (67)
for k € {1,2}.
A. FH vs FD

To get a better insight, we include the FBS scenario in all the figures in this section.

Example 1 In this example, we consider a system with u = 20, K = 10, K' = 2 and (q1,q2) = (.5, .5).
We have sketched the e-outage capacity for the FH, FBS and FD systems in fig. 2 for v = 21.76dB. In case
of F'H, the best lower bound is obtained for v =9 in the given range of €. We have included the curve
Rg}l(e; v = 2) for comparison. Also, there are two curves for the case v = 5. The blue curve considers
the term 'H; and G, 1, proposed in lemmas 2 and 3. On the other hand, the red curve only considers the
term H;. It is seen that the resulted improvement (the lift in the lower bound) by considering the term
Giw enables us to conclude that for € € [13,.17), FH outperforms FBS. Clearly, the red curve which
does not consider this improvement is below the curve Rpps(€) for this range of €. Also, using the blue
curve, it is seen that for all € > .12, FH outperforms FD. However, if we use the red curve the anticipated
advantage of FH over FD is observed for ¢ > .14. Fig. 3 depicts the same setup at v = 30dB. It is seen

that the improvement offered by introducing G, fades away as -y increases.

Example 2 Assume u = K = 20, K' = 3 and (q1,q2,q93) = (.5,.3,.2). Let v = 20dB. Fig. 4 depicts
the lower bound on Rpy(€) for different hopping patterns, i.e., different values of v. It is observed that
for smaller values of v, we get a stronger lower bound. The curves for v = 2 and v = 3 are very close
to each other. It is seen that for e < .075, taking v = 2 yields a better performance while for € > .075,
the hopping pattern must be set at v = 3. Also, for all e > .075, the e-outage capacity of FH (by setting
v = 3) is larger than that of F'D. However, at ¢ = .15, the curve Rpps(€) is above R%ll)q(e; v =13), and
hence, we are unable to claim any advantage of FH over FBS in the range € > .15. Therefore, a main

conclusion of the simulation result in this certain case is that FH outperforms both FD and FBS as long
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Fig. 2. Comparison of FH and FD for u = 20, K = 10, K’ = 2, v = 21.76dB and (¢1, q2) = (.5, .5).
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Fig. 3. Comparison of FH and FD for v = 20, K = 10, K’ = 2, v = 30dB and (q1, ¢2) = (.5, .5).

as € € [.075,.15]. Now, let us increase the SNR value. Let v = 30dB. Fig. 5 offers a comparison of

R%)q(e; v = 2) (hopping pattern set at v = 2), Rppg(€) and Rpp(€) at v = 30dB. It is seen that for at

least all € € [.01,.2], FH offers a considerably higher performance than the cases of FBS and FD.
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Example 3 In this example, we propose another method to choose the hopping pattern. In [54], we have

determined the sum-rate multiplexing gain in a

€«

air” FH system with N users as

MGrr(N, v) = No(l — 2)N=,

u

(68)



22

We propose to select v by the following rule:

v* = arg max F{MGgy(N,v)} = arg max vE{N(1 — E)N’l}. (69)
u

1<v<u 1<v<u

Let us consider the setup in example 2 above. As u = 20 and the distribution of N is given by (q1, G2, q3) =
(.5,.3,.2), we have:

* _1 _ﬁ 2
v —arglg}zgov(ﬁ%—ﬁ(l 20)+.6(1 20)). (70)

Fig. 6 yields the sketch of E{MGgu(N,v)}. It is seen that v* = 15. Clearly, the value of v has no

1 T T

i i Ll - SN
10} o e e

9r rd 4

E(MG ., (N.v)

0 2 4 &) 8 10 12 14 16 18 20

Fig. 6. Sketch of E{MGgu(N,v)} in terms of v

role to determine v*. By the results of example 2, at v = 20dB, the e-outage capacity is maximized
for vop = 3 for all € € [.075,.2]. Fig. 4 depicts both R%l}{(e;v = 3) and Rg}{(e;v = 15). Comparing
these two shows that taking v = v* = 15 implies no advantage in terms of e-outage capacity. However,

% = .5340. In fact, by fig. 6, taking v = 3 is far from maximizing E{MGgy(N,v)}.

Finally, we wrap up with an observation about FH and FBS in a busy network of two users, i.e., g2 > ¢;.

B. FBS vs FH

Assume K’ = 2 and u = 10. Intuitively, one might expect that for ¢; > .5, FBS is the best scenario.

On the other hand, if ¢; < .5, i.e., there are two active users in the system with probability more that L
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FH might be better as it partly avoids collisions. This intuition is valid only in higher ranges of SNR.
As SNR increases, the FBS scenario leads to saturation of the rates of all active users. On the other
hand, the FH system confers each user a certain amount of multiplexing gain which is v(1 — %) in case
the two users are active [49]. Let ¢; = .1, i.e., the two users become active with probability .9. Let us
take v = 20dB. Fig. 7 sketches Rpp(¢) and Rpp(e). The best lower bound on the FH performance is
obtained for v = 2. It is seen that the e-outage capacity for FH is considerably larger than that of FBS

for all €. Clearly, the same holds for all v > 20dB.

T
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w W ~
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Fig. 7. Comparison of FH and FBS for v = 10, v = 20dB, K’ = 2 and (q1, ¢2) = (.1,.9)

VI. APPENDIX A

In this appendix, we prove lemma 2. Let us consider a general u X u vector mixed gaussian distribution

pz(Z) with different covariance matrices {C;}/, and associated probabilities {a;}{, given by:

L
pz(2) =) ag(z,C) (71)
=1

1

— L exp —%Z’TC’Z_IZ Hence, we get:
(2m)2 (det Cy) 2

where ¢(Z,C)) =

L
I:= / pz(2) Inpz(2)dz = J) (72)
=1
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where J; = a; [ 9(Z,C)) Inpz(Z)dz for 1 < [ < L. To find a proper lower bound on each J; in this

expression, we proceed as follows:

L
J; = q /g(E, ) In (Z amg(Z, Cm))d22 a /g(Z, C))In (alg(i, C’l))dZ

m=1
P Y L — /g(z, iz — La, /,?Tq—lzg(z, C))dz
(2m)2 (det Cy)2 2
a; 1 1
=a;ln — — —qE{ZLC'Z (73)
eyt ~ 2 o)
where Z¢ is a Gaussian vector with PDF g(Z, C}). However,
B{ZLCT 2} = E{tr(ZLC7 Z6)} = E{tr(ZcZLC7Y) )
= tr(E{ZcZ&}C; ") = trl, = u. (74)
Thus,
a; u
Ji > a;ln — ) — =ay. (75)
b (et 2"
On the other hand,
L
h(Z) = —(loge)l = —(loge) Z
& a a
< — a log — l ——loge = a; log l
; l )% (det Cl)é) Z "% 2re) 8 (det )
1L
= §Zal log((2me)* det C}) + H(a1, - - ,ar) (76)
=1
where H(ay, -+ ,ar) = — 3.1, a;log q; is the discrete entropy of {a;}%,. On the other hand, we know
that differential entropy is a concave function of the density. Thus,
1 X
h(Z) > 5 Z a;log((2me)* det C). (77)

=1

This concludes the lemma.
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VII. APPENDIX B

In this appendix, we try to improve the upper bound derived in appendix A on the differential entropy
of a mixed Gaussian random vector for a special class of such vectors. Consider the PDF given in (71),
where C) = 071,. Assume 0? < 0% < --- < o7. We modify the bounding in (73) as follows. We know

that
L

Bi=an [ gzCom (3 ang(z C)dz 78)

m=1
On the other hand,

l -1

n ( Z amg(Z,Cr)) = In(ag(z,C))) + In(1 + @n 9(Z Om) + Z a—mM) (79)

However, the term Y 7, 4= g((zz%l)) = Y Zi exp—(3(5z — )2 Z) is always greater than
an 141 aa*l" i Hence,
: Lot 2a g9(Z,Cp)
1 (D amg(Z Cn)) 2 larg(Z.C)) + (1 3 moh 4D Tl (80)
m=1 m=I+1 moom=1 ’

On the other hand, the term 301 @ 9ECm) — SN am 91 oy (3(& - %)E’Tz) is always less than

m=1"a; g(Z,C}) m=1 qa; o},

Zlil am 1 Now, we use the following inequality “which is valid for any b > 0 and 0 < z < a,

m=1 q; o¥%
T T
In(1+b+2)>(1—=)In(l+b)+—In(l+a+bd). (81)
a a

Utilizing this in the expression on the right hand side of (80), we get:

l —1 -1
. . g 1 12 g5

ap

where p; = ZL am 91 and v = Zl_l a—mZ—l: Using this in (78) yields:

m=Il+1 a; a'u m=1 a;

Zl—l a Zl—l a
J > /g(Z, C)In(ag(Z,C)))dz + (ap — E2="")In(1 + ) + === In(1 + v, + ). (83)

4 14

One may notice that the part a; [ ¢(Z, C)) In(ag(Z, C;))d= is the lower bound on .J; used in appendix A.
This finally leads to the upper bound of appendix A. But, here, we have an extra term which makes the

*One may verify this using Jensen’s inequality and concavity of the In(.) function.
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upper bound tighter. Briefly, we get:

R
h(Z) < 5 Zl log((2me)* det C) +H — G” (84)
where .
-1 -1
Z ( - M) In(1 + ) + mellam In(1+ 1 + m)>. (85)

G" is a complicated function of {o;}~ ;. To simplify it, one may notice that G” is an increasing function
of y;. Hence, using p; > 0, we get a lower bound on G”, namely G’ given by:

-1

G = Z nl ) Z (86)

=2 m=1

(1+a:)

On the other hand, using the fact that is a decreasing function of x, one may obtain a lower bound

Lzml

on G’ by finding an upper bound on v; for each [. One option is v, < o &m Thus, we come up with

the following lower bound on G’

uw L u -1
G >G = %Zal log(1 + %M) (87)
L = o @

VIII. APPENDIX C
We first compute Pr{Z%; rps < R}. By (33),

|hz’,i|27

Pr{%i,FBS < R} = PI‘{U log(l + m) < R} (88)
where
hii? N >1
0 N=1
Therefore,
K/
Pr{t@i,FBS < R} = Z Qn Pr{%i,FBS < R‘N = n}
n=1
N
_ |hii >y i iy
=q Pr{u log(l + T) < R} + nZIZn;Ai qa Pr{u log(l + U(T%In)) < R} (90)

The first term can be computed easily as:

| 2

Pr{vlog(1 + "’T% <R}=1- eXp(7(1 —2%y). 1)
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As ]hi,i|2 and Z,, are independent random variables for each n, one can write:

|hi,i|27

u(l1+17,)

2

) < R} = Er, {Pr{ulog(1 + %) < R|Z,}} (92)

Pr{ulog(1 + (0 + 27,

Since |h;;|* is an exponential random variable with parameter one,

Pr{ulog(1 + M) < R|Z,} =1—exp (E(l — 2%)(1 + 17, ) (93)
u(l+17,) " v u
Replacing this in (92) yields:
Pr{ulog(1 + M) < R} =Er, {1l —exp (E(l — 2%)(1 + 17, )}
u(l1+417,) n v u "
=1 —exp(—(1—2%))Er, {exp (1 — 29)Z,)} = 1 — exp(—(1 — 2%))2~ "= 94)
Y Y
where we have used the fact that E{exp(tZ,)} = W as 27,, ~ Xg(nq)- Thus, Rrps(€) is given by:
u u (n-1FR
R _(n=1
Rpps(e) = sup{R : exp (;(1 —2u)) anQ v > 1—¢€}. 95)
n=1
IX. APPENDIX D
Let us compute Pr{%ﬁg < R}. By (23),
—H(U,N)2gi,lb(U7N) h: |2
(2 E 2 ’ z,z‘ Y 1
5%M_2k%( o(XTy + ey ©0)
where Zy is given in (89). Thus, following the same lines in appendix C, we have:
K/
Pr{ZG < R} =&+ Y dubn 97)
n=2
where
v R
G =1 exp(S(1- 21)) (98)
and
o v H(v,n) ¥id an(In;L,2) Y 1—a(v,n)
€n|n22 =1- EIn exXp ;2 (1 — 2% )2 v’iu (;In + 1) . (99)
Since 27,, ~ X%(n—l)’ we have pz, (z) = (n_12)!z"_2 exp —z. Therefore, (99) can be expressed as

v R, 7Y v
nlnse =1 — ¢, (=2M™ (1 —27), = 1 — -). 100
5 ‘ >2 (;5 <’7 ( )71)7 a(v,n),u) ( )
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Thus,
v u v v
R R
R%)q = maxsup{R : q; exp(—(1—2%)) +Z G (=2MM (1 —2%), z, 1—a(v,n),—) > 1—€}. (101)
v Y —~ Y v u

X. APPENDIX E

As by < 0 and 0 < 2-on(=b2c2) < 1 we have:

1 o0
Gn(by, b2, c1,C0) > I / 2" 2 exp (bl(bQZ + 1) — z)dz. (102)
" Jo

(n—2

One may easily check that ﬁz"” exp(—z) is a PDF. Let us define the random variable Z as pz(z) =

ﬁz"‘z exp(—z). Thus, (102) can be written as
¢n(b1a bg, C1, CQ) Z E{exp (bl(bQZ + 1)61)} (103)

However, as b; < 0 and 0 < ¢; < 1, the function exp (b (b2Z + 1)) is a convex function of Z. Hence,

applying Jensen’s inequality yields
¢n@hb%qj@>zemp(maaE{Z}+1fﬁ==ema@n«n—4J@+—U”) (104)
where we have used F{Z} =n — 1. Using (104) in (46), we get the desired lower bound.

XI. APPENDIX F

By (22),
Q*H(U:N)Qgi.w(v,N) h” 2
Pr{%ﬁ% < R} =Pr{vlog ( ) [Py + 1) < R} (105)
VT2 Ty (2 T + 1)emy
where ¢, vy = (2)™(1 — 2)N~1=™ and
v v
gi,lb(v7 N) = CYN(jN—l,l; ;7 a) (106)

N*l)

N
For each m, {Jmm' e

. . . . 2
consists all possible summations of m elements in the set {|h;;[*};1, ;; -
Following the same lines as in appendix C, we get:

K/

Pr{%’f?i <R} =q&+ Z nén, (107)

n=2
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where

and

f=1- exp(%(l —2%)) (108)

n—1 <n';Ll)
v v,n B\ H—a TR Y am(v,n)
nlnze =1 — E{ exp (—2H< (1 — 2% )2 onlIN-11i5:3) = T + 1) )} (109)
s g1 - o) [1 11 (e +1

m=1 m/=

As a result, we get

(1]

(2]

(3]

(4]
(]

(6]

(7]

(8]

(9]

(10]

(1]
(12]

(13]

(14]

K/
Rg}{(e) = maxsup {R:q exp(%(l — 2%))) + Z qnwn(%gﬂ(v,n)(l — 2%)7 %7 %) >1—¢}.  (110)
n=2
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