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Abstract

This paper studies the setup of a multiple-relay network mmctv K half-duplex multiple-antenna relays
assist in the transmission between a/several multiplerenat transmitter(s) and a multiple-antenna receiver. Each
two nodes are assumed to be either connected through a sjaisiRayleigh fading channel, or disconnected.
We propose a new scheme, which we galhdom sequentia{RS), based on the amplify-and-forward relaying.
We prove that for general multiple-antenna multiple-ratepworks, the proposed scheme achieves the maximum
diversity gain. Furthermore, we derive diversity-muléiping tradeoff (DMT) of the proposed RS scheme for general
single-antenna multiple-relay networks. It is shown tlatdingle-antenna two-hop multiple-access multipleyrela
(K > 1) networks (without direct link between the transmitterés)d the receiver), the proposed RS scheme
achieves the optimum DMT. However, for the case of multipteess single relay setup, we show that the RS
scheme reduces to the naive amplify-and-forward relayimhig not optimum in terms of DMT, while the dynamic

decode-and-forward scheme is shown to be optimum for thEsasio?.

I. INTRODUCTION
A. Motivation

In recent years, relay-assisted transmission has gaigedisant attention as a powerful technique to
enhance the performance of wireless networks, combat thega&ffect, extend the coverage, and reduce
the amount of interference due to frequency reuse. The ndaia is to deploy some extra nodes in the
network to facilitate the communication between the enchieals. In this manner, these supplementary
nodes act as spatially distributed antennas for the endirtalsn More recently, cooperative diversity
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techniques have been proposed as candidates to explopahialsliversity offered by the relay networks
(for example, see [5]-[8]). A fundamental measure to evaltize performance of the existing cooperative
diversity schemes is the diversity-multiplexing trade@¥MT) which was first introduced by Zheng
and Tse in the context of point-to-point MIMO fading chamm@)]. Roughly speaking, the diversity-
multiplexing tradeoff identifies the optimal compromisevieeen the “transmission reliability” and the“data
rate” in the high-SNR regime.

In spite of all the interest in relay networks, none of thesBrg cooperative diversity schemes is
proved to achieve the optimum DMT. The problem has been open &r the simple case of half-
duplex single-relay single-source single-destinatiomglg-antenna setup. Indeed, the only existing DMT
achieving scheme for the single-relay channel reported@jndquires knowledge of CSI (channel state

information) for all the channels at the relay node.

B. Related Works

The DMT of relay networks was first studied by Lanen&tmal. in [5] for half-duplex relays. In this
work, the authors prove that the DMT of a network with singtgenna nodes, composed of a single

source and a single destination assisted uitinalf-duplex relays, is upper-bounded?by
d(r)=(K+1)(1—-nr)*. Q)

This result can be established by applying either the makagcess or the broadcast cut-set bound [10]
on the achievable rate of the system. In spite of its sintylithis is still the tightest upper-bound on the
DMT of the relay networks. The authors in [5] also suggest prmtocols based on decode-and-forward
(DF) and amplify-and-forward (AF) strategies for a singiday system with single-antenna nodes. In both
protocols, the relay listens to the source during the firftdfahe frame, and transmits during the second
half. To improve the spectral efficiency, the authors prepas incremental relaying protocol in which
the receiver sends a single bit feedback to the transmittdrta the relay to clarify if it has decoded
the transmitter's message or needs help from the relay ferpilrpose. However, none of the proposed
schemes are able to achieve the DMT upper-bound.

The non-orthogonal amplify-and-forward (NAF) schemetjm®posed by Nabaet al.in [11], has been
further studied by Azaria@at al. in [6]. In addition to analyzing the DMT of the NAF scheme,eednce
[6] shows that NAF is the best in the class of AF strategiessingle-antenna single-relay systems. The
dynamic decode-and-forward (DDF) scheme has been propodedendently in [6], [12], [13] based on

the DF strategy. In DDF, the relay node listens to the sendgl itican decode the message, and then

2Throughout the paper, for any real valdga™ = max {0, a}.



re-encodes and forwards it to the receiver in the remainimg.tReference [6] analyzes the DMT of the
DDF scheme and shows that it is optimal for low rates in thessehat it achieves (1) for the multiplexing
gains satisfying < 0.5. However, for higher rates, the relay should listen to tlamgmitter for most of
the time, reducing the spectral efficiency. Hence, the sehismnable to follow the upper-bound for high
multiplexing gains. More importantly, the generalizagoof NAF and DDF for multiple-relay systems
fall far from the upper-bound, especially for high multipleg gains.

Yuksel et al. in [7] apply compress-and-forward (CF) strategy and shoat ®F achieves the DMT
upper-bound for multiple-antenna half-duplex singlexyesystems. However, in their proposed scheme,
the relay node needs to know the CSI of all the channels in éteark which may not be practical.

Most recently, Yanget al. in [14] propose a class of AF relaying scheme called slotteglidy-and-
forward (SAF) for the case of half-duplex multiple-relai (> 1) and single source/destination setup.
In SAF, the transmission frame is divided indd equal length slots. In each slot, each relay transmits
a linear combination of the previous slots. Reference [T4k@nts an upper-bound on the DMT of SAF
and shows that it is impossible to achieve the MISO uppenrtdor finite values ofM, even with the
assumption of full-duplex relaying. However, a$ goes to infinity, the upper-bound meets the MISO
upper-bound. Motivated by this upper-bound, the authorl4) propose a half-duplex sequential SAF
scheme. In the sequential SAF scheme, following the firdt slceach subsequent slot, one and only one
of the relays is permitted to transmit an amplified versiorth@ signal it has received in the previous
slot. By doing this, the different parts of the signal arensmitted through different paths by different
relays, resulting in some form of spatial diversity. Howey&4] could only show that the sequential SAF
achieves the MISO upper-bound for the setup of non-intexderelays, i.e. when the consecutive relays
(ordered by transmission times) do not cause any interferem one another.

Apart from investigating the optimum diversity-multipleg tradeoff for relay networks, recently, other
aspects of the relay networks has also been studied (for mrgarsee [15]-[24], [26]-[28]). [15], [16]
develop new coding schemes based on Decode-and-Forwafcoampress-and-Forward relaying strategies
for relay networks. Avestimehet al. in [19] study the outage capacity of the relay channel for-BMR
regime and show that in this regime, the bursty Amplify-&waward relaying protocol achieves the
optimum outage. Avestimehet al. in [20] present a linear deterministic model for the wirsleslay
network and characterize its exact capacity. Applying theacity-achieving scheme of the corresponding
deterministic model, the authors in [20] show that the capaaf wireless single-relay channel and the
diamond relay channel can be characterized within 1 bit abitls2 respectively, regardless of the values of
the channel gains. The scaling law capacity of large wisstetworks is addressed in [21]-[24], [26]-[28].

Gastparet al. in [23] prove that employing AF relaying achieves the cafyaof the Gaussian parallel



single-antenna relay network for asymptotically large bemof relays. Bolcskeet al. in [24] extend
the work of [23] to the parallel multiple-antenna relay netkwand characterize the capacity of network
within O(1), for large number of relays. Oveis Gharanal. in [28] propose a new AF relaying scheme
for parallel multiple-antenna fading relay networks. Appg the proposed AF scheme, the authors in
[28] characterize the capacity of parallel multiple-am@melay networks for the scenario where either
the number of relays is large or the power of each relay teodsfinity.

Recently, in a parallel and independent work by Kumgal [29]° the possibility of achieving the opti-
mum DMT is shown in single-antenna half-duplex relay neksowrith some graph topologies including
KPP , KPP(l), KPP(D) graphs fak > 3. A KPP graph is a directed graph consistediofzertex-disjoint
paths each with the length greater than one, connectingdhsritter to the receiver. KPP(l) is a directed
graph consisted of{" vertex-disjoint paths each with length greater than onaneoting the transmitter
to the receiver, and possible edges between different pfPB(D) is a directed graph consisted &f
vertex-disjoint paths each with length greater than ond,adirect path connecting the transmitter to the
receiver. It is worth mentioning that in all the mentione@ topologies, the upper-bound of DMT is
achieved by a cut-set of the MISO or SIMO form, i.e. all edgesssing the cut are originated from or
destined to the same vertex. Also, they show that the maximuwmersity can be achieved in a general

multiple-antenna multiple relays network.

C. Contributions

In this paper, we propose a new scheme, which we call randguesgal (RS), based on the SAF
relaying for general multiple-antenna multi-hop networkiee key elements of the proposed scheme are:
1) signal transmission through sequential paths in the odw?2) path timing such that no non-causal
interference is caused from the transmitter of the futurthgp@n the receiver of the current path, 3)
multiplication by a random unitary matrix at each relay noded 4) no signal boosting in amplify-
and-forward relaying at the relay nodes, i.e. the receivgdas$ is amplified by a coefficient with the
absolute value of at most 1. Furthermore, each relay nodevktloe CSI of its corresponding backward
channel, and the receiver knows the equivalent end-to-badrel. We prove that this scheme achieves
the maximum diversity gain in a general multiple-antenndtiple-relay network (no restriction imposed
on the set of interfering node pairs). Furthermore, we @ethe DMT of the RS scheme for general
single-antenna multiple-relay networks. Specifically, dexive: 1) the exact DMT of the RS scheme
under the condition of “non-interfering relaying”, and 2)aaver-bound on the DMT of the RS scheme

(no conditions imposed). Finally, we prove that for singlgenna multiple-access multiple-relay networks

Spfter the completion of this work, the authors became awdrR9).



(with K > 1 relays) when there is no direct link between the transnsiteerd the receiver and all the
relays are connected to the transmitter and to the recgherRRS scheme achieves the optimum DMT.
However, for two-hop multiple-access single-relay nekgorwe show that the proposed scheme is unable
to achieve the optimum DMT, while the DDF scheme is shown tdopm optimum in this scenario.

It is worth mentioning that the optimality results in thispes can easily be applied to the case of
KPP and KPP(D) graphs introduced in [29]. However, the paggdroach we use in this paper is entirely
different from that of used in [29]; Our proofs are based oe thatrix inequalities while the proofs
of [29] are based on information-theoretic inequalitiesrtRermore, [29] shows the achievability of the
maximum diversity gain in a general multiple-antenna nplatirelay network by considering a multiple-
antenna node as multiple single-antenna nodes and usingnesntenna at each time, while in our proof
we show that the proposed RS scheme in general can achieveattimum diversity also in the MIMO
form and by using all the antennas simultaneously. Fintllg, achievability of the linear DMT between
the points(0, d,..x) and(1,0) in single-antenna layered network and directed acycliplyraetwork with
full-duplex relays is independently shown as a remark ofofaes 1 and 4 in our paper, respectively.

The rest of the paper is organized as follows. In sectiorh®, gystem model is introduced. In section
[, the proposed random sequential scheme (RS) is destcr8extion 1V is dedicated to the DMT analysis
of the proposed RS scheme. Section V proves the optimalithedoRS scheme in terms of diversity gain

in general multiple-antenna multiple-relay networks.dHy) section VI concludes the paper.

D. Notations

Throughout the paper, the superscripnd? stand for matrix operations of transposition and conjugate
transposition, respectively. Capital bold letters repn¢snatrices, while lowercase bold letters and regular
letters represent vectors and scalars, respectijelydenotes the norm of vecter while || A|| represents
the Frobenius norm of matriA. |A| denotes the determinant of matriX. log(.) denotes the base-2
logarithm. The notatiomA < B is equivalent toB — A is a positive semi-definite matrix. Motivated by

the definition in [9], we define the notatioh(P) = ¢(P) aslimp_. % = limp_.oo lfg(?,).

. : . . P . P . P
f(P)<g(P) and f(P)>g(P) are equivalent tdimp_., h{g((P)) < hmpﬁoo% and limp_. lc{g((P)) >

limp_ %, respectively. Finally, we usd ~ B to denote the approximate equality betwe¢rand

B, such that by substituting by B the validity of the equations are not compromised.

Similarly,

II. SYSTEM MODEL

Our setup consists ok relays assisting the transmitter and the receiver in thecdugdlex mode, i.e.
at a given time, the relays can either transmit or receivehBwo nodes are assumed either i) to be

connected by a quasi-static flat Rayleigh-fading channelthe channel gains remain constant during a



block of transmission and change independently from blocklbck; or ii) to be disconnected, i.e. there
is no direct link between them. Hence, the undirected g@ph (V, ) is used to show the connected
pairs in the network The node set is denoted by = {0,1,..., K + 1} where thei’th node is equipped
with V; antennas. Nodesand K + 1 correspond to the transmitter and the receiver nodes, cteplg®.
The received and the transmitted vectors at &l node are shown by, andx,, respectively. Hence,
at the receiver side of th&th node, we have
Yo = Z H,pxp + ng, 2)
{a,b}cE

whereH, , shows theN, x NN, Rayleigh-distributed channel matrix between ti#h and theb’th nodes
andn, ~ N (0,1y,) is the additive white Gaussian noise. We assume recipréwainels between each
two nodes. Hencel,;, = HbTﬂ. However, it can be easily verified that all the statementshefpaper
are valid under the non-reciprocity assumption. In the adenof single-antenna networks, the channel
between nodes andb is denoted by:(,;; to emphasize both the SISO and the reciprocally assumptions
As in [6] and [14], each relay is assumed to know the statesob#ckward channel, and moreover, the
receiver knows the equivalent end-to-end channel. Hemdikeuthe CF scheme in [7], no CSI feedback is
needed. All nodes have the same power constr&inEinally, we assume that the topology of the network
is known by the nodes such that they can perform a distribAtedtrategy throughout the network.

Throughout the section on diversity-multiplexing tradeafe make some further assumptions in order
to prove our statements. First, we consider the scenariohichwnodes with a single antenna are used.
Moreover, in Theorems 2, 3, 5, and 6, where we address DMTnatity of the RS scheme, we assume
that there is no direct link between the transmitter(s) am&l receiver. This assumption is reasonable
when the transmitter and the receiver are far from each @thérthe relay nodes establish the connection
between the end nodes. Moreover, we assume that all themetigs are connected to the transmitter and
to the receiver through quasi-static flat Rayleigh-fadihgrmels. Hence, the network graph is two-hop.
In specific, we denote the output vector at the transmittex,abke input vector and the output vector at

the k'th relay asr, andt;, respectively, and the input at the receiveryas

“Note that however, in Remarks 2 and 6, the directed graphrisidered.
>Throughout the paper, it is assumed that the network cenefsbne transmitter. However, in Theorems 5 and 6, we studyctise of

two-hop multiple transmitters single receiver scenario.



IIl. PROPOSEDRANDOM SEQUENTIAL (RS) AMPLIFY-AND-FORWARDING SCHEME

In the proposed RS scheme, a sequdhee (py, po, . . ., pr) of L path$ originating from the transmitter
and destinating to the receiver with the length l,, ... ;) are involved in connecting the transmitter to
the receiver sequentially((0) = 0, p;({;) = K + 1). Note that any patip of G can be selected multiple
times in the sequence.

Furthermore, the entire block of transmission is dividet i slots, each consisting af’ symbols.
Hence, the entire block consists @f = ST’ symbols. Let us assume the transmitter intends to send
information to the receiver at a rate obits per symbol. To transmit a messaggethe transmitter selects
the corresponding codeword from a Gaussian random codedmwisting o257 elements each of with

length L'7". Starting from the first slot, the transmitter sequentiédgnsmits the’th portion (1 <i < L)

L,l;

of the codeword through the sequence of relay nodes.iore precisely, a timing sequen¢ez~7j}i:1’j:1

is associated with the path sequence. The transmitter skadsh portion of the codeword in the; ;'th
slot. Following the transmission of th&h portion of the codeword by the transmitter, in thg'th slot,

1 < j <, the nodep;(j) receives the transmitted signal from the nqdé — 1). Assumingp;(j) is
not the receiver node, i.g. < [;, it multiplies the received signal in the ;’th slot by a NV, ;) x Ny, ()
random, uniformly distributed unitary matrid; ; which is known at the receiver side, amplifies the signal
by the maximum possible coefficient ; considering the output power constraitand «; ; < 1, and
transmits the amplified signal in the ;,,’th slot. Furthermore, the timing sequengse, ;} should have
the following properties

(1) for all 7,5, we havel <s;; <.

(2) fori <, we haves;; < sy (the ordering assumption on the paths)

(3) for j < j', we haves; ; < s; ; (the causality assumption)

(4) for all ¢ < ¢ ands;; = sy, we have{p;(j),ps(;’—1)} ¢ E (no noncausal interference
assumption). This assumption ensures that the signal ofuttuee paths causes no interference
on the output signal of the current path. This assumptionbmanealized by designing the timing
of the paths such that in each time slot, the current runnatgsare established through disjoint
hops.

At the receiver side, having received the signal of all patties receiver decodes the transmitted message
w based on the signal received in the time sl{)@i}f:l. As we observe in the sequel, the fourth
assumption or{s; ;} converts the equivalent end-to-end channel matrix to lawangular in the case of

®Throughout the paper, a pathis defined as a sequence of the graph nd@esv:, vz, . .., v;) such that for anyi, {v;, vi11} € E, and

for all i # j, we havev; # v;. The length of the path is defined as the total number of edgabepath/. Furthermorep(i) denotes the

+'th node thatp visits, i.e.p(i) = v;.
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Fig. 1. An example of a 3 hops network whelg = N5 = 2, Ny = N = N3 = Ny = 1.

single-antenna nodes, or to block lower-triangular in tAsecof multiple-antenna nodes.

An example of a three-hop network consisting 8f = 4 relays is shown in figure (1). It can
easily be verified that there are exactly 12 paths in the gcapimecting the transmitter to the receiver.
Now, consider the four paths;, = (0,1,3,5), po = (0,2,4,5), p3 = (0,1,4,5) andp, = (0,2,3,5)
connecting the transmitter to the receiver. Assume the R8mse is performed with the path sequence
P1 = (p1,p2, P3, p4). Table | shows one possible valid timing sequence assaciaitn RS scheme with
the path sequenck,. As seen, the first portion of the transmitter's codewordeistsn thelst time slot
and is received by the receiver through the nodes of thelpdth = (0, 1, 3,5) as follows: In thelst slot,
the transmitter’s signal is received by notleFollowing that, in the2nd slot, nodel sends the amplified
signal to node3, and finally, in the3rd slot, the receiver receives the signal from n@dé\s observed,
for every1 < i < 3, signal of thei'th path interferes on the output signal of the 1'th path. However,
no interference is caused by the signal of future paths orothputs of the current path. The timing
sequence corresponding to Table | can be expresseg; as i + LgJ + j — 1 and it results in the total
number of transmission slots to be equalitd.e. S = 7.

As an another example, consider RS scheme with the pathsegRe= (pi, p2, p1, p2). Table Il shows
one possible valid timing-sequence for the RS scheme wélp#tih sequenck,. Here, we observe that

the signal on every path interferes on the output of the negt donsecutive paths. However, like the

(tmesiot] 1 [ 2 | 3 | 4 | 5 | 6 | 7 |
Pl) |[0-1]123]325] — — — —
P1(2) — Jo=2l2—afa—s] — — —
P1(3) — — — 0—1|1—4|4—5 —
P1(4) — — — — 0—-2|2—3|3—=5

TABLE |

ONE POSSIBLE VALID TIMING FORRS SCHEME WITH THE PATH SEQUENCE’; = (p1,p27 P3, p4).



‘time-slotHl‘Z‘S‘4‘5‘6‘

Po1) [0—1[1-3[3=5| — — —

P2(2) — |lo—=2|2—4]|4—>5| — —

P2(3) — — 0—1|1—-3]|3—5 —

Pa(4) — — — 0—2|2—4|4—5
TABLE Il

ONE POSSIBLE VALID TIMING FORRS SCHEME WITH THE PATH SEQUENCE2 = (p1, p2, P1, D2)-

scenario withP, no interference is caused by the signal of future paths emttput signal of the current
path. The timing sequence corresponding to Table Il can peesged as; ; = i+ j — 1 and it results in
the total number of transmission slots equabta.e. S = 6.

It is worth noting that to achieve higher spectral efficiescicorresponding to larger multiplexing
gains), it is desirable to have larger values forindeed,% — 1 is the highest possible value. However,
this can not be achieved in some graphs (an example is theotase-hop single relay scenario studied
in the next section Wheré = 0.5). On the other hand, to achieve higher reliability (cormesging to
larger diversity gains between the end nodes), it is desirab utilize more paths of the graph in the
path sequence. It is not always possible to satisfy botheddlobjectives simultaneously. As an example,
consider the single-antenna two-hop relay network wheeeetlis a direct link between the end nodes,
i.e. GG is the complete graph. Here, all the nodes of the graph ererdn each other, and consequently,
in each time slot only one path can transmit signal. Hencarder to achieveg — 1, only the direct
path (0, K + 1) should be utilized for almost all the time.

As an another example, consider the 3-hop network in figuje A% we will see in the following
sections, the RS scheme corresponding to the path seqitgraghieves the maximum diversity gain of
the network,d = 4. However, it can easily be verified that no valid timing-selgee can achieve fewer
number of transmission slots than the one shown in Table Ihcbl,eg = 7 is the best RS scheme can
achieve withP;. On the other hand, consider the RS scheme with the path segite. Although, as
seen in the sequel, the scheme achieves the diversitydgaia which is below the maximum diversity
gain of the network, it utilizes fewer number of slots congghto the case using the path sequeh¢e
Indeed, it achieveg = z.

In the two-hop scenario investigated in the next sectionyillesee that for asymptotically large values
of L, it is possible to utilize all the paths needed to achieventlagimum diversity gain and, at the same
time, devise the timing sequence such t@at—> 1. Consequently, it will be shown that in this setup, the

proposed RS scheme achieves the optimum DMT.
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V. DIVERSITY-MULTIPLEXING TRADEOFF

In this section, we analyze the performance of the RS scheteems of the DMT for the single-antenna
multiple-relay networks. First, in subsectidnwe study the performance of the RS scheme for the case of
non-interfering relays where there exists neither causahoncausal interference between the signals sent
through different paths. In this case, as there exists mofarence between different paths, we can assume
that the amplification coefficients take values greater thram i.e. the constraint; ; < 1 can be omitted.
Under the condition of non-interfering relays, we derive #xact DMT of the RS scheme. As a result, we
show that the RS scheme achieves the optimum DMT for the sdtapn-interfering two-hop multiple-
relay (K > 1) single-transmitter single-receiver, where there exisislirect link between the relay nodes
and between the transmitter and the receiver (more prggcige= {{0,k}, {k, K +1}}._,). To prove
this, we assume that the RS scheme relied.ea BK paths,S = BK + 1 slots, whereB is an integer
number, and the path sequencé&)s= (q1,...,qx, 1, .-, AK,---5q1s - - -, Q) Whereqg = (0, k, K +1).

In other words, every patly, is usedB times in the sequence. Here, eahconsecutive slots are called
a sub-block. Hence, the entire block of transmission cem&iEB + 1 sub-blocks. The timing sequence
is defined as;; ; =i+ j — 1. Itis easy to verify that the timing sequence satisfies tij@irements. Here,
we observe that the spectral efﬁciency%i& 1-— % which converges to 1 for asymptotically large values
of S. By deriving the exact DMT of the RS scheme, we prove that tBesBheme achieves the optimum
DMT for asymptotically large values af.

In subsectiorB, we study the performance of the RS scheme for general saménna multiple-relay
networks. First, we study the performance of RS scheme &séup of two-hop single-transmitter single-
receiver multiple-relay £ > 1) networks where there exists no direct link between thestratter and
the receiver; However, no additional restriction is impbsa the graph of the interfering relay pairs. We
apply the RS scheme with the same parameters used in the fdagelmop non-interfering networks. We
derive a lower-bound for DMT of the RS scheme. Interestingliurns out that the derived lower-bound
merges to the upper-bound on the DMT for asymptotic valueB.olNext, we generalize our result and
derive a lower-bound on DMT of the RS scheme for general siagkenna multiple-relay networks.

Finally, in subsectiorC, we generalize our results for the scenario of single-argdwo-hop multiple-
access multiple-relayi{ > 1) networks where there exists no direct link between thestratters and the
receiver. Here, we apply the RS scheme with the same paremasteised in the case of single-transmitter
single-receiver two-hop relay networks. However, it sklobé noted that here, instead of sending data
from the single transmitter, all the transmitters send dataerently. By deriving a lower-bound on the
DMT of the RS scheme, we show that in this network the RS schacmeves the optimum DMT.

However, as studied in subsectibr for the setup of single-antenna two-hop multiple-accesgle-relay
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networks where there exists no direct link between the métters and the receiver, the proposed RS
scheme reduces to naive amplify-and-forward relaying angot optimum in terms of the DMT. In this

setup, we show that the DDF scheme achieves the optimum DMT.

A. Non-Interfering Relays

In this subsection, we study the DMT behavior of the RS schengeneral single-antenna multi-hop
relay networks under the condition that there exists neithesal nor noncausal interference between the
signals transmitted over different paths. More precisely,assume the timing sequence is designed such
that if s;; = s j, then we have{p;(j),ps(j'— 1)} ¢ E. This assumption is stronger than the fourth
assumption on the timing sequence (here the condition’ is omitted). We call this the “non-interfering
relaying” condition. Under this condition, as there exists interference between signals over different
paths, we can assume that the amplification coefficients takees greater than one, i.e. the constraint
a;; <1 can be omitted.

First, we need the following definition.

Definition 1 For a network with the connectivity grapgh = (V, E), a cut-set or(5 is defined as a subset
S CV such thatd € S, K + 1 € §°. The weight of the cut-set correspondingSpdenoted byw(S), is
defined as
we(S) = > N, x N, (3)
ae8,beS¢ {a,b}cE
Theorem 1 Consider a half-duplex single-antenna multiple-relaywmk with the connectivity graph
G = (V, E). Assuming “non-interfering relaying”, the RS scheme wiik path sequenc@;, ps,...,pr)

achieves the diversity gain corresponding to the followlingar programming optimization problem
dps.ni(r) =min ) pe, (4)
where  is a vector defined on edges 6fand R is a region ofp defined as

e

Furthermore, the DMT of the RS scheme can be upper-bounded as

1<5<;

0<u<i1 Z max fi{p,(j),ps(i—1)} = L — ST} .

drsnr(r) < (1—r)" msin we(S), (5)
whereS is a cut-set on. Finally, by properly selecting the path sequence, one dammys achieve

drsni(r) > (1 —lgr)* msin we(S), (6)
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whereS is a cut-set onZ and [ is the maximum path length between the transmitter and tbeiwer.

Proof: Since the relay nodes are non-interfering, the achievalbdeaf the RS scheme for a realization

of the channels is equal to

Rpsnt ({he}eer) =

li—11—1 -t
SZlOg 1+PH‘OZZ]‘ ‘h{pz(] ),pi(G— 1)}‘ <1+ZH‘OQI<:| ’h{pZ k)pl(k—f—l}’ ) ) (7)

Jj=1 k=j

whereVj < I; : a;; = L — and a,;, = 1 (sincep;(l;) = K + 1). In deriving the

1+‘h{pi<]‘—1>,p¢<j>}‘
above equation, we have used the fact that as the paths ar@tedering, the achievable rate can be

written as the sum of the rates over the paths, noting thatettmes P H?’Zl |ozi,j|2 ]h{pi(j),pi(j_l)}f and
1+ S5 T sl [Bgpaomesy | represent the effective signal power and the noise power thee

ith path, respectively. Hence, the probability of outageaésju

P{E} = P{Rrsni({he},cp) <rlog(P)}

L j l;—1
= P Hmax P_1>min{’h{07p¢(1)}‘2H|O‘i7k|2‘h{pi(k),pi(kﬂ)}‘Q} <prt

k=1 j:(]

(b) Qti*1 ) ) oL
= ,Jax P Hmax Angopn|” T 1wl o piesn | p < P57

1<t’,'%’1 k=1
()
= max max

S1,89,...,81, t1,t2,..,tr,
S:C{1,2,...,1;—1} max{a:ES <t <l;
_ . 2 2 .
P{HmaX{P L P hg o mmr ] LT ooy } < P° L}- (8)
i=1 keS;

Here, (a) follows from the facts that iz > 0 : max{1,z} < 14 z < 2max {1, z}, which implies that
1+ PO ~ max(1, PO), where

I l;i—110;—1
CEN T <1+ZH i k| | Py it 13 | ) ;

j=1 J=1 k=j

M -1 M
and i) for all z; > 0, 4 min {1} < (Zfil zi)  <min{L}"  which implies that
i=1 =1

k3 =

l;

151 li—1 -1
<1+ZH|am| |k, i 10} ) ~ min |1, <H|az—,kl2 \h{m(k),m(m)}\z)

J=1 k=j k=j j=1

(b) follows from the fact that for any increasing functigit.) , we have

max P{f (z;) <y} <P{f(min x) gy} < M max P{f(z:) <y}

1<i<M 1<i<M 1<i<M
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(c) follows from the fact that
0.5 min {LP \h{pxk),m(kfl)}}z} < [ oo < min {17 P \h{pxk),m(k*l)}\z}a
which implies that/cv; 1. k) pis13 |- < min {1,P }h{pi(k)pi(k_l)}f}. In the last line of (8)S; denotes
the subset of 1,2, --- ,¢; — 1} for which P ]h{pi(k),pi(k,l)}jz <1.
Assuming|he|2 —= P~#<, we define the regio® C RI*! as the set of pointg = [1.].cr that the outage
event occurs. Let us defir®, = RN (R, U{0})“!. As the probability density function diminishes

exponentially as:=~"" for positive values of.., we haveP {R,} = P{R}. Hence, we have

P{&} = P{R.}

—
- Q
~

max max P{R(S,t)}
S51,52,...,8L t1,t2,..tL
Sig{l,Q,...,lifl} max{xESi}<ti <l;

—
- o
=

max P {Ry (£)} ©)

1<t <y

where
L

R(S,t) = {u € (R, u{0}” > min {Lli{pi(ti),pi(til)} + D Bpapite-1)} — ISzI} > L— ST} 7
i=1 keS;

t = [t1,t0,..., 1], S = [S1,--,8L], and Ry (t) = R(©,0,...,@,t1,ta,...,t1), in which @ denotes

the null set. Here(a) follows from (8). In order to provéb), we first show that

min {17 Fofpi(t)pitti—1)} T kezs Fgpi () pi(k—1)} |3¢|} S | Jhax | min {L “{pia;),pi(t;—l)}} - (0

In order to verify (10), consider two possible scenariofoiall t; € S;U{t;}, we havai{pi(t<)’pi(t<_1)} <
1. In this scenario, as in the left hand side of the inequality,have the summation ¢&;| + 1 positive
parameters with value less than or equal ®ubtracted bysS;|, we conclude that the left hand side of the

inequality is less than or equal to{pi( ) for anyt’ € S; U {t;}. Hence, (10) is valid; ii) At least

t7),pi(t;—1

for onet’ € S; U{t;}, we haveu{pi(t<) ) > 1. In this scenario, the right hand side of the inequality

(=1
is equal tol and accordingly, (10) is valid. According to (10), we haRgS;,t) C U Ro (t),

t/
teS;U{t;:}

which results in(b) of (9).
On the other hand, we know that fa® > 0, we haveP {u > u°} = P~1+". By taking derivative

with respect tou, we havef,(u) = P~1#. Let us defindy £ min 1-p andp, £ arg min 1 p,
HERH(t) HER(t)

T 20,16, T¢ 2 [uo(1), 00) x [0(2),00) % -+ x [uo(L),00) and forl < i < L, T¢ 2 [0,00)" ! x
[lg, 00) x [0,00)L7% It is easy to verify thalZ§ C R (t). Hence, we have

(@) L
PIR(O) = P+ [ fulwdut Y PR N T

Ro(t)NZ i=1

—
- o
=

ph, (11)



14

Here, (a) follows from the facts that iIP’{Uf‘il Ai} = Y M P{A;}, and i) Z; C Ro(t) andR: =
U (Ulez;) which imply thatRo(t) can be written ags | (Ro(t) NZ) U [Ufi X (Ro(tng)]. (b)
follows from the facts thaf? {Z5} = P{u > p,} = P, Jrownz fu (1) du<vol (Ry(t)(Z) P~

noting that vol Ry (t) (N Z) is a constant number independentiafandP {R(t) N Z¢} < P{Z¢} = P,
Now, defining gy(p) = S°r, min {1, figp.(e).psei-10y } @nd o = [min {pe, 1}]eep, it is easy to verify
that g¢(fx) = ¢¢(n) and at the same tim& - & < 1 - p unlessig = p. Hence, definingg,(p) =

L
Zi:l Fo{pi(t;),pi(t;—1)}» WE have

dpsni(r) = min min - 1-p= min - min - 1-p= min 1-p, (12)
1<t;<l; gt(u)>L Sr 1<t;<l; Ge(p)>L—Sr
whereR = { 0<pu<i1 Z X ey = L= Sr}. This proves the first part of the theo-
rem.

Now, let us defineGp = (V, Ep) as the subgraph aff consisting of the edges in the path sequence,
ie. Bp = {{p:(j),pi(G — D}, Vi, j:1<i<L,1<j<I}. AssumeS = argminug,(S), whereS is
S
a cut-set onGp. We definefi asji. = =" for all ¢ € Ep such thatle N S| = [en & = 1 and

ite = 0 for the other edges € FE. As all the paths cross the cutsStat least once, it follows that

MAXy<j<t, s ()i} = “2r, which implies thati € R. Hence, we have
L—Sr)*t @ (L — Sr)* ()
dnsr(r) < 1= E50 i, (8) € I () € (10— 1) minwe(s), (19)

where(a) follows from the fact that a&:p is a sub-graph ofs, we haveming we, (S) < ming wg(S)
and (b) results fromS > L. This proves the second part of the Theorem.

Finally, we prove the lower-bound on the DMT of the RS schebret.us defined; = ming wg(S).
Consider the maximum flow algorithm [30] @ from the source nodeto the sink node&<+1. According
to the Ford-Fulkerson Theorem [30], one can achieve the maxi flow which is equal to the minimum
cut of G by the union of elements of a sequeripe, ps, . . . , pa,, ) Of paths with the Iengthél], ly, ..., ZdG>.
Now, consider the RS scheme with= Lyd paths and the path sequenigg, ps, . . ., pr) consisting of the
paths that achieve the maximum flow @fsuch that any path; occurs exactly, times in the sequence.
Considering(l1, 2, ...,l;,) as the length sequence, we select the timing sequengg aszz;ll lg+g. 1t
is easy to verify that, not only the timing sequence satisfies4 requirements needed for the RS scheme,
but also the active relays with the timing sequence are ntarfering. Hence, the assumptions of the first
part of the theorem are valid. Moreover, we have [ L. According to (4), the diversity gain of the RS

scheme equals
drs.nr(r) = min Z Le- (14)
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As p € R, we have

L
(a)
(L—5r)* Zggag ps( G-} < LOZE% (15)
=1 ec
where(a) results from the fact that 891, ps, - - ., Pa,) form a valid flow onG (they are non-intersecting

over E), everye € FE occurs in at most ong;, or equivalently, in at most, number ofp;’s. Combining
(14) and (15), we have

I — +
tnsaitr) 2 L2 5 (116 e = (1~ 16r) minwels). 16)
0
This proves the third part of the Theorem. [ |

Remark 14n scenarios where the minimum-cut 6his achieved by a cut of the MISO or SIMO form,
i.e., the edges that cross the cut are either originated fnodestined to the same vertex, the upper-bound
on the diversity gain of the RS scheme derived in (5) meetsnfoemation-theoretic upper-bound on the
diversity gain of the network. Hence, in this scenario, ar§y $€heme that achieves (5) indeed achieves
the optimum DMT.

Remark 2-In general, the upper-bound (5) can be achieved for varieusio graph topologies by
wisely designing the path sequence and the timing sequéme.example is the case of the layered
network [20] in which all the paths from the source to the mhedion have the same length. Let us
assume that the relays are allowed to operate in the fulldumanner. In this case, it easily can be
observed that the timing sequence corresponding to thegeafhencép, ps,...,prs) used in the proof
of (6) can be modified te, ; = i+ j — 1. Accordingly, the number of slots is decreasedte- L+, — 1.
Rewriting (16), we havé s v (r) = (1 — r — €=1) " ming we(S) which achievegl — 7)™ ming we(S)
for large values ofL.

Next, using Theorem 1, we show that the RS scheme achieveptineum DMT in the setup of single-
antenna two-hop multiple-relay networks where there sxstdirect link neither between the transmitter

and the receiver, nor between the relay nodes.

Theorem 2 Assume a single-antenna half-duplex parallel relay scenatth K non-interfering relays.

The proposed SM scheme with= BK, S = BK + 1, the path sequence

QE (q17"'7qK7q17"'7qK7"'7q17'"7qK)
whereq;, = (0, k, K 4+ 1) and the timing sequencg; =i + j — 1 achieves the diversity gain
dRS,NI('r) :maX{O,K(l—r)—%}, (17)

which achieves the optimum DMT curdg,(r) = K(1 —r)* as B — oo.
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Proof: First, according to the cut-set bound theorem [10], the tpifpoint capacity of the uplink
channel (the channel from the transmitter to the relayshisigper-bound on the achievable rate of the
network. Accordingly, the diversity-multiplexing curvé a 1 x K SIMO system which is a straight line
(from the multiplexing gainl to the diversity gaink, i.e. d,,(r) = K(1 —r)") is an upper-bound on
the DMT of the network. Now, we prove that the proposed RS mehachieves the upper-bound on the
DMT for asymptotically large values af.

As the relay pairs are non-interfering € £ < K : {k, (k mod K) + 1} ¢ FE), the result of Theorem

1 can be applied. As a result

drs,ni(r) =min Y e, (18)
HER ecE
BK
whereRr = pl0=p=<1, Z 1r£1ja<><2 'u{q(i—l) mod K+1(J),4(i—1) mod K+1(J'*1)} > BR — (BK + 1)7“} - Hence,
=1 =
we have
1 \t@ &
BK (1 —r = WT) < B Z max { 1ok}, K 11ky ) < B Z He (19)

k=1 eceE

where (a) results from the fact that every path is usedB times in the path sequence. Hence, DMT

can be lower-bounded as

1 +
dRS,NI('r) Z K (1 —Tr — WT) . (20)

On the other hand, considering the vecfor= [ji].cp WhereVl < k < K : fijopy = (1 —7 — ﬁrf

andVk, k' # 0 : iy = 0, it is easy to verify thafi € R. Hence,

drsnr(r) < eeZEﬂe =K (1 —r = %T)Jr- (21)
Combining (20) and (21) completes the proof. [ |
Remark 3-Note that as long as the complemenf the induced sub-graph @ on the relay nodes
{1,2,..., K} includes a Hamiltonian cycl® the result of Theorem 2 remains valid. However, the paths
qi, 9, - - -, qx Should be permuted in the path sequence according to thaerings in the corresponding

Hamiltonian cycle.

According to (17), we observe that the RS scheme achievesdxamum multiplexing gain — ﬁ“
and the maximum diversity gaiff, respectively, for the setup of non-interfering relaysnkks it achieves
the maximum diversity gain for any finite value 8% Also, knowing that no signal is sent to the receiver
in the first slot, the RS scheme achieves the maximum possiblgplexing gain. Figure (2) shows the

DMT of the scheme for the case of non-interfering relays aadous values of” and B.

"For every undirected grapfi = (V, E), the complement of¥ is a graphH on the same vertices such that two verticesdoire adjacent

if and only if they are non-adjacent i@. [30]
A Hamiltonian cycle is a simple cyclév:, va, - - - , vk, v1) that goes exactly one time through each vertex of the graph [3
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Fig. 2. DMT of RS scheme in parallel relay network for botht&rfering” and “non-interfering” relaying scenarios arat lifferent values
of K, B.

B. General Case

In this section, we study the performance of the RS schemenermgl single-antenna multi-hop wireless
networks and derive a lower bound on the corresponding DNI§t,Rve show that the RS scheme with
the parameters defined in Theorem 2 achieves the optimum DMThE single-antenna parallel-relay
networks when there is no direct link between the transmétel the receiver. Then, we generalize the
statement and provide a lower-bound on the DMT of the RS sehfemthe more general case.

As stated in the section “System Model”, throughout the tvap-network analysis, we slightly modify
our notations to simplify the derivations. Specificallye tbutput vector at the transmitter, the input and
the output vectors at thé'th relay, and the input vector at the receiver are denoted,as,, t, and
y, respectively.h, and g, represent the channel gain between the transmitter and’therelay and
the channel gain between theéth relay and the destination, respective(y:) and (b) are defined as
(k) = (k—2) mod K)+1 and (b) = b — [&|. Finally, i), n, z, and oy, denote the channel gain
between thek’th and the (k)'th relay nodes, the noise at théth relay and at the receiver, and the
amplification coefficient at thé'th relay.

Figure (3) shows a realization of this setup wittelays. As observed, the relay 4ét 2} is disconnected
from the relay sef3,4}. In general, the output signal of any relay nadesuch that{k,k'} € E can
interfere on the received signal of relay nadeHowever, in Theorem 3, the RS scheme is applied with

the same parameters as in Theorem 2. Hence, when the trarsisisending signal to the'th relay in
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Fig. 3. An example of the half-duplex parallel relay netwsetup, relay node$l, 2} are disconnected from relay nodgs, 4}.

a time-slot, just theék)'th relay is simultaneously transmitting and interferesregt £’th relay side. As an

example, for the scenario shown in figure (3), we have

ri1 = hix+i4ty +nq,

ro = th + ns.

However, for the sake of simplicity, in the proof of the fallmg theorem, we assume that all the relays

interfere with each other. Hence, at thiéh relay, we have

According to the output power constraint, the amplificatoefficient is bounded asg, < L
P(|hk| +|Z(k)| )+1

However, according to the signal boosting constraint inedasn the RS scheme, we hdwg| < 1. Hence,

the amplification coefficient is equal to

P

(23)
P (bl + i |*) +1

ap =min < 1,

In this manner, it is guaranteed that the noise terms of tfierent relays are not boosted throughout the
network. This is achieved at the cost of working with the otitpower less thar®. On the other hand,

we know that almost surelf |h,|”, i(k)\z <1. Hence, almost surely, we hawg = 1. This point will be

elaborated further in the proof of the theorem. Now, we prideDMT optimality of the RS scheme for

general single-antenna parallel-relay networks.

°By almost surely, we mean its probability is greater than P~°, for any value of§ > 0.
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Theorem 3 Consider a single-antenna half-duplex parallel relay natvwith K > 1 interfering relays
where there is no direct link between the transmitter andréoeiver. The diversity gain of the RS scheme
with the parameters defined in Theorem 2 is lower-bounded as

r

s (r) = max {0, K (1=7) = =} (24)
Furthermore, the RS scheme achieves the optimum BMTr) = K(1 —r)* as B — oc.

Proof: First, we show that the entire channel matrix is equivalera tower triangular matrix. Let
us definex; ;, 0y i, o i, to k, Zo i, Yo, @S the portion of signals that is sent or received in kltle slot of

the b'th sub-block. At the receiver side, we have

Yor = 9)bor + Zok

= 9k k) Z Do—by k k1 (hklxbl,kl + nbl,kl) + Zp k- (25)

1<b1<b, 1<k <K

b1 K+k1<bK+k
Here, py 11, has the following recursive formulgy i = 1, porr = i) (k) P0), (k)1 - DEfiNING the
squareBK x BK matricesG = Ip @ diag{g1, 92, - ,9x}, H = Iz @ diag{hq, hs, -+ ,hx}, Q =

I ® diag{ozl,ag, - ,OzK}, and

1 0 0 0
Po,2,1 1 0 0
F= D031 P0,3,2 1 0 ; (26)
PB-1,K1 PB-1,K2 --- PoK,K-1 1

where ® is the Kronecker product [31] of matrices adg is the B x B identity matrix, and the

BEK x 1 vectorsx (s) = [z11(s), 712(5), -, 2.k ()T, n(s) = [n11 (s),n1(s), - ,npr(s)], z(s) =
[212(s), 213(5), -+, 2B (s)]T, andy (s) = [y12(s), y13(s), - yp+11(s)]", we have
y(s)=GQF (Hx(s) +n(s)) +z(s). (27)

Here, we observe that the matrix of the entire channel isvatgnt to a lower triangular matrix of size
BK x BK for a MIMO system with a colored noise. The probability of age of such a channel for

the multiplexing gain- (r < 1) is defined as
P{&} =P {log|Ipx + PHH]P,'| < (BK + 1)rlog (P)}, (28)

whereP,, = Ipx + GQFFEIQIGH, andHy = GQFH. Assume|hg|? = P77, |gi|*> = P, |ix]* =

P~ andR as the region irR3*X that defines the outage eventin terms of the vectofu®, v’ w?]7,
wherep = [uiis - px)” v = (e - vk]" ,w = [wiws - - -wg]" . The probability distribution function
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(and also the complement of the cumulative distributioncfiom) decays exponentially a8~ for

positive values of. Hence, the outage regidh is almost surely equal t® . = R [ R3*. Now, we have

log(P) —

(a)
P{e} < P{[Hg|* [Py < prEITT}
() K , BKlog(3) + log |P,|
< P{—B;(uk+1/k—m1n{0,uk,uJ(k)}) — log (P) <—-BK(l—-r)+r
(©) log [3 (B*K? 4 1)] &
< P{—-BK +BK(1—T)—TSBZ(ukJrVk),uk,yk,wk20 . (29)

Here, (a) follows from the fact that for a positive semidefinite matAx we havell + A| > |A| and (b)

follows from the fact that

P 1
2 = mi > — mi Mk P@(k)
|k |* = min {1, Pl 5 ploo & 1} 2 3 min {1, P, P* P“®}

and assuming’ is large enough such th& > 1. Finally, (¢) is proved as follows:

As |ai| <1, we concludep,, ;. x, < 1. Hence, the sum of the entries of each rowFIR” is less than
B?K?. Now, consider the matriA £ B2K?I—FF. From the above discussion, it follows that for every
i, we haveA;; > >~ |A;;|. Hence, for every vectox, we havex”Ax > 3. |A;jla7 + |A; |25 £
2| Aijlzizy = 30, |Aigl (i + ;) > 0, and as a resulA is positive semidefinite, which implies that
FF7 < B?2K?Ipg. Consequently, we havP, < Izx + B?K?GQQYGH. Moreover, Knowing the
fact thatP {R} = P{R.}, and conditioned orR,, one has|g,|*> < 1, which implies thatGG” < I.
Combining this with the fact tha®Q” < I (as|ax|? < 1, Vk) yields P, < Ipx + B?K2GQQIGH <
(B2K? + 1) I5x. Moreover, conditioned o ., we havemin {0, zu;, w) } = 0. This completes the proof
of (¢).

On the other hand, for vectorg’, v°, w° > 0, we haveP {u > p®, v > 0 w > W'} = pL(H44ef)
Similar to the proof of Theorem 1, by taking derivative witbspect tou, v, we havef, . (u,v) =
P~1+v) Definingly = _logp(mrR)] +(1—7)— =, RE{pv>0,L+1(u+v)>1l}, the cube

log(P) BK !
T asZ 2 [0, Klp]*™, and forl <i < 2K, Z¢ £ [0,00)"" ! x [Kly, 00) x [0,00)2X~%, we observe

—

a

N

P{e} < P{R}
() K .
< / fyow (p,v) dpdv + 3" P {[MT, VT e R mzf}
RNZ i=1
S min 1e(mtw)
< vol(RnT)p il ernT L 2K Pkl
(-;) P—Klo

p-[Ka-n-3] (30)
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Here, (a) follows from (29), (b) results from writingR as (ﬁﬂI) U [Ui]‘il (ﬁﬂff)] and using the
union bound on the probability, and) follows from the fact thatR ()Z is a bounded region whose
volume is independent aP. (30) completes the proof of Theorem 3. [ |

Remark 4-The argument in Theorem 3 is valid no matter what the inducaphyofG on the relay nodes
is. More precisely, the DMT of the RS scheme can be lower-tedras (24) as long &%, K + 1} ¢ £
and{0,k},{K + 1,k} € E. One special case is that the complement of the induced aphgfG on
the relay nodes includes a Hamiltonian cycle which is aredyin Theorem 2. Here, we observe that the
lower-bound on DMT derived in (24) is tight as shown in Theor2.

Figure (2) shows the DMT of the RS scheme for varying numbeKoénd B. Noting the proof of
Theorem 3, we can easily generalize the result of Theorend3esvide a lower-bound on the DMT of

the RS scheme for general single-antenna multi-hop mettiglay networks.

Theorem 4 Consider a half-duplex single-antenna multiple-relaywmk with the connectivity graph
G = (V, E) operated under the RS scheme wiitlpaths,S slots, and the path sequeng@e, ps,...,pr)-
Defining 5. for eache € E as the number of paths in the path sequence that go threutiten the DMT
of the RS scheme is lower-bounded as

n
drs(r) > L (1 — gr) : (31)

max L
eck ﬁe

Proof: First, similar to the proof of Theorem 3, we show that the renthannel matrix is lower

triangular. At the receiver side, we have

l;
Yicrri = | [ toim-1yQigXoi + > figXog + Y GijamDjm. (32)
j=1

j<i j<im<l

Here,x,; is the vector transmitted at the transmitter side duringsth#h slot as the input for thé'th path,
Yk+1, 1S the vector received at the receiver side duringsthgth slot as the output foi'th path, f; ; is the
interference coefficient which relates the input of jfte path (j < ) to the output of the'th path,n, ,,
is the noise vector during the ,,,'th slot at thep;(m)’th node, and finallyg; ;. ., is the coefficient which
relatesny ,, to yx1,. Note that as the timing sequence satisfies the noncausalergnce assumption,
the summation terms in (32) do not exceedMoreover, for the sake of brevity, we defing; = 1.
Defining x(s) = [zo.1 (s) 02 () -~ 7o, ()], ¥(s) = [yrc11 () w12 (s) -+ yry10 ()], andn(s) =
[n1.1 (s)nis (s) - -npy, (s)]7, we have the following equivalent lower-triangular matnigtween the end

nodes:
y(s) = Hrx(s) + Qn(s). (33)
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Here,

fix 0 0
0o ...
N R (34)
fra fre - frr
l;
where f;; = H ipa().pi(j-1)y i g AN
j=1
Qi - Qa0 0 0
Q- 92,.1,1 | (12,.1,11 . q2,.2,l2 | | . (35)
qra11 49La2 --- oo oo 4L i1 4LLi;

Let us defineu, for everye € E such that/h.|*? = P~#. First, we observe that similar to the proof of
Theorem 3, it can be shown thatd) ; = 1 with probability 2'°, i) we can restrict ourselves to the region
R., i.e., the regionu > 0. These two facts imply thdtql-,j,m|§1. This means there exists a constant
which depends just on the topology of the gra@hand the path sequence such tRat2 QQY < I,
(by a similar argument as in the proof of Theorem 3). Henamjlar to the arguments in the equation

series (29), the outage probability can be bounded as
P{e} = P{[I,+ PHH{P'| < P}
< P{[Hq||H}| < P "}

= P{ZﬁeuezL—Sr}

ecE
= P{uzo,Zﬁeuez <L—Sr)*}, (36)
eck
where 3, is the number of paths in the path sequence that pass thkoughowing thatP {u > p'} =
P~Y+and computing the derivative, we hayg(p) = P~#. DefiningR = {p > 0, >, Bepte > (L — Sr)*}
and applying the results of equation series (30), we obtain

L S\
“minl-p (1= =r

P{g} S P KeER @P maXeEEﬁe L (37)

where (a) follows from the fact that for everys € R, (L — Sr)* < 3, Befte < MaXeer Be Y s e

which implies thaty>, . s = 1- g > -L=50"_ "and on the other hand, defining such thaty*(¢) =

maXec g Oe

OMore precisely, with probability greater than— P, for any § > 0.



(L%ﬂ whereé = argmaxg, and otherwisg:*(e) = 0, we haveu* € R and1-p* = maXLEEB (1-5r)".
© eck e e
(37) completes the proof of Theorem 4. [ |

Remark 5-The lower-bound of (6) can also be proved by using the loveembl of (31) obtained for
DMT of the general RS scheme. In order to prove this, one needpply the RS scheme with the same
path sequence and timing sequence used in the proof of (@)éorém 1. Putting = Lodg andS < gL
in (31) and noting that for ak € E, we haves, € {0, Ly}, (6) is easily obtained.

Remark 6-It should be noted that (5) is yet an upper-bound for the DMTih&f RS scheme, i.e.,
even for the case of interfering relays. This is due to thé¢ tiaat in the proof of (5) the non-interfering
relaying assumption is not used. However, by employing tBesBheme with causal-interfering relaying
and applying (31), one can find a bigger family of graph tog@s that can achieve (5). Such an example
is the two-hop relay network studied in Theorem 3. Anothemegle is the case thét is a directed acyclic
graph (DAG}! and the relays are operating in the full-duplex mode. Héeargument is similar to that of

Remark 2 Assume that eacp; is usedL, times in the path sequence in the form that 1y, ; £p,1<
[£-1-1
j < L. Let us modify the timing sequence &5 =i+ j — 1+ OZ I which results inS = L+ 1;.
Here, it is easy to verify that only non-causal interfereleuxéskt:s1 between the signals corresponding to
different paths. However, by considering the paths in tivense order or equivalently reversing the time
axis, the paths can be observed with the causal interferéterece, the result of Theorem 4 is still valid
for such paths. Here, knowin+g that for alle E, we haveg. € {0, Ly} and applying (31), we have
drs(r) > dg (1 —1r— % which achieves (5) for asymptotically large valuesigf This fact is
also observed by [29].

C. Multiple-Access Multiple-Relay Scenario

In this subsection, we generalize the result of Theorem Bdaonultiple-access scenario aided by multi-
ple relay nodes. Here, similar to Theorem 3, we assume thee th no direct link between each transmitter
and the receiver. However, no restriction is imposed on tideicged subgraph aff on the relay nodes.
Assuming having\/ transmitters, we show that for the rate sequendeg(P), r; log(P), ..., log(P),
in the asymptotic case d8 — oo (B is the number of sub-blocks), the RS scheme achieves thesije
gaindsnyarac(ri,re, ... ry) = K <1 — Zn]‘le rm>+, which is shown to be optimum due to the cut-set
bound on the cutset between the relays and the receiver, tHereotations are slightly modified compared
to the ones used in Theorem 3 to emphasize the fact that meutignals are transmitted from multiple

transmitters. Throughout this subsection and the next ®peandh,, , denote the transmitted vector at

HA directed acyclic graptt is a directed graph that has no directed cycles.
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the m’th transmitter and the Rayleigh channel coefficient betwinem’th transmitter and thé’th relay,

respectively. Hence, at the received side of Afib relay, we have
M

r, = Z P Xom + 1y by + D, (38)

m=1

wherex,, is the transmitted vector of the’th sender. The amplification coefficient at thé&h relay is

set to

J2
P (Zle i + !%)!2) +1

Here, the RS scheme is applied with the same path sequencénang sequence as in the case of

(39)

ap =min < 1,

Theorem 2 and 3. However, it should be mentioned that in thieecticase, during the slots that the
transmitter is supposed to transmit the signal, i.e. insth&h slot, all the transmitters send their signals
coherently. Moreover, at the receiver side, after recgitime BK vectors corresponding to the outputs
of the BK paths, the destination node decodes the messages, .. .,wyx by joint-typical decoding of
the received vectors in the correspondifigC” slots and the transmitted signal of all the transmittees, i.
in the same way that joint-typical decoding works in the mpldt access setup [10]. Now, we prove the

main result of this subsection.

Theorem 5 Consider a multiple-access channel consistingbfransmitting nodes aided bi > 1 half-
duplex relays. Assume there is no direct link between thestratters and the receiver. The RS scheme

with the path sequence and timing sequence defined in Thed@eand 3 achieves a diversity gain of

ri,7 r K EM Z
—1"m
dR&MAc( 1,792, .+, M) > [ <1— Tm) Lum=1"m
m=1 E

; (40)

wherery, ro, ..., ) are the multiplexing gains corresponding to useérs, ..., M. Moreover, asB — oo,
+
it achieves the optimum DMT which ds,: arac(r1,re, ... .7a) = K (1 — fozl rm) .

Proof: At the receiver side, we have

Yoo = 9k)bor + Zok

M
= k) Ak) Z Po—b1 K kr (Z P oy Xom by ey + Hbl,m) + Zp ks

1<b1<b,1<k1 <K m=1
bi K+ki1<bK+k

(41)

wherep, 1, 1, is defined in the proof of Theorem 3 amg}, , . represents the transmitted signal of th&h
sender in thée:'th slot of the b’th sub-block. Similar to (27), we have

y (s) = GQF <Z H,.x, (s) +n (5)) +z(s), (42)

m=1
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where H,, = Iy ® diag{hm1,hma s hmrty Xm (8) = [Tm11(5), Tm12(8), + , zmpr(s)]’, and
Vs, g, Zs, G, Q, F are defined in the proof of Theorem 3. Similarly, we obsena the entire channel
from each of the transmitters to the receiver acts as a MIMangohl with a lower triangular matrix of
size BK x BK.

Here, the outage event occurs whenever there exists a sfbse{1,2,..., M} of the transmitters
such that
I (xs(5);y(s)|xs:(s)) < (BK +1) (Z rm> log(P (43)
meS

This event is equivalent to

log [Ipx + PH;H{P'| < (BK +1) (Z rm> log (P). (44)
meS

whereP,, is defined in the proof of Theorem Bl = GQ2FHgs, and

Hs =TIz @diag > |hmal®s [ (el D Nkl - (45)
meS meS meS

Defining such an event & and the outage event & we have

P{} = P U &

S§{17277M}

< Z P{&s}

S§{17277M}

< (M —1 P
B0 s g 15}

= sg{?,lQ?}.{.,M} P{&s}. (46)
Hence, it is sufficient to upper-bour{Es} for all S.
Defining Hs = I ® diag{max,,cs |hma|, maxXmes [Ameal s -+ s maxmes |hm x|}, We haveﬂgﬂg <
HsHY. Therefore,
P{&} < P {log }IBK + PGQFHSHYFIQYGTP ! < (BK +1) (Z rm> log (P)}

meS
S P{ég}. (47)
Assumemax,cs |hm x> = P, and|gi|* = P~, |ix|* = P~*, and R as the region irmR3* that
defines the outage evefi in terms of the vectofu”, v”,w?]”. Similar to the proof of Theorem 3, we
haveP {R} =P {R.} whereR . = R R3*. Rewriting the equation series of (29) we have

P{és} < P{—BKlong(iigij+BK<1—Zrm> ZrmgBZ i + Vi),

meS meS

:ukaykuwk ZO} (48)
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On the other hand, a&h,, }'s are independent random variables, we conclude thapfor® > 0,

we haveP {u > p®,v > 10} = p~1(S") " Similar to the proof of Theorem 3, by computing the
log[3(B2K?+1)]
log(P)
(1=3,,cs7m) — =25 the regionR asR 2 {p,v >0, +1-(u+v) >}, the cubeZ asT £

[0, K1o]*", and forl < i < 2K, Z¢ = [0, 00)"! x [Kly, 00) X [0, 00)25~, we have

P {55} (g) P{R}

derivative with respect tqs, v, we havef, ,(u,v) = P~1(Sk+) Defining I, =

2K
< / Juw (V) dpdv + ZIP’ {[MT, v eR ﬂIZ-C}
RNT i=1

— min 1 T(\S|,u,+1/)

< Vol(RNI)P [mverRNI + 2K P~

(b)

- P—Klo

e ] @9)

Here, (a) follows from (48) and (b) follows from the fact th’étﬂI is a bounded region whose volume
is independent of> and the fact thatnin, ;.27 1 (|S| # +v) = Klo, which is achieved by having
p = 0. Comparing (46), (47) and (49), we observe

. . o [KOS ) Sy
P{£}< P < P{ }<P [ " Bl 50
1= s PSS o i P o = 50)

SC{1,2,...,

JF
Next, we prove thati’ (1 — ZM rm> is an upper-bound on the diversity gain of the system corre-

m=1
sponding to the sequence of ratgsr,, ..., r,,. We have
M (a‘) K(1 M +
P{E}>P max [ (ty,te,...,tx;y) < Zrm log(P) p = P~ (1-Zozirm) (51)
p(t1,t2,...tK) f—

Here, (a) follows from the DMT of the point-to-point MISO af@el proved in [9]. This completes the
proof. [ |
Remark 7-The argument of Theorem 5 is valid for the general case inhvary arbitrary set of relay
pairs are non-interfering.
Remark 84n the symmetricsituation for which the multiplexing gains of all the users aqual to say,

the lower-bound in (40) takes a simple form. First, we obsé¢hat the maximum multiplexing gain which

is simultaneously achievable by all the usersjs Bﬁﬁl. Noting that no signal is sent to the receiver

in 5= portion of the time, we observe that the RS scheme achieeem#ximum possible symmetric

BK+
multiplexing gain for all the users. Moreover, from (40), wbserve that the RS scheme achieves the
maximum diversity gain of’ for any finite value of B, which turns out to be tight as well. Finally,
the lower-bound on the DMT of the RS scheme is simplified &b(1 — Mr) — 22]" for the symmetric

situation.
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D. Multiple-Access Single Relay Scenario

As we observe, the arguments of Theorems 2, 3 and 5 concedNhig optimality of the RS scheme
are valid for the scenario of having multiple relays ¢ 1). Indeed, for the single relay scenario, the RS
scheme is reduced to the simple amplify-and-forward ragym which the relay listens to the transmitter
in the first half of the frame and transmits the amplified \@rsof the received signal in the second
half. However, like the case of non-interfering relays gddn [14], the DMT optimality arguments are
no longer valid. On the other hand, we show that the DDF schacheves the optimum DMT for this

scenario.

Theorem 6 Consider a multiple-access channel consistingldftransmitting nodes aided by a single
half-duplex relay. Assume that all the network nodes arepgga with a single antenna and there is
no direct link between the transmitters and the receivee @mplify-and-forward scheme achieves the
following DMT

M +
dapvac(ri,ro, ... Ty) = <1_22Tm> : (52)
m=1
However, the optimum DMT of the network is
M +
— Tm
dyac(ry, T2, .. Tr) = (1—%> ; (53)

which is achievable by the DDF scheme of [6].

Proof: First, we show that the DMT of the AF scheme follows (52). A¢ tleceiver side, we have

M
y =g« (Z P Xom + n) + z, (54)

m=1

where h,, is the channel gain between the'th transmitter and the relay; is the down-link channel
gain, anda = | /m is the amplification coefficient. Defining the outage evégtfor a set
m=1 m
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S C{1,2,..., M}, similar to the case of Theorem 5, we have

P{&} = P {](Xg;y|xsc) <2 (Z rm> log(P)}

meS

= Fylos <1 +P <Z Ihml2> lgl* laf* (1 + lgI” |a|2)_1> <2 (Z rm> log(P)}
meS oper?
1
= P (Z |hm|2> |g|2|a|2min{1,m} < P<l2zmesrm>}
q)2|a
meS

—
- S
=

} +
meS

I
2=
—~
=
3
o
IN
v
~
—
S
N/
3
M
)
5
=

meS
P{ gl (Z \hm|2> < P—Q(l‘zmesrm)} +
meS
2 2
pildl %mes|h?| < p(1-2Scsm) | (55)
Zm:l |hm|

In the above equationa) comes from the fact thaP{min(X,Y) < z} = P{(X <2)JY <2)} =
P{X < z}+P{Y < z}. (b) follows from the fact thaf|* can be asymptotically written asin {P, —

M 2
Zm:l ‘hm|

Since{|h.,|*}5_, are i.i.d. random variables with exponential distributidgrfollows thaty", ||

has Chi-square distribution with|S| degrees of freedom, which implies that

P {Z || < P‘<1—22mes7"m)} = pISI(1-2Enes ), (56)

meS

To compute the second term in (55), definings P~2(!"Zwes™) | we have
(a)
P {\gf (Z \hm\2> < el} > P{lgf<e}
meS
= €1, (57)

where(a) follows from the fact that a§",, s |h.|* has Chi-square distribution, we haye, s |h.|” <1

with probability one (more precisely, with a probabilityegter thanl — P~ for every§ > 0). On the

3
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other hand, we have

VAN

P {lgl* |hn|* < €1}

P {|9|2 (Z |hm|2> < 61}
meS
Putting (57) and (58) together, we have

P {|9|2 (Z |hm|2> < 61} = €. (59)
meS

Now, to compute the third term in (55), defining £ p(12%,cs ’"'”), we observe

= €1. (58)

b

h,,|? (a)
e =P{|g"<e} < P{lﬂf% < 62} < IED{IgI2 <Z Ihml2> < 62} = 6.
m=1 m

meS

—
=

Here, (a) follows from the fact that with probability one, we haye’_, |h,,|°<1 and () follows from

(59). As a result

> mes |’ .

PQ gl Smes s < e p =6 (60)
{ > |

From (56), (59), and (60), we have

P{Es} = p*\$|(1*22mes Tm)+ + p*2(1*2mes Tm)+ + p*(lﬂzmes Tm)+ - p*(lﬁzmes Tm)+. (61)
Observing (61) and applying the argument of (46), we have

]P’{g} = max M}]P){SS} = Pf(lfQZ%:1 T‘m)‘f’. (62)

Sc{L2,..,
This completes the proof for the AF scheme. Now, to compueeDMT of the DDF scheme, let us
assume that the relay listens to the transmitted signalhi®f portion of the time until it can decode it

perfectly. Hence, we have

(X imes ) log(P) } (63)

[=min< 1, max 5
sci12-:) log (1 + (X [hm|?) P)
The outage event occurs whenever the relay can not transenretencoded information in the remaining
portion of the time. Hence, we have

P{€} iIP’{(l —N)log (1+|g[*P) < (Z rm> log(P)}. (64)

m=1

Assuming|h,,|> = P~#» and|g|?> = P, at high SNR, we have

[ ~ min {1, max Limes m } : (65)

SC{1,2,..M} 1 — min,,es tm

Equivalently, an outage event occurs whenever

D omes =
1— mes 1— - 66
( sg{Ilr,li).(.,M} I — miny,es um) (1-v)< mzl " (66)
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In order to find the probability of the outage event, we firstlfan upper-bound on the outage probability
and then, we show that this upper-bound is indeed tight. DefiR = Efle ry andpy = Zﬁf:l fom, W€

rRY (1— 2omes, "m )(1—V)><1—i)(1—y). (67)

1 —min,es, tim 1—pn

have

Here, (a) follows from (66). Equivalently,

@ (1—=p-v) l—p—v
B v a—n " Uopra_w (%8)

where(a) follows from (67). It can be easily checked that (68) is eglént to

R>(1—-R)(1—p—v). (69)

In other words, any vector poirt., o, - - ., par, v] in the outage regiofR, i.e., the region that satisfies

(66), also satisfies (69). As a result, definiRg as the region defined by (69), we have
P{€} < P{meR'}, (70)

wherem = [u1, o, . . ., o, v]. Similar to the approach used in the proofs of Theorems 3 aRd® ¢ R’}

can be computed as

P{m e R/} = P TR, (71)
Hence,
P{E}<P i R, (72)
For lower-bounding the outage probability, we note thattfadl vectors|y,, - - -, s, v] for which g, >
0,m=1,---,M andv > £, lie in the outage region defined in (66). In other words,
R
P > P e 01
€1 > s [0 )
=~ P TE, (73)

Combining (72) and (73) yields

P{€} = PTR

_ Z%:l Tm
M
= P "aam (74)

which completes the proof for the DMT analysis of the DDF sohe
Next, we prove that the DDF scheme achieves the optimum DMTh& channel from the transmitters
to the receiver is a degraded version of the channel betweetransmitters and the relay, similar to the

argument of [32] for the case of single-source single-relay can easily show that the decode-forward
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strategy achieves the capacity of the network for eachza#in of the channels. Now, consider the

realization in which for allm we have,|h,,|> < L. As we know,P {¥m : |,,|* < &} = 1. Let us

assume in the optimum decode-and-forward strategy, tlag sgendd portion of the time for listening

to the transmitter. According to the Fano’s inequality [14@ make the probability of error in decoding

the transmitters’ message at the relay side approach zershauld havée log (1 + ? fozl \hm\Q) >

<Z%:1 Tm> log(P). Accordingly, we should have > "2

1 ™m. On the other hand, in order that the

receiver can decode the relay’s message with a vanishingapildty of error in the remaining portion
of the time, we should havél —)log (1 + & |g°) > SN r,,log(P). Hence, we haveP {£} >

M
Xm=1"m

M
Ym=1"m

+
—(1——Z=m=1"m —(1——Z=m=1"m
P< g < cP ( I-Z%:N‘m>,Vm Nl < %} =P ( 1—2%:1””> , for a constant. This completes

the proof. m
1o
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Fig. 4. Diversity-Multiplexing Tradeoff of AF scheme vessthe optimum and DDF scheme for multiple access single refeannel

consisting of M = 2 transmitters assumingymmetrictransmission, i.er; = ro = 7.

Figure 4 shows DMT of the AF scheme and the DDF scheme for ptellaccess single relay setup
consisting of M = 2 transmitters assumingymmetricsituation, i.e.r; = ro = r. As can be observed
in this figure, although the AF scheme achieves the maximuitiptexing gain and maximum diversity

gain, it does not achieve the optimum DMT in any other poiritthe tradeoff region.

V. MAXIMUM DIVERSITY ACHIEVABILITY PROOF INGENERAL MULTI-HOP MULTIPLE-ANTENNA

SCENARIO

In this section, we consider our proposed RS scheme and ghav& achieves the maximum diversity

gain between two end-points in a general multiple-antenoli#mop network (no additional constraints
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imposed). However, in this general scenario, it can notemehthe optimum DMT. Indeed, we show that
in order to achieve the optimum DMT, in some scenarios, Iplgtinterfering nodes have to transmit

together during the same slot.

Theorem 7 Consider a relay network with the connectivity graph= (V, £') and K relays, in which
each two adjacent nodes are connected through a Rayledjhgachannel. Assume that all the network
nodes are equipped with multiple antennas. Then, by prgp#rbosing the path sequence, the proposed

RS scheme achieves the maximum diversity gain of the netwock is equal to
dG = msin wg(S), (75)
whereS is a cut-set onG.

Proof: First, we show thati; is indeed an upper-bound on the diversity-gain of the neéiwdo
show this, we do not consider the half-duplex nature of th&yraodes and assume that they operate in

full-duplex mode. Consider a cut-s§ton G. We have

P{e} S P{I(X(S);Y (81X (5%) < R}

= IP’{Z](X(S);Yk|Y(SC/{1,2,...,k}),X(SC)) <R}

—
=

keS¢
< HP{](X(S);Yk|X(SC))< R}

ke 15

~ H p-HecElkee,ens#£0}]
keSe
= pveld) (76)

where R is the target rate which does not scale with(i.e., » = 0). Here, (a) follows from the cut-set
bound theorem [10] and the fact that for the rates above tpacty, the error probability approaches
one (according to Fano’s inequality [10])p) follows from the chain rule on the mutual information
[10], (¢) follows from the facts that iYY;, X ({0,1,..., K +1}),Y (S8°/{1,2,...,k})) form a Markov
chain [10] and as a result] (X (S);Y;|Y (S8¢/{1,2,...,k}), X (89)) < I(X(S);Yi]X (8°)), and
i) 1(X(S);Ys|X(S°) depends only on the channel matrices betwée(S) and Y, and as all the

channels in the network are independent of each other,ldvslthat the events

N
{rx@mix sy < g }

are mutually independent, and finally) follows from the diversity gain of the MISO channel. Considg

all possible cut-sets o' and using (76), we have

P{£} >p~minswa(S), (77)



33

Now, we prove that this bound is indeed achievable by the Rferse. First, we provide the path
sequence needed to achieve the maximum diversity gain.id@snthe graphG; = (V, E,w) with the
same set of vertices and edges as the gr@@nd the weight functiom on the edges as,,, = NoNVy.
Consider the maximum-flow algorithm [30] @i from the source nodeé to the sink nodex + 1. Since
the weight function is integer over the edges, accordinghto Ford-Fulkerson Theorem [30], one can
achieve the maximum flow which is equal to the minimum cutobr d by the union of elements of a
sequencépy, ps, - - -, P4, ) Of paths { = di). We show that this family of paths are sufficient to achieve
the optimum diversity. Here, we do not consider the problémsetecting the path timing sequengse ; }.

We just assume that a timing sequersg;} with the 4 requirements defined in the third section exists.
However, it should be noted that as we consider the maximwmerslty throughout the theorem, we
are not concerned witl%. Hence, we can select the path timing sequence such thatmpatias cause
interference on each other.

Noting that the received signal at each node is multipliecibbgndom isotropically distributed unitary

matrix, at the receiver side we have

Y+ = Hrppa-1)Q,-1Ui—1Hp 0-1) pii—2) Q-2 Ui —2 - - a1 U 1 Hp, (1), 0%0,6 +
Y XiXoj+ Y. Qijmlym. (78)
j<i j<im<l;

Here,x,; is the vector transmitted at the transmitter side duringsth&h slot as the input for the’th
path,y .1, is the vector received at the receiver side during 4heth slot as the output foi’th path,
U, ; denotes the multiplied unitary matrix at the(j)'th node of theith path,X, ; is the interference
matrix which relates the input of thgth path (j < ¢) to the output of the’th path, n,,, is the noise
vector during thes;,,'th slot at thep;(m)th node of the network, and finallyQ; .., is the matrix
which relatesny,,, 10 yx;1,;. Notice that as the timing sequence satisfies the noncamsafarence
assumption, the summation terms in (78) do not exae@kfiningx(s) = [x{, (s)x{, (s)---x{ | (s)}T,
y(s) = [Yhi11 (8)¥ki1a(8) - ykins ()], andn(s) = [n], (s)nf, (s)---nl, (s)]", we have the

following equivalent block lower-triangular matrix betere the end nodes

y(s) = Hrx(s) + Qn(s). (79)
Here,
X1 0 0
X2 1 X2 2 O

Hr = . (80)

XLJ XL,Q XL,L
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whereX;; = Hr i1 p0-1)@iti—1 Ui, 1 Hp, -1 pii—2) @i, —2 Ui —2 - - - a1 U 1 Hp, (10,4 and

Qi1 e Qi1 O 0 0
Q _ Q2.,1,1 . . Q2:1,l1 . . Q2:2,l2 0 (81)
QL,1,1 QL,l,z ce cen . QL,L,lrl QL,L,lL
Having (79), the outage probability can be written as
P{e} = P{|I.+ PH;H]P | <2°7}, (82)

whereP,, = QQ". First, similar to the proof of theorem 3, we can show thaf = 1 with probability
1'2, and also show that there exists a constamthich depends just on the topology of grapghand
the path sequence such tiaf < cI,. Assume that for eackia, b} € E, Apax (Hap) = P7Hetr, where

Amax (A) denotes the greatest eigenvalueAoA . Also, assume that

2 i
Vi 2 1V e Hip400:03) Ui Vimax (Hip,(y.pi-13 Ui 1B -1).piG-2)) - - - Hypayoy) | = P779,(83)

wherev; ..« (A) andv, ... (A) denote the left and the right eigenvectorsdotorresponding to .. (A),
respectively. The outage probability can be upper-bouraged

P{&} (% P{)\max ((HTHgPT:l)%> < (QSR_ 1) Pfl}

(0)
<

N

P { Amax (Hr) < ¢ (257 — 1) P}

P {ﬁ (e (Xi) < € (257 — 1) Pl)}

i=1

NS -— ¢ (257 — 1)
P ﬂ Z Fpi(5)pi (-1} T Z vi; > 1—log — 5
=1 \j=1 =
L Li l;—1
P {ﬂ (Z Ppi(i)pi(G—1)} T Z Vij = 1) } . (84)
j=1

i=1 \j=1

INZ

INE

—
- O
~—

In the above equatioriq) follows from the fact thatl + Ay, (A2) < [T+ A|, for a positive semi-definite
matrix A. (b) results fromP,, < cI.. (c¢) follows from the fact that\,,..(Hzr) > max; Apax(X; ;). To
obtain (d), we first show that

2

Amax(AUB) > Ao (A) Amax (A) [VE L (A) UV ax(B)

r,max

: (85)

2More precisely, with probability greater than— P~ for any § > 0.
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for any matricesA, U andB. To show this, we write

Amax(AUB) = max HXHAUB H2
[[x[|*=1
> |[Vimax(A)AUBJ|”

2

Tmaxc(A)V i (AU Y vii(B)oy(B)v/i(B)

—
S)
N

D s (A (A Uvi(B)o(B)v(B)|

v

s (A V(A UV (B) e (BIV I (B[

r,max r,max

—
=
=

2

Amax (A) Amax (B) [V (A) UV ax (B)

r,max

: (86)

whereo;(A) denotes the'th singular value ofA, ando,,..(A) denotes the singular value @& with
the highest norm. Hergq) follows from the fact that agv, ;(B)} are orthogonal vectors, the square-
norm of their summation is equal to the summation of theirasgtnorms.(b) results from the fact that
M\i(A) = |o;(A)]?, Vi. By recursively applying (85), it follows that

AmaX(Xz‘,i) Z >\max (HK—i—l,pi(li—l)) Vi,li—l)\max (Hpi(li—l),pi(li—Q)) Yili—2 7i,1>\max (Hpi(l),O)
l;—1

li
= [ wex Hoymi-n) [ ] s (87)
j=1 i=1
Noting the definitions of.y; ;; andy; ;, (d) easily follows. Finally,(e) results from the fact that a8 — oo,
the termlogw can be ignored.

Since the left and the right unitary matrices resulting frin@ SVD of an i.i.d. complex Gaussian matrix
are independent of its singular value matrix [33] dnd; is an independent isotropically distributed unitary
matrix, we conclude that all the random variables in the{s{eie}eeE , {ui7j}1§i§L’1§j<li} are mutually
independent. From the probability distribution analysistlee singular values of circularly symmetric
Gaussian matrices in [9], we can easily prd¢u. > ul} = PNeNowz — p-were - Similarly, asU, ;
is isotropically distributed, it can be shown tHa{v (i, j) > 14(i,j)} = P~*(J). Hence, definingu =
[e)ep v = [Vi,j]{ginggjdi’ andw = [w].cp, We have

P{p > po,v > vop = prOvavs), (88)

Let us defineR as the region iMRIEH+XiL1l—L of the vectors[p,TuT]T such that for alll < i < L,
we havezgl':1 Pefpi()pi =10} + Zé?;f v;; > 1. Using the same argument as in the proof of Theorem
3, we conclude thaP {R} = ]P’{72(]]1@4]_3|+21'L=1 l“L}. Hence, definingR, = RQRTHZ’LI”*L and
dy = min  w -+ 1-v, which can easily be verified to be bounded, and applying Hmes

[Tl TeR
argument as in the proof of Theorem 3, we have

P{E}<P{R,} = P, (89)
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To complete the proof, we have to show thigt= d, or equivalentlyd, = L (note thatL = dg). The
value ofdj is obtained from the following linear programming optintioa problem

mn w-pu+1-v (90)
li—1

l;
st w20, >0.Y) gy GrpG-) + Y Vi > L

j=1 i=1
According to the argument of linear programming [34], théuson of the above linear programming

problem is equal to the solution of the dual problem which is

L
max Z fi (92)

st. 0<f<1Ve€E, Y fi<uw..

€eEp;
Let us consider the solutiofy = 1 for (91). As the path sequence;, ps, ..., pr) consists of the paths

that form the maximum flow ir?, we conclude that for every € E, we havez 1 < w,. Hencef, is a

€ED;
feasible solution for (91). On the other hand, as for all ifgassolutionsf we havef < 1, we conclude

that f, maximizes (91). Hence, we have

dozminw~,u,—|—1~1/@max XL:fi:L:dg. (92)
=1
Here, (a) results from duality of the primal and dual linear programgiproblems. This completes the
proof. [ |

Remark 9-It is worth noting that according to the proof of Theorem 7y &5 scheme achieves the
maximum diversity of the wireless multiple-antenna muétpelays network as long as its corresponding
path sequence includes the pathsps, ..., ps, used in the proof of Theorem 7.

Theorem 7 shows that the RS scheme is capable of exploitsngnéximum achievable diversity gain
in multiple-antenna multiple-relay wireless networks.wéwer, as the following example shows, the RS
scheme is unable to achieve the maximum multiplexing gam general multiple-antenna multiple-node
wireless network.

Example-Consider a two-hop relay network consistingfof= 4 relay nodes. The transmitter and the re-
ceiver are equipped with, = N5 = 2 antennas, while each of the relays has a single receivamgftnitting
antenna. There exists no direct link between the transndttd the receiver, i.€.0,5} ¢ E. For the sake
of simplicity, assume that the relays are non-interfering, 1 < a < 4,1 < b < 4,{a,b} ¢ E. Let
us partition the set of relays int§, = {1,2},S; = {3,4}. Consider the following amplify-and-forward
strategy: In thei'th time slot, the relay nodes i88; ,,,q2 transmit what they have received in the last

time slot, while the relay nodes ifi; ;1) moq 2 receive the transmitter’s signal. It can be easily verified
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that this scheme achieves a maximum multiplexing gain ef 2. However, the proposed RS scheme

achieves a maximum multiplexing gain of= 1.

VI. CONCLUSION

The setup of a multi-antenna multiple-relay network is s&ddn this paper. Each pair of nodes are
assumed to be either connected through a quasi-static iRayfeeding channel or disconnected. A new
scheme calledandom sequentialRS), based on the amplify-and-forward relaying, is introed for this
setup. It is proved that for the general multiple-antenndtipia-relay networks, the proposed scheme
achieves the maximum diversity gain. Furthermore, boumdthe diversity-multiplexing tradeoff (DMT)
of the RS scheme are derived for a general single-antennfiptatielay network. Specifically, 1) the
exact DMT of the RS scheme is derived under the assumptionai-tnterfering relaying”; 2) a lower-
bound is derived on the DMT of the RS scheme (no conditionoseg). Finally, it is shown that for the
single-antenna two-hop multiple-access multiple-reletyvork setup where there is no direct link between
the transmitter(s) and the receiver, the RS scheme achikeesptimum diversity-multiplexing tradeoff.
However, for the multiple access single relay scenario, vsthat the RS scheme is unable to perform
optimum in terms of the DMT, while the dynamic decode-andvird scheme is shown to achieves the

optimum DMT for this scenario.
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