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Abstract. A lower bound of the form%)% Yoy s derived on the coding gaim of the densest-dimensional

(n-D) lattice(s). The bound is obtained based on constructing-Brlattice which consists of parallel layers.
Each layer is selected as a translated version of a demsest)-D lattice. The relative positioning of the layers
is adjusted to make the coding gain as large as possible. For large valugthefbound is improved through
tightening Rgkov’s inequality on covering radius and minimum distance of a lattice.
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1. Introduction

Coding gainy is animportant structural parameter of a lattice. The problem of finding dense
lattice packings (largg) is of greatimportance in both mathematics and communications[3,
pp. 385—-411], [1, pp. 66—74]. The maximum value-af a given dimension is denoted as
vn, and is called the Hermite’s constant. The valug,pis known only for the dimensions
n < 8[3, p.410]. Ithas never been proved thais an increasing function of, although this
is very likely to be true. In this work, we establish a lower boundyoim terms ofy,,_; and
n. The bound is derived using a densely constructelimensional i¢-D) lattice which is
composed of parallel layers. Each layer is a translated version of a demseigtD lattice.
The layers are placed such that the lattice points in one layer are orthogonally projected to
the deep holes of the two adjacent layers. This, along with the proper adjustment of the
spacing between the layers, helps to increase the coding gain.

In deriving the bound ory,, we make use of a lower bound on the covering radius of a
lattice (1) in terms of its minimum distanceand dimension) which is due to Rgkov [9].
For large values of, the derived bound om, is improved through establishing a lower
bound onu in terms ofA andn which is tighter than the RgKov’s bound (fon > 42).

It should be also noted that Mordell and Oppenheim, independent of each other, have
obtained an upper bound of the forfp,_1)"~Y/"=2 on y,, see [3, p. 376]. This, in
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conjunction with the lower bound presented here, provides a tight rangg fioterms of
VYn-1.

It is quite known how to build up a packing R" from a given lattice packing (corre-
sponding to a latticd ) in R"~! by extending the latter to a layer of spheregih (with
centers at the points &f), and stacking congruent layers as densely as possible [4]-[7], [2].
In fact, it appears that the densest lattices in dimensions8 have a layer structure, see
e.g., [1, p. 164]. In the above construction, we call the lattidbe basefor the resulting
packing. As explained before, we select the base to be a densest)-D lattice. To
preserve the lattice property, we form the successive layers by translating the base with a
fixedn-D vector, called thgenerator vectgrsuccessively. The generator vector is selected
such that the density (coding gain) of the resulting lattice is as large as possible.

2. Preliminaries

Let R™ be them-dimensional real vector space with the standard inner produgt and
Euclidean length|x|| = (X, x)é. A lattice is a discrete additive subgroup of R™. Its
dimensionis the dimension of th&®-subspacepanL) that it spans. Each lattice of
dimensionn has abasis i.e., a setb, ..., by} of n linearly independent elements bf
that generaté as their linear integer combinations. The correspondiggerator matrix
(also calledbasis matri) is then x m matrix B which has the basis vectors as its rows.
Thedeterminanif L, detL), is defined as dét) = [det(BB")]Y2. We assume lattices
to befull-dimensionali.e.,n = m, resulting in detL) = |det(B)|.

Consider an-D lattice L. The length of the shortest nonzero vector(s).qflso called
the minimum distancef L) is denoted by,(L). Assume that am-D sphere of radius
A(L)/2 is centered at each lattice point. This arrangement of spheres is cddtita
sphere packingr briefly packingcorresponding to the lattide. Related to the density of
the lattice packingd. [1, p. 73], thecoding gainis defined as

(L) = A(L)%detL) 7. @)

This is also a measure of the performance of the corresponding lattice code in channel
coding applications.Hermite's constani, is defined as the supremum valuejyobver
all n-D lattices. It is known thay, is attainable [3, p. 267]. The value gf, however, is
explicitly known only forn < 8.

The covering radiusu (L) of a latticeL is the smallest number such that all vectors
v € span(L) are at distance at mostfrom a lattice point. The/oronoi cellV(p) of a
pointp € L consists of those points gfpanL) which are at least as close paas to any
other lattice point. (Moronoi cells are also callBdichlet regions mainly in Geometry of
Numbers). V(p) has at least two vertices at distancé.) from p. These are called the
deep hole®f the lattice corresponding to the pojmt

We need the following lemma from [9]:

LEMMA 1 The length of the smallest edge of an arbitrary n-D simplex located inside a n-D
sphere of radius r is upper bounded [&(n + 1)/n]*?r. This bound is achieved only for
a regular simplex inscribed in the sphere.
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THEOREM1 (RySkoy For an n-D lattice L, we have

n
(L) > ,/mk(l-) (2)

Proof. Consider a spher§(v) of radiusu (L) centered at an arbitrary deep halef

the latticeL. Sincev is the common vertex of some adjacenD polytopes (Moronoi
cells of L), it is located at the intersection of at leashyper-planes (which are the facets
of the corresponding Voronoi cells). It is not then difficult to see that the deep hole
corresponding to at least+ 1 adjacent Voronoi cells. This means that there exist at least
n+ 1 lattice points on the surface §{v). Let the minimum distance between these points
be denoted bg. We haver(L) < d. Considering the aforementionadt+ 1 lattice points

as the vertices of a simplex, and using Lemma 1, we oldtain [2(n + 1)/n]¥2u(L).
Combining these inequalities proves the theorem. ]

It is interesting to note that inequality (2) is satisfied with equality for the densest one-
and two-dimensional lattices, i.e., the integer latficend the hexagonal lattice.

Inequality (2) could also be obtained by combining the upper bound on the density of
packings given by Rogers (see[1, p. 19]), with the lower bound on the thickness of coverings
due to Coxeter, Few and Rogers (C-F-R) (see [1, p. 40]). Note that both of these results
had been available quite a while before the publication of thekByS bound in [8]. It
is clear from the above observation that by tightening either bounds, one can improve the
inequality given in (2). Rogers’ bound is the best known bounadfer42, [1, p. 20]. For
n > 42, the Kabatiansky-Levenshtein (K-L) bound (see [1, pp. 264-265]) takes over [1,
p. 20]. There does not, however, exist a simple expression for K-L bound except for the
large values ofi. Combining K-L and C-F-R bounds for large valuesofas given in [1,

p. 19, p. 40], we obtain

n 1/n

which is tighter than (2).

Remark.For a review of earlier works on sphere packing and covering, and in particular,
bounds on packing and covering densities, the interested reader is referred to [8].

3. Main Result

LetLy be an 6 —1)-D lattice with basi$, ..., by_1, whereb; = (bj 1, ..., b n_1), and let

vV = (vy,...,vh_1) be adeep hole df,. We construct a-D lattice L using the following
generator matrix
b1 b2 -+ bipg O
bo1 b2 -+ bopg O
B = . . . . (4)
bh-11 Bro12 - bhogn-1 O

V1 V2 cee Un-1 h
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whereh is a properly selected positive number. Itis easy to see that the lattias a layer
structure with the base lattidg,, and the generator vectbf = (v1, ..., vn—1, h). As we

will see later, the selection ofas a deep hole helps to increase the coding gain (density)
of L. Itis easy to show that

det(L) = hdet(Lp). )

To maximize the coding gain &f, we would like to seledh as the smallest number such that
A A(L) = A(Lp) 2. Choosing a proper value férrequires checking the distance
between lattice points in different layers. The valuehdadlso depends on the values of

n 2 u(Lp) andxr. We selecty to be a densesh(— 1)-D lattice, denoted by.,_;. Since
we do not know much about the structurelgf ;, for a general value af, we choose

A
h> 2. (6)

This selection guarantees that, except for the lattice points in two adjacent layers, the
distance between the other lattice points is at le@adt is easy to see that the minimum
distance between lattice points in two adjacent layekgi§ + h2. Therefore, to keep’

equal tox, we also need

h? > 22 — 42 @)

The value ofh is selected as the smallest number satisfying both (6) and (7). The

corresponding value is denoted hy. We have
A2 —u? ifpu< V3

ho = = 2" 8

0 {A/Z otherwise ®

According to (8), the value dfy depends on the range pf(as determined by). However,
later in Proposition 2, we will present an upper bounchgrvhich depends only ok and

n. This upper bound will be used in conjunction with the following proposition to derive
our main result.

PropPOSITION1 We have

2

}\. n n-1
L= () v, ©
0
Proof. The proof follows using the definition (1), and the facts that= A and (5).
[ |
PROPOSITION2 We have
1
ho < \/ o= 1. (10)

2n
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Proof. We consider the following two cases:

(i) u < +/3x/2. In this case, the result follows by applying inequality (2) to the first
expression of (8).

(i) u > ~/3x/2. Inthis case, using (8), we obtaig = /2 which also satisfies (10).

[ |
THEOREM 2 (MAIN RESULT) We have
1
2n \n
= () W a1)
Proof. Using Proposition 1, and the facts that = L,_;, andy, > y (L), we obtain
2
AN ot
Yn > <h—0> Vnl1- 12)
The proof then follows by applying (10) to (12). ]

Note that inequality (11) is satisfied with equality foe= 2.
For large values of, applying (3), and using the same arguments as in the proofs of
Proposition 2 and Theorem 2, we can find a tighter bound than (11) as

2(n—-1 =T oy Ll
Yn > |1—(0.7573 < e\/é> Yo'y > (2.3450y,",. (13)

It can be seen that the expressiony @ + 1) in (11) is always less than 2. This, unfor-
tunately, implies that the inequality (11) cannot result in the proof,0& ;-1 for any
interesting values at, i.e.,n > 10. The reason is that to conclude such a result from (11),
we need to have,_1 < 2n/(n + 1) < 2. However, referring to the Tables2land 13
of [1], we observe that there already exist lattices in dimensiors9 which have coding
gains larger than 2. It is not difficult to see that combining K-L and C-F-R bounds for
n > 42 cannot help either.

It seems, however, quite natural that one tries to ptgve y,_1 for certain values of
n > 10 by the proper improvement of inequality (2) for the corresponding densest lattices.
For the densest lattices in dimensiang 9, we expect the number of lattice points on the
surface ofS(v), as defined in Theorem 1, to be larger thes 1. To make inequality (2)
tighter for these lattices, one might be able to use a well-quantified version of this argument
to improve the bound given in Lemma 1.
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