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Abstract: The author considers the selection of
the boundary (shaping region) of a multi-
dimensional signal constellation with the objective
of minimising the constellation energy for a given
rate and subject to some constraints on the
resulting power spectrum. This shaping region is
selected such that the efficient addressing
technique of ‘shell mapping’ is applicable.
Numerical results are presented for the
asymptotic ~ performance in  an  infinite
dimensional space, and also for the finite
dimensional case. These results show that, by
using the proposed method in a space of
moderate dimensionality (say 16), one can obtain:
a substantial saving in energy (about 1dB), and a
decrease in the PAR (peak-to-average-power-
ratio) by a factor of about 2-3.

1 Introduction

The boundary of a constellation is conventionally
selected to minimise the average energy for a fixed rate
[1]. In the present work, we impose some additional
constraints on the power spectrum. To satisfy these
constraints, the matrix of constellation basis is selected
to be non-diagonal and non-equal values of energy are
allocated to different dimensions of this matrix. This is
denoted as an asymmetrical shaping problem.

The conventional approaches to obtain asymmetry in
a constellation are based on using a rectangular shap-
ing region which employs non-equal numbers of points
along the 1-D (one-dimensional) subspaces. In the
present work, however, the number of points along the
space dimensions are the same and the asymmetry is
obtained by selecting an appropriate shaping region in
a higher dimensional space.

The problem of designing an asymmetrical rectangu-
lar constellation for signalling over a set of dimensions
with non-equal noise powers is discussed in [2] and [3].
The design objective in [2} and [3] is to minimise the
probability of symbol error, while in the present work,
we concentrate on the shape of the resulting power
spectrum.
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2 System block diagram

Fig. 1 shows the block diagram of the system under
consideration. Each signalling interval (block) is com-
posed of A, successive time periods. In each block, a
data vector i is transmitted. The shaping block maps
the vector i to a point a in the baseband constellation
A. This is a finite set of the N-D points N = N,
selected from a geometrically uniform array of points
(like a lattice or lattice translate), and bounded within
the shaping region R,. We use continuous approxima-
tion and normalise the volume associated with constel-
lation point (Voronoi region) to unity.

i a y=Ma
— shaping modulator (M)
Rq Ry

Fig.1 System block diagram

We assume that the points of A are used with equal
probability. Using continuous approximation and nor-
malising the volume of the Voronoi region around each
constellation point to unity, the rate of A is found as:

H(A) =log[V(Ra)] (1)
where V(R,) is the volume of R,. The average energy
(second moment) along the ith dimension of R, is
denoted as A, The diagonal matrix A, is defined as: A,
= dlag [}\.0, cery )"N—l]'

The columns of the N,, x N matrix M are the dimen-
sions of the constellation y € Y. We have M'M = 1
where I is the N x N identity matrix. This results in an
isometry between the space containing A and the space
containing Y. We have V(R,) = V(R,), and conse-
quently, H(Y) = H(A), while the distance property and
consequently the performance in noise of the two con-
stellations are identical. For N < N,,, we can have up
to N,, — N nulls in the power spectrum of Y.

There exists a tradeoff between the rate H(Y), and
the total average energy =4;. The objective is to opti-
mise this tradeoff subject to some constraints on the
power spectrum of Y. We assume that the matrix M is
fixed and we use only A, to optimise the constellation.
For a spectrum with spectral nulls, M is selected as an
orthonormal basis with the same set of nulls. (It can be
shown that if the system A has spectral null at certain
frequencies, its output eigenvectors form an orthonor-
mal basis with the same set of nulls.)

Using the results of [4], the power spectrum of y is
equal to:

S=3 Y Rbieswh) ()
E=0 |i—j|=k

where R,(i, j)s are the elements of the autocorrelation
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matrix R, = E [yy’]. If m; denotes the ith column of M
and S(a)) denotes the power spectrum associated with
the autocorrelation matrix mm), we obtain:

N—-1
= Z AiSi(w) (3)

3  Figures of merit

We consider two reference rectangular regions Ci, C,,
both with the same volume as R, Region C; is of
dimensionality N and has the average energy yA; along
its 7th dimension. The factor y,, called the shaping gain
of R, reflects the reduction in the average energy of
the shaping region R, with respect to the reference
region C;. The proportionality of the energies guaran-
tees that the corresponding power spectra are identical
within a scale factor.

Region C, is of dimensionality »,, and has equal val-
ues of energy along all its dimensions. The equal allo-
cation of energy results in a white power spectrum. The
increase in the average energy of the region C; with
respect to region C, is measured by P; (performance
loss). The overall changing in the average energy of R,
with respect to C, is obtained by multiplying the shap-
ing gain, y,, with the performance loss, P,.

As a generalisation to the definition given in [1], we
define the asymmetrical constellation-expansion-ratio
CER,, as the ratio of the maximum number of point
per dimension Cp,, to the minimum necessary number
of points per dimension, i.e.,

¢
C max1 N (4)
[V(Ra)M
The value of CER, for the reference region C; is
denoted as CER,. Using eqn. 4, we obtain,
1/2
max
CER, (HN : )\1/2>1 i (5)
where Ay, 1s the maximum value of A; for i = 0,
N - 1.

CER

4 Spectral shaping using a non-rectangular
constellation

The computational method discussed in this Section is
a generalisation of the method proposed in [1].

4.1 Asymptotic behaviour in an infinite
dimensional space

Assume that the space dimensionality is extended to
infinity, while the modulation is achieved on sub-blocks
of dimensionality N. The 1-D subconstellations are
identical and are bounded within the range [-A, A].
The probability distribution which is zero outside
region [-4, A] and maximises the rate (entropy) for a
given average energy (second moment) is a truncated
Gaussian distribution. For the ith dimension i = 0, ...,
N -1 we have,

Pi(X) = {g(ai exp (‘

%) for X €[4, 4]

otherwise

(6)
where,
-1

Clas) = [2.4 /O ' exp (—asz?) dz} )
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The average energy and the rate along the jth dimen-
sion are computed as:

o pliren(cas?)ds

fol exp (—auz?) dx ®)
Hi = 42 log Ofa) ©)

We use 4 as a parameter to adjust the tradeoff point.
The a8, i = 0, ..., N — 1, are selected such that E;, = A;
where E; is given in eqn. 8 and the As are computed
using the method explained in the Appendix.

The shaping performances is computed by replacing,

N-1
V(Re) = exp (Z Hi> , and Cpax = 24
1=0
(10)

in the relationships given in Section 3. The result of
these computations is shown in Fig. 2.

1.6p

shape gain,dB

12r
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CERy

Fig.2  Examples of tradeoff curves in infinite dimensional space, sine
basis, F,-constraint with f, = 0.2, CER, = CE.

N—l6 F =0.3, CER =1.11, Pl——OIZdB

-——— N= =0.3,

............ N=87F, = Rr=1-?;3, P, = —0.63dB
-~~~ N=16,F,=0.1, CER, = .64, P, = -1.71dB
—— N=8, p—OICER~180 P1~—197dB

4.2 Asymmetrical shaping in a space of finite
dimensionality

Consider a conventional shaping problem in a space of
dimensionality N. The energy of each 1-D point is con-
sidered as a cost associated with that point. The final
constellation is selected as a subset of the N-D points
of the least (additive) cost and a total cardinality 7.
Addressing is a one-to-one mapping between the set of
the integer numbers [0, 7 — 1] and the set of the con-
stellation points.

In shaping, we are usually concerned with a set of
points of a huge cardinality. This fact complicates the
addressing and also the performance analysis of a
shaped constellation. A major attribute of the shaping
problem is due to the additivity property of the cost in
a Cartesian product space. This property allows us to
reduce the complexity of the problem by using the
notion of shell (defined as the collection of points of
the same cost).

In the present case, to take the effect of the spectral
constraints into account, the cost is considered as:
‘energy plus some Lagrange multipliers times the spec-
tral constraints’. We assume that the spectral con-
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straints are of the general form: L[S(w)] = e, where L is
a linear operator, i.e.,

N-1 N-1
L [Z Azsi(w)} =Y AL[Si(w)]  (11)
i—0 =0

A spectral constraint of the form given in eqn. 11 can
be decomposed as the sum of some components associ-
ated with the 1-D subspaces. This decomposition prop-
erty is the basis for some of the most powerful
techniques known in shaping [5-11]. Note that the F-
constraint has this decomposablhty property.

Assume that the shells in a given subspace are
indexed in the order of increasing cost. Some of the
computational and addressing techniques discussed in
[5, 11] are based on the property that the cost of a
given shell is an affine function of its index (cost of the
ith shell is equal to ¢ + iA). In the following, we pro-
vide a link between the present shaping problem and
those techniques.

The cost of the pth point along the ith dimension is
considered as, E,(1 + Z,EL[S]) where E, is the energy
of the point and &ss are a set of the Lagrange multipli-
ers. The 1-D points along each dimension are aggre-
gated into K macro-shells with a fixed increment in
cost, A. Assuming that the costs of the 1-D points are
in the range ¢ € [Cmin’ cmax]» we set A = (cmax - Cmin)/K~
The costs of the points in the ith macro-shell satisfy,
Conin €S Cpin T Afori=0and ¢y + A < ¢ s cpyy +
@+ DAfori=1, .. K- 1. Taking the Cartesian prod-
uct of the set of the macro-shells, the higher-dimen-
sional macro-shells are defined as the collection of the
elements in the Cartesian product set with a fixed sum
of the indices. This results in a recursive merging rule
for the macro-shells. There are N(K — 1) + 1 macro-
shells in an N-D space. The final constellation is
selected as the set of the N-D macro-shells with the
indices 0 < M < My, Where My, is selected such that
the total cardinality is equal to 7. The Lagrange multi-
pliers are selected to satisfy the spectral constraints. In
the case of the F, constraint, we are dealing with only
one Lagrange multiplier which can be easily computed
numerically using a bisectional method.

4.2.1 Shaping performance: Consider a discrete
set of points ¢ € W. A cost c(y) is assigned to each
point ¥ € W. The weight distribution of W is defined

as:
ST =" Cyw” (12)
PYeEW v

where Cy(v) is the number of points of W of a cost v.

Assume that the cardinality of the jth macro-shell in
the ith 1-D subspace is equal to Cj). By replacing ¢ by
a proper transform operator, one can relate eqn. 12 to
the discrete Fourier transform (DFT) of the sequence
C; = [C(0), ..., C(K — 1)]. Using this fact, in conjunc-
tion with the multiplicativity property of the weight
distributions (due to the additivity property of the
cost), we conclude that the cardinality of the N-D
macro-shell indexed by m is DFT;! [ITY! DFT(C)]
where DFT is the discrete Fourier transform of length
N(K - 1) + 1, the multiplication of DFTs is achieved
on an element-by-element basis and DFT,;! is the mth
element of the corresponding inverse DFT. Using this
relationship, one can show that the probability induced
on a given macro-shell M, along a given dimension d,
is equal to:

Wy(q) =
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| Meax—M I' N-1 ]
Pu(M) = Z DFT;! [ H DFT(Ci)J
1=0,i#d
(13)
where T is the cardinality of the constellation. The
induced probabilities are used to compute the average
energy along different dimensions. Knowing the aver-
age energies, computation of the shaping performance
and the power spectrum is straightforward. Fig. 3
shows some examples of the corresponding tradeoff
curves subject to the F,-constraint. Fig. 4 shows the
corresponding power spectra.

shape gain, dB

0.2 ‘ . . ‘ A .
10 12 14 16 18 20 22
CERy

Fig.3  Examples of tradeq f curyes in spaces of finite dimensionality,
sine basis, F,-constraint with f, = 0.2, K = 256, CER = CER,

F, %03, N =32, CER, = 1.10, P, = 0.10dB

———- F =02 N=32CER, = 125 P, = 0.51dB
;,’f: 0.1, N = 32, CER, = 1.5, P, = 1.56dB

© =03 N =16 CER, = LI1 Iy = 0128

= 02, N = 16, CER, = 1.28, P, = —0.55dB

Iy = 0.1, N =16, CER, = 1.64, P, = -1.71dB

=03, N =8, CER, = 1.13, P, = -0.13dB

— F=02 N=8 CER, = 1.33, P, = 0.63dB
— - — F=01,N =8 CER, = 180, P, =-197dB

normalised power

0 . ' 1 1 J
0 0.1 0.2 0.3 0.4 0.5
normalised frequency
Fig.4 Examples of power spectra acgzéved in spaces of finite dimension-

ality, sme basis, F,-constraint with
=0.1, N—X CER, = 1.80, P| = -1.97dB

e f”:01,N:16 CER, = 1.64, P, = -1.71dB
F =01, N =32, CER, = 1.55, P, = —1.56dB
. F,=02 N=8 CER, = 1.33, P, = -0.63dB
F, =02, N=16, CER, = 1.28, P, = -0.55dB
F, =02 N=32, CER, = 1.25, P, = -0.51dB
- ;1;—03N:8 CER, = 1.13, P, = -0.13dB
— =03, N=16, CER, = 1.1, P, = -0.12dB
- F=03 N =32, CER, = 1.10, P, = -0.10dB

5 Behaviour of the peak of energy

5.1 Behaviour of the PAR in a rectangular
constellation

Consider a rectangular constellation where the energy
allocated to the ith dimension is equal to A;, i = 0, ...,
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N — 1. Assume that the elements of the modulation
matrix M are equal to m(z, {) where t = 0, ..., N, — 1 is
the time index and i = 0, ..., N — 1 is the dimension
index. Using continuous approximation, it is easy to
show that the PAR at time ¢ is equal to:

(S I 3% |

Yile' M/N
Here, we have taken the absolute value of the m(i, ) to
count for the symmetry of the constellation. Table 1
shows some examples for the minimum and maximum
values of PAR, together with some other relevant
parameters, for the case of a rectangular constellation.

PAR =

(14)

5.2 Behaviour of PAR in a shaped
constellation

To compute the PAR for a shaped constellation, we
generalise the structure of a macro-shell to the case of
having a two-tuple index (called a cluster) where the
two indices reflect the effect of the cost and amplitude,
respectively. The two-tuple indices of the clusters are
arranged in a two-by-two array.

To perform the computations, the 1-D subspaces are
partitioned into KK, clusters and the absolute ampli-
tude and the cost of the points within the 1-D clusters
are approximated with the corresponding mid-values.
The higher-dimensional clusters are defined as the set
of the elements in the Cartesian product of the 1-D
subspaces with a fixed two-tuple for the sum of the cor-
responding 1-D indices. Assume that the costs of the 1-
D points are in the range ¢ € [cyin, Cmay] and the abso-
ute amplitudes of the I-D points at time ¢ are in the
range a € [dmins Amaxl- We set A, = (Cmax — Cmin)/ K7 and
A, = (Amay — @min)/ K>, The cost and the absolute ampli-
tude of the points in the (i, j)th 1-D cluster satisfy:

Cmin £ €< Cmin + A, =0 and
Cmin +10¢ < ¢ < Cmin + (2 + 1)A,
i=1,.... Ky -1
Gmin <0 < Amin + A4, ¢=0 and
min + 186 < 0 < amin + (i + 1)A,,
i=1,.. Ky—1
(15)

The approximate values for the sum of the absolute
amplitudes and sum of the costs for the points in the
N-D cluster indexed by (i, j) are equal to Ney, + iA, +
A2 and Nag, + jA, + A,/2, respectively.

Assume that the cardinality of the (i, j)th cluster in
the kth 1-D subspace is equal to C{“ (i, j). The cardinal-

ity of the N-D cluster indexed by (i, j) is equal to:
N-1
|Cw (i, )| = DFT2;,) [H DET2(CH)|  (16)

k=0

where DFT2 is the two-dimensional DFT of length
[NK; — 1) + 1] x [N(K, — D) + 1], Cf is an [N(K; — 1) +
1] x [N(K; — 1) + 1] matrix composed of the elements
C¥ (i, j).

The final constellation is selected as the set of the N-
D clusters with the row index (indicating cost) in the
range 0 < M =< M, where M, is selected such that
the total cardinality is equal to 7. It is easy to show
that the PAR at the time instant ¢ is equal to,

N (amin + JmaxDe + Aa/Q)Z
Yoo Me/N

where J,, is the maximum value of the column index
such that at least one of the N-D clusters indexed by (i,
7, 0 =i= My, is non-empty.

Table 1 shows some examples of the value of the
PAR, together with some other relevant parameters.
Referring to Table 1, it is observed that the proposed
shaping scheme, in addition to the saving of energy,
results in a decrease in PAR by a factor of about 2-3.

PAR, = (17)

6 Conclusion

We have studied the selection of an efficient constella-
tion with a non-flat power spectrum. This is based on
selecting a shaping region which tries to minimise the
average energy of the constellation subject to: fixed
total rate, fixed number of points for the 1-D subcon-
stellations, and some constraints on the power spec-
trum. To do this, the cost of a point is defined as its
energy plus some Lagrange multiplier(s) times the spec-
tral constraint(s). Then, a subset of points of the least
cost is selected. For a wide class of the spectral con-
straints, the cost in a Cartesian product space has addi-
tivity property. This allows us to apply most of the
known shaping techniques in this new context.
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Table 1: Minimum and maximum values of PAR, together with some
other relevant parameters, for the case of a rectangular and a
shaped consteilation, sine basis, F,-constraint with 7. = 0.2

Rectangular Shaped

N F, CER, PAR.i,  PAR.. CER, PAR PAR,a P Ys

8 0.1 1.80 15 17 2.00 7 -1.97 0.70
8 0.2 1.33 17 20 1.60 8 -0.63 0.70
8 0.3 1.13 18 21 1.35 8 -0.13  0.70
16 0.1 1.64 33 36 2.00 16 17 -1.71 0.95
16 0.2 1.28 37 40 1.65 14 15 -0.55 0.95
16 0.3 1.1 40 41 1.45 16 17 -0.12  0.95
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Appendix: Computation of the optimum

allocation of energy

Normalising the energy per time dimension to unity
(Le. ZY'A; = N,), and using eqn. 3, the F,-constraint is
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formulated as:

where,

N-1
Z )\iBi(wc) = WNme

=0

Bi(w.) = /Owc Sy (w)dw

(18)

(19)

This results in the following convex optimisation prob-

lem to maximise the rate of the constellation,

maximise

subject to:

N-1
__ZO log(A;)

1=0

N-1
Z AN=N, XN>0

Using the Lagrange method, we obtain,

1

A= & Bi(we) + &

where & and &, are determined by solving,

and

N-1
Bi{w,)
=N, F,
Z@B W) +&
N-1
- N,
i Ongzwc +§2

N-1
Z AiBi(we) = aNp Fy

(20)

(21)

(22)
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