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Abstract

The capacity region of the two-user Gaussian Interference Channel (IC) is studied. Three classes of channels are considered:
weak, one-sided, and mixed Gaussian ICs. For the weak Gaussian IC, a new outer bound on the capacity region is obtained
that outperforms previously known outer bounds. The channel sum capacity for a certain range of the channel parameters is
derived. For this range, it is proved that using Gaussian codebooks and treating interference as Gaussian noise are optimal. It is
shown that when Gaussian codebooks are used, the full Han-Kobayashi achievable rate region can be obtained by using the naive
Han-Kobayashi achievable scheme over three frequency bands (equivalently, three subspaces). For the one-sided Gaussian IC, an
alternative proof for Sato’s outer bound is presented. We derive the full Han-Kobayashi achievable rate region when Gaussian
codebooks are utilized. For the mixed Gaussian IC, a new outer bound is obtained that again outperforms previously known outer
bounds. For this case, the channel sum capacity for all ranges of parameters is derived. It is proved that the full Han-Kobayashi
achievable rate region using Gaussian codebooks is equivalent to that of the one-sided Gaussian IC for a particular range of the

channel gains.

Index Terms

Gaussian interference channels, capacity region, sum capacity, convex regions.

I. INTRODUCTION

NE of the fundamental problems in Information Theory, originating from Shannon’s work in [1], is the full capacity
O region characterization of the interference channel (IC). The simplest form of IC’s is the two-user IC in which two
transmitters aim to convey independent data to their corresponding receivers through a common channel. Despite some sp
cases, such as very strong and strong ICs, where the exact characterization of the capacity region has been derived [2], |2
general the characterization of the capacity region is still an open problem.

A limiting expression for the capacity region is obtained in [4], c.f. [5]. Unfortunately, due to computational complexity,
this kind of expressions does not give any tractable approach to fully characterize the capacity region of the Gaussian IC.
show the weakness of the limiting expression, Cheng andiveedve shown that for the Gaussian Multiple Access Channel
(MAC), which can be considered as a special case of the Gaussian IC, the limiting expression fails to fully characterize t
capacity region by only relying on Gaussian distributions [6]. However, it is worth noting that there is a point on the boundar

1An earlier version of this work containing all the results is reported in Library and Archives Canada Technical Report UW-ECE, 2007-2607. An
online version is also available at http://www.cst.uwaterloo.cateehrep.html.



of the capacity region of the MAC that can be obtained directly from the limiting expression. This point indeed is achievabl
by using simple scheme of FD/TD.

One reason is that, in the limiting expression, the encoding and decoding strategies are the simplest one possible.
encoding strategy is based on mapping data to a codebook constructed from a unique probability density and the decot
strategy is to treat the interference from the other user as noise. In contrast, using the more sophisticated encoders and dec
may result in collapsing the limiting expression into a single letter formula for the capacity region of the IC. As an evidence
it is known that the joint typical decoder for the MAC indeed achieves the capacity region [7]. Moreover, there are som
special cases, such as strong ICs, where the exact characterization of the capacity region has been derived, c.f. [2] and
and decoding the interference is the main part of the proof.

In their pioneering work [8], Han and Kobayashi proposed a new encoding and decoding strategy in which the receivers :
allowed to decode some part of the interfering user's data as well as its own data. Their achievable rate region is stil the k
inner bound for the capacity region. Specifically, in their scheme the message of each user is split into two independent pe
the common part and the private part. The common part of data is encoded in such a way that both users can success
decode it. The private part, on the other hand, can be decoded only by the corresponding receiver and the other user treats
noise. Briefly, the resulting region of this scheme is the intersection of the capacity region of two three-user MACs, project
to a two-dimensional space.

The Han-Kobayashi scheme can be directly applied to the Gaussian IC. Nonetheless, there are two sources of difficul
in characterizing the full Han-Kobayashi achievable rate region. First, the optimal distributions are unknown. Second, even
we confine the distributions to be Gaussian, computation of the full Han-Kobayashi region under Gaussian distributions is s
difficult due to numerous degrees of freedom involved in the problem. The parameter which is the main cause of the difficul
for characterizing the Han-Kobayashi region with Gaussian distributions is the time-sharing parameter.

Recently in [9], Chong et.al have obtained a simpler expression with less inequalities for the Han-Kobayashi achieval
rate region. In this case, the cardinality of the time-sharing parameter is decreased, since the cardinality of the time-shal
parameter is directly related to the number of inequalities appearing in the achievable rate region. However, finding the f
Han-Kobayashi achievable rate region is still prohibitively difficult.

Regarding outer bounds on the capacity region, there are three results that outperform other outer bounds. The first
obtained by Sato in [10] is originally derived for the degraded Gaussian IC. Sato has shown that the capacity region of t
degraded Gaussian IC is outer bounded by a certain degraded broadcast channel whose capacity region is fully character
In [11], Costa has proved that the capacity region of the degraded broadcast channel is equivalent to that of the one-si
weak Gaussian IC. Hence, Sato’s outer bound can be used for the one-sided Gaussian IC as well.

The second outer bound obtained for the weak Gaussian IC is due to Kramer [12]. Kramer’s outer bound is based on
fact that removing one of the interfering links in the channel increases the capacity region. Therefore, the capacity regi
of the two-user Gaussian IC is inside the intersection of the capacity regions of two underlying one-sided Gaussian ICs. |
the case of weak Gaussian IC, the underlying one-sided Gaussian IC is weak and the capacity region is unknown. Howe
Kramer has used the outer bound obtained by Sato to obtain an outer bound for the Gaussian IC.

The third outer bound due to Etkin, Tse, and Wang (ETW) is based on the Genie aided technique [13]. A genie that provic



some extra information to the receivers can only enlarge the capacity region. At first glance, it seems a clever genie m
provide some information about the interference to the receiver so that the receiver can decode its own signal more easily
removing the interference. But, ETW's genie provides information about the intended signal to the receiver. Remarkably, th
have shown that the new outer bound outperforms Kramer's bound for some ranges of parameters. Moreover, using a sim
method, they have obtained an outer bound for the mixed Gaussian IC.

In this paper, by introducing the notion of admissible ICs, we propose a new outer bounding scheme for the two-us
Gaussian IC. This scheme relies on an extremal inequality recently proved by Liu and Viswanath [14]. We show that by usi
this method, one can obtain tighter outer bounds for both weak and mixed Gaussian ICs. More importantly, the sum capa
of the Gaussian weak IC for a certain range of the channel parameters is derived by using this scheme.

The rest of this paper is organized as follows. In Section Il, we rewrite some basic definitions and review Han-Kobayas
achievable rate region when Gaussian codebooks are used. We study the time-sharing and the convexification methods,
both enlarge the basic Han-Kobayashi achievable rate region. We investigate conditions for which the two regions obtair
from time-sharing and convexification coincide. Finally, we consider an optimization problem (extremal inequality) and deriv
optimum solutions of the problem. In fact, the extremal inequality is used thoughtout the paper.

In Section lll, admissible channels are introduced. Some classes of admissible channels for the two-user Gaussian I(
considered. Moreover, outer bounds on the capacity regions of these classes are obtained.

In Section IV, we study the capacity region of the weak Gaussian IC. We first derive the sum capacity of this channel f
some ranges of parameters. It is shown that for this range of parameters, it suffices that users treat the interference as Gau
noise and transmit at their highest rate. We then derive an outer bound on the capacity region which is the best known up
bound to date. We finally prove that the basic Han-Kobayashi achievable rate region possesses the desired property of ha
the same enlarged region by using time-sharing or convexification. This reduces the complexity of characterization of the f
Han-Kobayashi achievable rate region when Gaussian codebooks are used.

In Section V, we study capacity region of the one-sided Gaussian IC. We present a new proof on Sato’s outer bound using
extremal inequality. Then, we simplify the Han-Kobayashi achievable rate region so that the full region can be characterize

In Section VI, we study capacity region of the mixed Gaussian IC. We first obtain the sum capacity of this channel. Then, v
derive an outer bound which outperforms other existing outer bounds. Finally, by investigating the Han-Kobayashi achieval
rate region for different cases, we prove that for some range of channel parameters the full Han-Kobayashi achievable |

region using Gaussian codebooks is equivalent to that of the one-sided case. Finally, in Section VI, we conclude the pap

A. Notations

Throughout this paper, we use the following notations. Vectors are represented by bold faced letters. Random variab
matrices, and sets are denoted by capital letters where the difference is clear from the ¢dhtexf.A}, and A* represent
the determinant, trace, and transpose of the square métnigspectively. denotes the identity matriXN and® are the sets
of nonnegative integers and real numbers, respectively. The union, intersection, and Minkowski sum of fwaseis are

represented by UV, UNV, andU + V, respectively. We usg(x) as an abbreviation for the functidn5 log, (1 + ).



Il. PRELIMINARIES
A. The Two-user Interference Channel

Definition 1 (two-user IC):A two-user discrete memoryless IC consists of two finite s&tsand .25 as input alphabets and
two finite sets?; and %4 as corresponding output alphabets. The channel is governed by conditional probability distribution:
w(y1,y2]x1,x2), Where(zy,z2) € 271 x Z2 and (y1,y2) € # X %.

Definition 2 (capacity of the two-user IC)A code Q" 2"Rz2 n A7 AZ) for the two-user IC consists of the following
components for User € {1, 2}:

1) A uniform distributed message sét; € [1,2, ..., 2"%].

2) A codebookX; = {x;(1),%;(2), ...,x;(2"%)}, wherex;(-) € Z;.

3) An encoding function?; : 1,2, ..., 2"%] — A;.

4) A decoding function; :y;, — [1,2,...,2"%].

5) The average probability of error? = P(G;(y;) # M,).

A rate pair ®;, R2) is said to be achievable if there is a sequence of codlgd (2742 n, \7', \2) with vanishing average
probability of errors. The capacity region of the IC is defined to be the supremum of the set of achievable rates.

Let ;¢ denote the capacity region of the two-user IC. The limiting expression of the capacity region can be stated as |

Ry < GH(XT, YY)

C1c = lim closure U (R1,R2) | Q)
e P(XP)P(X3) Ry < 31 (X3,Y3)
In this paper, we focus on the two-user Gaussian IC which can be represented in standard form as [15]
Y1 =z + Vaxs + 21,
(2)

y2 = Vb1 + 2 + 20,
wherex; andy; denote respectively the input and output alphabets of Wse{1,2}. z; ~ A (0,1) and z; ~ N(0,1) are
standard Gaussian random variables. Constattg) andb > 0 represent the interference link gains. Furthermore, Transmitter
1 is subject to the average power constrdihtfor i € {1,2}. Achievable rates and the capacity region of the Gaussian IC can

be defined in a similar fashion as that of the general IC except the codewords must satisfy the following power constraints
Ix;(m)||*> < nP;; Vm € [1,2,..,2"%] andi € {1,2}, ©))

where|| - || denotes the Euclidean norm. The capacity region of the two-user Gaussian IC is denéfedClmarly, ¢ is a
function of the channel’'s parameteRs, P», a, andb. To emphasize this relationship, we may wrifeas ¢ (Py, P, a,b).

Remark 1:Since the capacity region of the general IC only depends on the marginal distributions [15], the ICs can b
classified into equivalent classes in which channels within a class have the same capacity region. In particular, for the Gaus:
IC given in (2), any choice of joint distributions for the péir , z2) does not affect the capacity region as long as the marginal
distributions remain Gaussian with zero mean and unit variance.

Depending on the values afandb, the two-user Gaussian IC is classified into weak, strong, mixed, one-sided, and degrade
Gaussian IC. In Figure 1, regions ib-plane together with their associated channel’s names are shown. Briéfly, if < 1
and0 < b < 1, then the channel is called weak Gaussian ICL ¥ a« and1 < b, then the channel is called strong Gaussian

IC. If eithera = 0 or b = 0, the channel is called one-sided Gaussian ICzblf= 1, then the channel is called degraded
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Fig. 1. Classes of the two-user ICs.

Gaussian IC. If eithed <a <1 and1 <b,0or0 < b < 1 andl < a, then the channel is called mixed Gaussian IC. Finally,
for the purpose of exposition, the symmetric Gaussian IC whenb and P, = P, is used.
Among all, the capacity region of the strong IC is fully characterized [3][2]. In this case, the capacity region can be state

as the collection of all rate paifsk;, R2) satisfying
Ry V(Pl)a

R2 7(P2)a
Ri+ Ry < min {’Y(Pl + GPQ),’y(bP1 + PQ)}.

IN

IN

B. Support Functions

Throughout this paper, we use the following facts from convex analysis. There is a one to one correspondence between
closed convex set and its support function [16]. The support function of ani sefR™ is a functionop : ™ — R defined

as

op(c) = sup{c'R|R € D}. 4
Clearly, if the setD is compact then the sup is attained and can be replaced by max. In this case, the solutions of (4) correspc
to the boundary points ab [16]. The following relation is the dual of (4) and holds whéhis closed and convex

D = {R|c'R < op(c),V c}. (5)

For any two closed convex sef$ and D', D C D' if and only if op < op.

C. Han-Kobayashi Achievable Region

The best inner bound for the two-user Gaussian IC is the full Han-Kobayashi achievable rate region derted [8Y.
Despite having a single letter formuldy i is not fully characterized yet. In fact, finding the optimum distributions achieving
boundary points 06y is still an open problem. We defiri¢ as a subset o8y where Gaussian distributions are used for

codebook generation. Using a shorter descriptiofgpf; obtained in [9],¢4 can be described as follows.



Let us first define?, as the collection of all rate pairg?;, R;) € R? satisfying

s = (). ©)
R o= (1505 ) ™
Ry + Ry< ¢3 = min {431, 32,33} , 8
o (BT (o) (an)
w0 (B2 o (BRI o

for fixed o € [0,1] and 3 € [0, 1].1 +/5 is the minimum ofis1, 32, andipss defined as
vmmr (DI b (). (1)
= () < (). @
o (2, (i

%, is a polytope and a function of four variabl&s, P,, a, andS. To emphasize this relation, we may wrigg( P, P, «, 3). It

iS more convenient to represe#i in a matrix form asdR < U (P, P, «, 3) whereR = (Ry, R2)t, U = (11,2, 3,4, 15)?,

and ;
1 01 2 1
01 1 1 2
Equivalently,%, can be represented as the convex hull of its extreme points@,eF,, Py, o, 3) = conv {ry,ra,...,7k },

where it is assumed th&f, has K extreme points. It is easy to show th&t< 7.
Now, ¢ can be defined as a region obtained from enlargfindy making use of the time-sharing parameter, i#is the

collection of all rate vector® = (Ry, Rs)" satisfying

q
AR Y N U(Pui, Paj, i, 3y), (14)
=1
whereq € N and
q
Z AP Py, (15)
1=1
q
Z AiPai< Py, (16)
1=1
q
> =1, (17)
=1
)\i 207 (aiw@i)e [07 1]27 Vi € {Laq} (18)

It is easy to show tha¥ is a closed, bounded and convex region. In fact, the capacity ré&giorhich contains? is inside

the rectangle defined by inequalitiés < v(P;) and Ry < (P,). Moreover,(0,0), (v(F1),0), and(0,v(P,)) are extreme

1in the Han-Kobayashi scheme two independent messages are encoded at each transmitter. One message is the common message and the other on
private messageyx (8) is the parameter that determines the amount of power allocated to the common and private messages.ainel(1 — ) P; (8P

and (1 — ) P») of the total power is used for transmission of the private and common messages, respectively



points of both¥” and¥. Hence, in order to characterizg we need to obtain all extreme points @fthat are in the interior
of the first quadrant (the same argument is valid49r In other words, we need to obtairy (c1, c2), the support function of
¢, either whenl < ¢; andec; =1 or whene; =1 and1 < cs.

We also define two regions; and% that enlarge4, in different ways.%; is defined as

G(PLP) = |J %P Pa,B) (19)
(a,8)€[0,1]?

%, is not necessarily a convex region. Hence, it can be further enlarged by the convex hull operation, i.@;,. conv

%, is defined as the collection of all rate vect®s= (R;, R,)! satisfying

R=>) \R; (20)
=1
whereq’ € N and
AR < V(Pyy, Poj, oy, 3;), (21)
ql
Z AiP1i< Py, (22)
=1
q/
> NiPyu< Py, (23)
=1
ql
Ni=1, (24)
i=1
i >0, (ag,B:)€[0,1]% Vie {1,...,q¢}. (25)

It is easy to show that; is a closed, bounded and convex region. In fagtis enlarged by using the simple method of TD/FD.
To see this, let us divide the available frequency band gntsub-bands where; represents the length of théh band and

?=1 A; = 1. User 1 and 2 allocat®;; and P; in the i'th band, respectively. Therefore, all rate pairsé( Py;, Pa;, cvi, 5;)
are achievable in théh band for fixed(c;, 3;) € [0,1]2. Hence, all rate pairs iE?;l A% (Pyi, Pa;, i, B;) are achievable
providedzg;1 X\ P; < P and 23;1 NiPo; < P,

Clearly, the chain of inclusion®, C % C % C ¥ C ¢ux C ¥ always holds.

D. Convexification Versus Time-Sharing

In this subsection, we have two objectives. Firstly, we aim at providing some necessary conditions sugh th&f.
Secondly, we boung andq’ which are parameters involved in the description&/cdnd%,, respectively. However, we derive
the required conditions for the more general case where therd/amsers in the system. To this end, consider an achievable
scheme for anV/-user channel with the given power constrdht= [Py, P, ..., Py is given. We assume that the achievable
region can be represented as

Do(P,0) = {R|AR < ¥(P,0)}, (26)

where A is a K x M matrix and® < [0,1]™. D, is a polyhedron in general, but for the purpose of this paper it suffices to
assume that it is a polytope. Siné€&, is a convex region, the convex hull operation does not lead to a new enlarged region.

However, if the extreme points of the region are not a concave functi@h ifis possible to enlarg®, by using two different



methods which are explained as follows. The first method is to make use of the time sharing parameter. Let us denote 1
new region asD which can be written as
q q q
D= {R|AR <Y NU(PL0:),> AP <P> A=1,X>0,0;€0,1]M \n} , (27)

i=1 i=1 i=1

whereq € N.
In the second method, we make use of TD/FD to enlarge the achievable rate region. This results in a new achievable rec

D represented as

’ ’ ’

q q q
Dy={R=> ARJAR; < U(P;,0;),> AP;<P,> X\=1X>0,0;€0,1]" Vi, (28)
=1 =1 =1

whereq’ € N. We call this new method convexification.
It can be readily shown thab and D, are closed and convex, add, C D. We are interested in situations where the
inverse inclusion holds.

The support function oD, is a function of P, ©, andc. Hence, we have
op,(c,P,0) = max{c'R|AR < U(P,0)}. (29)
For fixedP and©, (29) is a linear program. Using the strong duality of the linear programming, we obtain
op,(c,P,0) = min{y'¥(P,0)|A'y = c,y > 0}. (30)

In general,y, the minimizer of (30), is a function dP, ©, andc. We sayD, possessethe unique minimizer property

y merely depends on, for all c. In this case, we have
op,(c,P,0) =3'(c)¥(P,0), (31)

where A'y = c. This condition essentially means that for amythe extreme point ofd, maximizing the objectivee‘R. is
a certain extreme point obtained by intersecting a set of specific hyperplanes. A necessary condiigridguossess the
unigue minimizer property is that each inequality in describingis either redundant or active for dit and ©.
Theorem 1:If D, possesses the unique minimizer property, thes Ds.
Proof: Since Dy C D always holds, we need only to shaly C D, which can be equivalently verified by showing

op < op,. The support function oD can be written as

_ ¢
op(c,P) = maxc R (32)

By fixing P, P;’s, ©,’s, and )\;'s, the above maximization becomes a linear program. Hence, by making use of the wealk

duality of the linear programming, we obtain

Aty=c,y>0

q
op(c,P)< min _y' Y NU(P;,0;). (33)
i=1

Clearly, y(c), the solution of (30), is a feasible point for (33) and we have

q
op(c,P) <¥'(c) Y NU(P;,6;). (34)

i=1



Using (31), we obtain
q
op(c,P) <> Nop,(c,P;,©;). (35)

i=1

Let us assum®&,; is the maximizer of (29). In this case, we have
op(e,P) <Y MR, (36)

Hence, we have

q
op(c,P) <c' > AR (37)
By definition, >~7_, MR, is a point inD,. Therefore, we conclude
O'D(Ca P) <op, (C, P) (38)

This completes the proof. O
Corollary 1 (Han [17]): If Dy is a polymatroid thenD=D,.
Proof: It is easy to show thaD, possesses the unique minimizer property. In fact, for givep can be obtained in a
greedy fashion independent Bf and ©. O
In what follows, we upper boung and¢’.
Theorem 2:The cardinality of the time sharing parametgin (27) is less than\/ + K + 1, where M and K are the
dimensions ofP and ¥ (P), respectively. Moreover, i’ (P) is a continuous function aP, theng < M + K.
Proof: Let us defineE as

q q q
E= {ZAqu(Pi,@i) S AP <PY A=142>0,0;€0,1]" Vi} . (39)

i=1 i=1 i=1
In fact, £ is the collection of all possible bounds f@. To proveq < M + K + 1, we define another regiof; as

B, ={P.,SHo<P S =0P,h 006 1"} (40)

From the direct consequence of the Caratheodory’s theorem [18], the convex Iiylld#noted by conw;, can be obtained
by convex combinations of no more thari + K + 1 points in E;. Moreover, if U(P’, ©') is continuous, thed/ + K points

are sufficient due to extension of the Caratheodory’s theorem [18]. Now, we define the fegisn
E={S'|(P',S') € conv E;, P’ < P}. (41)

Clearly, E C E. To show the other inclusion, we take a pointfih say S = S°%, \;¥(P;, ©;). Since(P;, ¥(P;,0,)) is
point in Eq, Y7, \;(P;, ¥(P;,0;)) belongs to convE;. Having >°¢ , \,P; < P, we conclude}_?_, \,¥(P;,0) ¢ E.
Hence,E C E. This completes the proof. O
Corollary 2 (Etkin, Parakh, and Tse [19])For the M-user Gaussian IC where users use Gaussian codebooks for data
transmission and treat the interference as Gaussian noise, the cardinality of the time sharing parameter is2less than
Proof: In this caseDy = {R|R < ¥(P)} where bothP and¥ (P) have dimensio/ and¥(P) is a continuous function
of P. Applying Theorem 2 yields the desired result. O
In the following theorem, we obtain an upper boundgn

Theorem 3:To characterize boundary points Bk, it suffices to sety < M + 1.
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Proof: Let us assum®& is a boundary point of),. Hence, there exists such that

oD, (¢, P) = max 'R = 'R, (42)

whereR = Zf;l A:R; and the optimum is achieved for the set of parame®rs);, and P;. The optimization problem in

(42) can be written as

’

q

op,(c, P) =max ¥ \ig(c, P;) (43)
=1
subject to:

P

dai=1

1=1

J

> AP, <P

1=1

0< N\, 0<P;Vie{l,2,...,¢}
whereg(c, P) is defined as

g(c,P) =maxc'R (44)
subject to:
AR < ¥(P,0)

0<Oec<l1

In fact, op,(c,P) in (43) can be viewed as the convexification of the functidn, P) [18]. Hence, by Theorem 2.16 in
[18], we conclude thay’ < M + 1. O

Surprising fact about Theorem 3 is that the upper bound’fas independent of the number of inequalities in the description
of the achievable rate region.

Corollary 3: For theM-user Gaussian IC where users use Gaussian codebooks for data transmission and treat the interfere

as Gaussian noisé); = D andg=¢ = M + 1.

E. Extremal Inequality

In [14], the following optimization problem is studied:
W = max h(X +Z;) — ph(X + Zy), (45)
Qx<S

whereZ, and Z, are n-dimensional Gaussian random vectors with the strictly positive definite covariance maprces
and Q)z,, respectively. The optimization is over all random vect&sndependent o, and Z,. X is also subject to the
covariance matrix constraif@x < S, where S is a positive definite matrix. In [14], it is shown that for all > 1, this
optimization problem has a Gaussian optimal solution for all positive definite matjigesnd Qz,. However, for0 < p < 1

this optimization problem has a Gaussian optimal solution provided < Qz,, i.e., Qz, — Qz, is a positive semi-definite
matrix. It is worth noting that fog, = 1 this problem wherQz, < @z, is studied under the name of the worse additive noise

[20][21].
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In this paper, we consider a special case of (45) wifarandZ, have the covariance matric@g I and N,I, respectively,

and the constraint is the trace constraint, i.e.,

W= (X +Z1) — uh(X + Zs). 46
e ( 1) — ph( 2) (46)

In the following lemma, we provide the optimal solution for the above optimization problem When N-.

Lemma 1:If N; < Ns, the optimization problem (46) has a Gaussian optimal solution fab &ll;x with iid components.

More precisely, we have

1) For0 < pu < f2+L ' the optimum covariance matrix BI and the optimum solution is

Ni+P?
n un
W = 5 log [(2me)(P + Ny)| — o log [(2me)(P + N2)]. (47)
2) For 245 < u < {2, the optimum covariance matrix i§2-4™1 T and the optimum solution is
Ny — N 2 Ny — N
W= 2 log | (2me) ———1| — s log p(2me) (N2 ) . (48)
2 w—1 2 w—1

3) For ﬁ’,—f < u, the optimum covariance matrix (sand the optimum solution is
W= glog(%reNl ) — % log(2meN). (49)
Proof: From the general result for (45), we know that the optimum input distribution is a Gaussian vector. Hence, wi
need to solve the following maximization problem:
1
W =max 3 log ((27e)"|Qx + Ni1|) — & log ((2re)"|Qx + Nol|) (50)
subject to:
0<Qx
tr{Qx} <nP
Since Qx is a positive semi-definite matrix, it can be decomposed)gs= UAU?, where A is a diagonal matrix with
nonnegative entries antl is a unitary matrix, i.e.,JU? = I. SubstitutingQx = UAU" in (50) and using the identities
tr{AB} = tr{BA} and|AB + I| = |BA + I|, we obtain
1
W =max  log ((2me)"|A + N1 1|) - g log ((27e)™ A + NaI|) (51)
subject to:
0<A

tr{A} <nP

This optimization problem can be simplified as
W =max g Z log(2me)(\; + N1) — plog(2me)(A; + No)] (52)
subjethT(;:
0< )\ Vi
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Variance

Fig. 2. Optimum variance versys

By introducing Lagrange multipliergy and ® = {¢1, ¢2, ..., ¢, }, We obtain

LA, @) = max S [log(2me) (A + N1) — ulog(2me) (s + Na)] + 9 (nP -3 A) 3 e (89)
=1

=1 =1
The first order KKT necessary conditions for the optimum solutions of (53) can be written as

1 I .
- — ; =0, V 1,2,..., 54
AN NN Y+ ¢ i€ n} (54)

¥ <nP - Z /\i> =0, (55)
=1

PN =0, Vi e {1,2,...,n} (56)
It is easy to show that wheiv; < N, A = A; =... = )\, and the only solution fon is
; No+P
P, if 0 <u<P¥ip
)\ = NZH__MlNl , If J]:][?i]; < M S % (57)
0, if %—f < W
Now, substituting\ into the objective function yiels the desired result. O

In Figure 2, the optimum variance as a functiongofs sketched. This figure shows that for any valueuo£ Pj:Nf we

need to use the maximum power to obtain the maximum of the objective, Where@$f(ﬁi—%f we use less power than the

given power constraint.
Lemma 2:If N7 > Ns, the optimization problem (46) has a Gaussian optimal solution for gl with iid components.

In this case, the optimum variance(sand the optimum solution is
W= glog(%reNl) - % log(2meNy). (58)

Proof: The proof is similar to that of Lemma 1 and we omit it here. O

Corollary 4: For i, = 1, the optimization problem (46) has a Gaussian optimal solution with iid components. The optimum

solution in this case is

(P+Nl)a if Ny <Ny

W = zlog (Pi, (59)
2 log (%) . N >Ny
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We repeatedly use the following optimization problem throughout the paper:

fh(PleaN%anu) = max h(X+Z1)_Hh(\/&X+Z2)7 (60)
tr{Qx}<nP

where N7 < Ny/a. Using the identityh(AX) = log(|A]) + h(X), (60) can be written as

n Z2
(P, N1, Ny, a,p1) = — 1 WX +Z1) — ph(X + 22). 61
fn(P, N1, N3, a,p) plogat max (X +Zy) — ph( +\/a) (61)
Now, Lemma 1 can be applied to obtain
Llog[(2me)(P + N1)] — 4 log[(2me)(aP + Np)]  if 0 < po < DHRe/e
PP N1 N ) = | log [(2me) S | — g log [sseeipeeil] i Bge <u< @)
3 log(2meNy) — & log(2meNs) if aN—]\';’l <

I1l. ADMISSIBLE CHANNELS

In this section, we aim at building IC’s whose capacity regions contain the capacity region of the two-user Gaussian IC, i.
%. Since we ultimately use them to outer bou#dthese IC’s need to possess some properties regarding the capacity regior
characterization. In other words, if characterizing the capacity regions or obtaining tight upper bounds of these channels
as hard as the original one, then the new channels are useless.

Let us consider an IC with the same input letters as thé&t aihd the output letterg, andg, for Users 1 and 2, respectively.

The capacity region of this channel, s&y, contains? if

I(x7;5y7) <I(27;97), (63)
I(xy;y5) <I(xh;03), (64)

for all p(z7)p(z%) and for alln € N.

One way to satisfy (63) and (64) is to provide some extra information to either one or both receivers. This technique
known as Genie aided outer bounding. In [12], Kramer used a genie to provide some extra information to both receivers
that they can decode both users’ messages. Since the capacity region of this new interference channel is equivalent tc
capacity of the Compound Multiple Access Channel whose capacity region is known, he managed to obtain an outer bound
the capacity region. In order to obtain a tighter outer bound, he also used the fact that if a genie provides the exact informat
about the interfering signal to one of the receivers, then the new channel becomes the one-sided Gaussian IC. Although
capacity region of the one-sided Gaussian IC is unknown for all ranges of parameters, there exists an outer bound due to
and Costa, see [22] and [11], that can be used to outer bound the original channel. In [13], Etkin et al. used a different ge
that provides some extra information about the intended signal. Even though it seems that their channel is far from havin
tight capacity region with respect to that of the original channel, they showed that their channel is tighter than Kramer’s out
bound for some ranges of parameters.

Definition 3 (Admissible Channel)An IC %" with input letterz; and output letterj; for Useri € {1,2} is an admissible

channel for the two-user Gaussian IC if there exist two deterministic functipns f1(g7) and gy = f2(g%) such that
I(xTsyy) <I(27397), (65)

I(xg;yy) <I(x5;7s). (66)
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Fig. 3. An admissible channef; and f, are two deterministic functions of their inputs.

hold for all p(x})p(«4) and for alln € N. & denotes the collection of all admissible channels (see Figure 3).

Clearly, an admissible channel also satisfies (63) and (64).

Remark 2:Genie aided channels are among admissible channels. To see this, let us assume a geniesprandlesas
side information for User 1 and 2, respectively. Henge= (y;, s;) for ¢ € {1,2}. By choosingf;(y;, s;) = y;, we observe
that§; = y; and hence (65) and (66) hold with equality sign.

To obtain the tightest outer bound, we need to take the intersection of the capacity regions of all admissible channe
Nonetheless, it may happen that finding the capacity region of an admissible channel is as hard as that of the original one
fact, based on the definition the channel itself is one of the admissible channels. Hence, we need to find classes of admis:
channels, say”, that possess two important properties. First, their capacity regions are cléseSecond, either their exact
capacity regions are computable or there exist good outer bounds on their capacity regions? Sin€e, we have

¢ C() (67)

F
Recall that there is a one to one correspondence between a closed convex set and its support functighisSilosed and

convex, there is a one to one correspondence betwéand oy. In fact, boundary points 0¥ correspond to the solutions
of the following optimization problem

ow(c1,¢2) = max ¢ Ry + caRs. (68)
(R1,R2)€?®

Since we are interested in boundary points not includingRhend R, axes, it suffices to considér< ¢; and0 < ¢, where
c1+co = 1.
Since¥ C ¢’, we have

o¢(c1,c2) < ogr(cr, c2). (69)
Hence, taking the minimum of the right hand side, we obtain
oz(c1,c2) < fgnelr/gz o (c1,c2), (70)
which can be written as

og(c1,ca) < %g/len}j (lellzz?i(e‘g’ c1R1 + e Rs. (72)

For the sake of convenience, we make use of the following two optimization problems

1) = R R 72
oz (i, 1) (X M + Ry, (72)
o¢(l,p) = max Ry + uRs, (73)

(Rl,Rz)ECIop
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Admissible Channel fo(22: 21) = (1 — \/G2)T22 + /G201

Fig. 4. Class Al admissible channels.

wherel < p. It is easy to show that solutions of (72) and (73) correspond to the boundary points of the capacity region th
we are interested in.

In the rest of this section, we introduce classes of admissible channels and obtain upper bospdg.on andoy: (1, 1).

A. Classes of Admissible Channels

1) Class Al:This class is designed to upper boungd(u, 1). Therefore, we need to find a tight upper bounddgr (1, 1).
A member of this class is a channel in which User 1 has one transmit and one receive antenna whereas User 2 has one trai

antenna and two receive antennas (see Figure 4). The channel model can be written as

1= w1+ +ary + 21,
Jor = @2+ V021 + 201, (74)
Y22 = T2 + 220,
whereg; is the received signal at the first user’s receiyer,andyq, are received signals at the second user’s receiyds, an
additive Gaussian noise with unit varianeg; andz9, are additive Gaussian noise with variandég and N, respectively,
and transmitter 1 and 2 are subject to the average power constRaimtsd P, respectively.
To investigate admissibility conditions (65) and (66), we need to introduce two deterministic functions. Let us consider tw

linear functionsf; and f> as follows (see Figure 4)
fo (955, 951)= (1 = \/92) U35 + /92031 (76)
where0 < gs. For go = 0, the channel can be converted to the one-sided Gaussian IC by laling- co and Noy = 1.
Hence, Class Al contains the one-sided Gaussian channel obtained by removing the link between Transmitter 1 and Rece
2. We have
97 =zt + Vaxh + 27, 77

g3 =V gox + a5 + (1= \/92)255 + /9223 (78)
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Hence, this channel is admissible if the corresponding parameters satisfy

v =b,
g2 (79)
(1—/92)?Nag + goNoy = 1.
We further add the following constraints to the required conditions of the class Al channels:
b < No,
>~ 1V21 (80)
CLN22 < 1.

Although they reduce the number of admissible channels within the class, these latter constraints help us to provide a clo
form formula for an upper bound o (i, 1). In the following lemma, we obtain the required upper bound.

Lemma 3:For the channels modeled by (74) and satisfying (80), we have

(81)

1 N: b' P, P
o (11, 1) <min % log [2me(Py + aPs +1)] — % log(2me) + 3 log ( = ! 2 )

Nys ' Noo ' P+ Nao
+ p2fn (Ph 1, No1, b/, :2) + fn(P2, Naz, 1, a, pi1)
subject to:
M1t p2 = p

wi, e >0
Proof: Let us assume&?; and R, are two rates achievable for User 1 and 2, respectively. Furthermore, we: Sptid
w1 >0 andus > 0 such thaty = p1 + pe. Using Fano's inequalities, we obtain
n(uly + Re) <pl(x7;97) + 1(23; 930, U31) + ney
=l (273 97) + p (215 97) + 1(23; §5a, Y1) + nen
L@ 57 + ol (@557 103) + L3 3. T51) + e
=pad (@15 97) + pol (27397 [25) + (2 921 |052) + 1(23; §aa) + nen
=ph(§7) — prh(7[2T) + peh(Fy'|25) — peh (i@, 3)
+h(F51932) — h(F31 125, J3) + h(F32) — h(F52|75) + ney,
=[mh(@7) — pah(7 |27, 25)] + [p2h(9725) — (g5 |25, 755)]
+[M(@511952) — R(F3ala3)] + [1(F52) — mah(FT[aT)] + nen, (82)
where (a) follows from the fact that! andz} are independent. Now, we separately upper bound the terms within each bracke
in (82).
To maximize the terms within the first bracket, we use the fact that Gaussian distribution maximizes the differential entroy

for given covariance matrix constraint. Hence, we have

pmh(gr) — ph (G |27, 23)= mh(a} + Vazh + 21) — p2h(z1)

< % log [2me(Py + aPy + 1)) — % log(2me). (83)
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Sinced’ < Ny;, we can make use of Lemma 1 to upper bound the second bracket. In this case, we have
~T n ~T n ~n n n ]' /T n
pah(F7 |75) — W1 |73, g9)= po | R(z} + 271') — gh(ﬁxl +231)
1
SNanh <P1317N21;b/;> 9 (84)
H2

where f;, is defined in (62).

We upper bound the terms within the third bracket as follows, c.f. [13]:

W) — R l3) €S hialillinali) — h()

i=1

(b) - 1 . PQ[i]N22 n
< -1 2 N- b’ P, _— — =1 2meN-:
_;2 0g[7re< 21 + 1[Z]+P2[Z,]+N22 5 og (2meNa2)
(C)n 1 i lzn_ PQ[?:}NQQ n
<—log |2me | Noy + =Y ¥ P[i] + 5=~ — —log (2meN.
2 [ ( 2 n; 1[] %Zi:l P2[Z:|+N22 2 ( 22)
n PNy n
<-1 2 - b’ P, _— — =1 2meN-
<5 og{ﬂe< 21 + 1+P2+N22>} 2og(fre 22)
n N21 b/Pl PQ )
<—=log|—+ + , 85
2 g<sz Ny P+ Nap (85)

where (a) follows from the chain rule and the fact that removing independent conditions does not decrease differential entro
(b) follows from the fact that Gaussian distribution optimizes conditional entropy for given covariance matrix, and (c) follows
form Jenson’s inequality.

For the last bracket, we again make use of the definitioff,ofin fact, sinceaNo; < 1, we have
M) — pnh(§7[27)= h(ay + 255) — puh(Vaxy + 27')
gnfh(P27N22a]-vahu1)' (86)

Adding all inequalities, we obtain

1 N- b P P
uRy + R S% log 2me(Py + aPy +1)] — '1%2 log(2me) + 3 log (21 ! 2 )

N22 N22 P2 +N22

1
+,U/2fh (Ph 1aN21ab/7 HQ) + fh(P27N227 17aa,u1)a (87)

where the fact that,, — 0 asn — oo is used to eliminate,, form the right hand side of the inequality. Now, by taking the
minimum of the right hand sid of (87) over all, and 2, we obtain the desired result. This completes the proof. O

2) Class A2:This class is essentially the complement of Class Al in the sense that we use it to upperhdungd). A
member of this class is a channel in which User 1 is equipped with one transmit and two receive antenna whereas User |

equipped with one antenna at both transmitter and receiver sides (see Figure 5). The channel model can be written as

g11 = 1+ 211,
Ji2= w1+ Vdzy+ 22, (88)
Yoy = Ty + Vb1 + 2,
whereg;; andg;, are received signals at the first user’s receiyeiis the received signal at the second user’s receiyels an
additive Gaussian noise with unit varianeg; and z;, are additive Gaussian noise with variandés and N5, respectively,

and transmitter 1 and 2 are subject to the average power constri@tsd P, respectively.
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Fig. 5. Class A2 admissible channels.

For this class, we consider two linear functiofisand f,, as follows (see Figure 5)
Si(ut, 12)= (1 = Vg)ith + Vi, (89)
f2(92)= 93 (90)

Similar to Class Al, when; = 0 the admissible channel in Class A2 becomes the one-sided Gaussian IC byMattirg co

and N;; = 1. Therefore, we have

gp =2t + gy + (1= /g0)2ly + V12, (o)
j5 =Vbal + xf + 23. (92)

We conclude that the channel modeled by (88) is admissible if the corresponding parameters satisfy
agr =a,
(1—/91)*N11 + g1 N2 = 1.

Similar to Class Al, we further add the following constraints to the required conditions of the class A2 channels:

(93)

a < Nio,
= 1V12 (94)
bN11 <1.
In the following lemma, we obtain the required upper bound.
Lemma 4:For the channels modeled by (88) and satisfying (94), we have
. Mo 1 Niz | d'P Py

< (1, p) < —log [2me(bP) + Py + 1)] — == log(2 =1 — 95
(1) <min 5 g [me(0Py + P + 1] - B2 og(ome) + 3 1og (22 + G2 4 5 P (95)

1
+ p2fn (P% 1, Nyg,d’, M2> + fu(Pr, N11, 1,0, p11)
subject to:
M1t p2 =

p1, 2 >0

Proof: The proof is similar to that of Lemma 3 and we omit it here. O
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Fig. 6. Class B admissible channels.

3) Class B: A member of this class is a channel with one transmit antenna and two receive antennas for each user mode
by (see Figure 6)
g11 = @1+ 211,
Ji2 = 21 +Vd'zs+ 212, (96)
Jor = @2+ Va1 + 201,
Y22 = T2 + 222,
whereg;; andg;» are received signals at the first user’s receiyer,andg», are received signals at the second user’s receiver,
z;; 1s an additive Gaussian noise with variangg for ¢, j € {1,2}, and transmitter 1 and 2 are subject to the average power
constraintsP; and P, respectively. In fact, this channel is designed to upper bound dgtlx, 1) and o (1, u).
Here, we investigate admissibility of this channel and, as a result, the required conditions that must be imposed on
corresponding parameters. Let us consider two linear deterministic funcgtjoasd f, with parameterd < ¢g; and0 < go,

resp., as follows (see Figure 6)

J1(911, 012)= (1 — \/971)23?1 + V9191, (97)
f2(952, 931)= (1 = \/92)035 + /92031 (98)
Therefore, we have
g7 =i+ Vagh + (1— Vo) + Ve, (99)
g5 =V gart + a5 + (1= v/g2)25 + Vo225 (100)
To satisfy (65) and (66), it suffices to have
agr =a,
Vga =0,

(101)
(1—/91)*N11 + g1N12 =1,

(1—4/92)*Nag + g2Noy = 1.
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Hence, a channel modeled in (96) is admissible if there are two nonnegative numlzerdg, such that the set of equalities

in (101) holds. We further add the following two constraints to the equality conditions in (101):

b'Ni1 < Noi,
11 > 1v21 (102)
a'Nog < Nya.
Although adding more constraints reduces the number of the admissible channels, it helps us to provide an outer bounc
o (1, 1) and o (1, u) with a closed form formula.

Lemma 5:For the channels modeled by (96) and satisfying (102), we have

(1) < <P1+ Py >+ <P2+ P, )
oer (i, 1) < — = 4+ =
e a Ni1 d’Py+ Npo 7 Nay = WPy + Ny
1
+ fu(P2, Nag, Nig,a’, i) + %log((%@)(a/% + Ni2)) — 3 log((2me) (P2 + Na2)), (103)
P P Py Py
(L) <y (o + o | iy (o
o (1, 1) 7<N11 G’P2+N12) H <N22 b'P1+N21>
1
+fh(P17N11; N21, b/, ,U) =+ glog((27re)(b’P1 =+ Ngl)) — 5 10g((27‘(’€)(P1 + Nll))- (104)

Proof: We only upper bound (1, 1) and an upper bound far¢: (1, ;) can similarly be obtained. Let us assutRe
and R, are achievable rates for User 1 and 2, respectively. Using Fano’s inequalities, we obtain
n(pl + Ro) <pl (213911, §12) + 1(235 932, §31) + nen

=pd (275 §1o|91h) + pd (213 911)
+1(5; 951|955, ) + 1(x5 §5s) + nen

=ph(§12]911) — ph(Gialzy, 911) + ph(911) — ph(g1|27)
+h(9511932) — h(F51123, §32) + h(U52) — h(F32|23) + ney,

:[Hh(?ﬁﬂﬂﬁ) - Nh(g?ﬂx?ﬂ + [h@gﬂggz) - h(g§2|z§)]
+[Mh(ﬂ?1) - h(ggl‘mgvg%)] + [h(ﬂgz) — ph(gis]ey, Zjﬁ)] + nep. (105)

Now, we upper bound different the terms within each bracket in (105) separately.

For the first bracket, we have

~N | ~n ~n |1 @ - ~ 1155 . n
ph(|51) — ph(Gi ) <p > h(Grali|in (i) - % log (2meN11)

i=1
(b) ~ 1 Pl[i]Nll ):| un
< —log [2me | N1g + d' P3li] + ———— || — = log (2meN
M;2 g[ ( 12 1] Pii] + Nii 5 g ( 11)

(C) un 1 " 1 Zn_ P1 [i]Nu un
<" log |2 N it 'Pyli n =1 — 2l log (27eN
=9 Og[m< 12+n;a Q[ZH%ZZ;H[ZHNH 2 og (2meN1y)

PN
S% log |:27T€ (N12 +a' Py + lllﬂ - log (2meNi1)

P, + Nqz 2
un Niz  d'Py Py )
o (222 4 402 , 106
5 8 <N11 Ni1 Pi+Nn (106)

where (a) follows from the chain rule and the fact that removing independent conditions increases differential entropy, (
follows from the fact that Gaussian distribution optimizes conditional entropy for given covariance matrix, and (c) follows

form Jenson’s inequality.
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The terms within the second bracket can be upper bounded similarly to that of the first one. Hence, we have

Noi WP P
10g(21+ Ly -2 ) (107)

~T ~T ~T n n
h(9311932) — h(J3a]75) < 9

N22 N22 P2 + N22
By making use of Lemma 1 and using the fact thgy < N,; /b, the terms within the third bracket can be upper bounded
as
~T ~1 n ~n n n 1 n n
ph(F1y) — h(J21125, Uaa)= 1 <h(x1 +211) — ;h(\/l?xl + Zz1)>
1
< pnfp (Pl,Nn,Nzl,b/, > . (108)
n
Sincel < p, From (62) we obtain

"TL

~ n
ph(g1) — h(gz; |7y, 93) < 2 " log((2me) (P, + Niy)) — 5 log((2me)(b'Py + Na1)). (109)
For the last bracket, again we make use of Lemma 1 to obtain
h(i5) — ph(lat, §1y)= h(ah + 25,) — ph(Vd'zy + 21,)
< nfp(Ps, Nag, Nig,a', ). (110)

Adding all inequalities, we obtain

Niy  d'Py P >+1lo (1\721 b Py P, )
Ni1 N1 Py 4+ Ny Ny = Nyg = P+ Nap

1
+§ log((27re) (P1 + Nll)) — 5 log((?n’e)(b’Pl + NQl)) + f}L(PQ, Noso, N1o, CL/, ,u), (111)

pR1 + Ry < flog (

where the fact that,, — 0 asn — oo is used to eliminate,, form the right hand side of the inequality. By rearranging, we

obtain

e 2 = N11 a'Py + Nio 7 Noy 0Py + Noyy

1
+fh(P27 NQQ, ng, a’,ﬂ) + glog((Zﬂ'e)(a’Pg + N12)) — 5 10g((27|’6)(P2 + NQQ)).

This completes the proof. O
. L . Po+N / Py+Noy /b
The unique feature of the channels within Class B is thafl far . < ?Tzl\?z/: andl < pu < %, the upper bounds

in (103) and (104) become, respectively,

P, P, Py P, >
Ri+ Ry < NRNILE S JUIPHY (R - 112
pm 2= (Nll a' Py + le) 7 (N22 b’ Py + Noj (112)

and

P P1 PQ P2
R Ry < _ _— 113
1+ pli 7(N1+GIP2+N12>+M’V<N b'P1+N21> ( )

On the other hand, if the receivers treat the interference as Gaussian noise, then it can be shown that

P P
_ 114
B = W(Nn +G'P2+N12) (114)

and

Py Py
Ry = _—t — 115
) 7(N22+b,P1+N21) (115)
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are achievable. Comparing upper bounds and achievable rates, we conclude that the upper bounds are indeed tight. In
this property is first observed by Etkin et al. in [13]. We summarize this result in the following theorem:
Theorem 4:The sum capacity of Class B channels are attained when receivers treat the interference as noise. In this ce

the sum capacity is

P1 P1 P2 P2
A s S 22 2 ). 116
sum 7<Nl1 +fl’Pz-FNm) +7(N22 Jrb’P1—|—N21) (116)
Proof: Simply by substituting: = 1 in (112), we obtain the desired result. O

4) Class C:Class C is designed to upper bouag (i, 1) for the mixed Gaussian ICs whete< b. Structurally, Class C
is essentially similar to Class Al (see Figure 4). However, we impose different constraints on the parameters for the chanr
within Class C. These constraints assist us in providing new upper bounds by using a different method.

For channels in Class C, we use the same model that is given in (74). Therefore, similar to channels in Class Al, tl

channel is admissible if the corresponding parameters satisfy

b =b,
92 (117)
(1—/92)?Nag + g2Noy = 1.
Here, we change the constraints in (80) to new constraints
b > Nop,
= (118)
CLNQQ S 1.

By this simple change of constraints, we see that the second receiver after decoding its own signal has a less noisy ver
of the first user’s signal. Therefore, it is able to decode the signal of the first user as well as its own signal. Applying th
observation, we have the following lemma.

Lemma 6:For a channel in Class C, we have

-1 1 PN
o (1, 1) SM log (2me(Py + aP2 + 1)) 4+ = log (271'6 (222 +V P+ N21)>
2 Py + Na»
1 1
— 5 10g(27T€N21) — 5 10g(27T€N22) + fh(Pg, NQQ, 17 a, (b — 1) (119)
Proof: Since the second user is able to decode both users’ messages, we have
1 ~n
rR < ﬁf(l'?% i), (120)
1 n, ~n ~T n
R < 51(1’15921a922|$2)a (121)
1 n, ~n ~T n
Ry< El(l’z?ymai%ﬂ% ), (122)
1 ~N ~N
Ry + Ro< —I(a{, 23 551, 55). (123)
Since (121) is redundant, it can be shown that
H— 1 n., ~n 1 n o.n.~n ~n
pRy+ Ry < Tl(xﬁ?h) + E](xlaxQ;y2lay22)' (124)
Hence, we have
-

_ ]_ o
pRi + Ro< F= () -

-1 1 1,
D h(g1') + gh(yéﬁly?ﬁ - gh(yé’l,yé’zlw’f,wél)

1 ~T n 1 ~T ~T 1 ~T ~T n n
——h(grlzy) + Eh(yﬂﬂ U32) — Eh(y21»y22|$1 ,T5)

1 ~n H— 1 ~n|.n
+ Eh(yzz) o h(g7|2T) (125)
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We now bound different terms of (125). For the first term, we have

—1 -1
“Th(gj?) <t 5 log (2me(Py + aPy + 1)). (126)

The second term can be bounded as
1. . 1 PyNoy '
—h(g1g5) < =1 2 —— 4+ VP N- . 127
n (U211729) < B 0g< me <P2 + No + 0+ 21)) (127)
The third term can be bounded as

1 ~n  ~n |.,.n ,.n 1 1
ﬁh(yzl,yﬂ\xl,%) =3 log(2meNay) + B log(2meNas). (128)

The last terms can be bounded as

1. . w—1 1 w—1
—h(g5,) — ——h(g1|x])= —h(z} + 255) — ——h 5 129
" (932) o OESD) o (x5 + 235) o (Vazy + 21) (129)
th(PQ,N2271,a,/J—1). (130)
Adding all inequalities, we obtain the desired result. O

IV. WEAK GAUSSIAN INTERFERENCECHANNELS

In this section, we focus on the weak Gaussian ICs. We first obtain the sum capacity of this channel for some certain rar
of parameters. Then, we obtain an outer bound on the capacity region which is tighter than previous outer bounds. Fina
we show that using time-sharing parameter and convexification result in the same achievable rate region for this channel w

Gaussian distributions are used for generating codebooks.

A. Sum Capacity

In this subsection, we make use of the channels in Class B to obtain the sum capacity of the weak IC in the certain ran

of parameters. To this end, let us consider the following minimization problem:
W =miny <Z€111 * G’Pzi le) A (15222 * b’P1PjN21> (13
subject to:
adgr=a
bgs =10
b'Ni1 < No
a’'Nap < Nip
(1—/g1)?’Ni1 + g1 N2 =1
(1 — /92)?Nag + gaNoy = 1
0 < [a’,0', 91,92, N11, Ni2, Naa, No1].

The objective function in (131) is the sum capacity of Class B channels obtained in Theorem 4. The constraints are t

combination of (101) and (102) where applied to confirm the admissibility of the channel and to validate the sum capaci
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result. Since every channel in the class is admissible, we #igyg < W. By changing the variables & = ¢; N1» and

So = g2 Na2p, We obtain

1L-va) P, aP )+7((1—\/9*2>2P2+ 92 ) (132)

W =mi
mln,y( 1-5; aPs + S 1-—-.55 bP; + So

subject to:

We first minimize the objective in (132) with respectd¢p andg,. To this end, the optimization problem can be decomposed

into two separate optimization problems with respecgt@nd g,. The optimization problem with respect ¢ reads as

. (1- /1)’ P g1 P
W1 =min~y ( - + Py 1 5, (133)
subject to:
b(1 -5
% < (1 - \/971)2
2
0<n

It is easy to solve the above optimization problem. In fact, we have

- (15.31:2) if VB(1+aPy) < \/Sa(1—S1)

Wy = e ) (134)
v 8+ (v bilp2ils)1/52) Pl) Otherwise

Similarly, the optimization problem with respect o can be written as

. (1 - V92)*Ps g2
= 135
Wo mln’y( s, +bP1+SQ (135)
subject to:
a(l =S
W2 ymy,
1
0 < g2,
The solution to the above optimization problem is
v () it a(l+bP1) < /Si(1 - 55) a56)
Wy = e 136
v( %2+ a- aé;:izgz/sl)z&) Otherwise
Combining (134) and (136), we obtain
subject to:

0<S <1

0<Sy<1
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From (134) and (136), we observe that f6r and S, satisfying vb(1 + aP,) < +/S2(1—S51) and /a(l + bP) <
v/S1(1 — S5) the objective becomes independent%fand S.. In this case, we obtain

. Py Py
W7(1+aP2>+7(1+bP1>’ (138)

which is achievable by simple strategy of treating interference as noise. In the following theorem, we prove that it is possik

to find appropriateS; and S, for certain range of parameters.

Theorem 5:The sum capacity of the two-user Gaussian IC is

P, P
sum — 5 1
%ﬂéu 7<1+GP2>+7(1+I)P1> ( 39)
for all channel’'s parameters satisfying
1—+a—b
VP, + vaPy < —Y—— ¥~ 140
L+ VaP, < Jab (140)

Proof: Let us fixa andb. In order to find allP; and P, such that we can find < S; < 1 and0 < Sy < 1 satisfying

Vb(1 4 aPy) < \/S5(1 — S;) and+/a(l + bP;) < \/S1(1 — Ss), we defineD and D’ as follows
( ) < V/Sa( )

VS1(1—=5) 1 Sa(1—51) 1
D {(Pl,P2)|P1 b\/& b,PQf a\/g a,0<51<1,0<52<1 R (141)
D' = (Pl,Pz)I\/BPlJr\/&PQgﬂ : (142)

vab

To showD’ C D, we setS; =1 — S; in (141) to get
S 1 1-5; 1

PP L——-—- P —FF#—— 1, CD. 14
{( 1, 2)|1_b\/a b72_ a/\/g aaO<Sl< }_ ( 3)

It is easy to show that the left hand side of the above equation is another representation of théDfedgiemce, we have
D' C D.

To showD C D', it suffices to prove that for anyP;, P») € D, VoP, ++vaPy < i\/i‘/g holds. To this end, we introduce
the following maximization problem

J = max VbPi+aP;, (144)
(P1,P2)€D

which can be written as

1-— 1-—
= max V(L= 8) + VE(1 - 5) LI i (145)
(51,52)€(0,1)2 Vab va Vb
It is easy to show that the solution to the above optimization problem is
1 1 1
J=——-—=-—. 146
Vab Va Vb (149
Hence, we deduce thd® C D’. This completes the proof. O

Remark 3: The above sum capacity result for the weak Gaussian IC has also been obtained in independent work [23].

As an example, let us consider the symmetric Gaussian IC. In this case, the constraint in (140) becomes

p<lz2va
— 2av/a

In Figure 7, the admissible region fd? versus./a, where treating interference as Gaussian noise is optimal, is plotted. In

(147)

Figure 8, the upper bound in (131) and the lower bound when receivers treat the interference as Gaussian noise are sket

for a fixed P and all0 < a < 1. We observe that up to certain value @fthe upper bound coincides with the lower bound.
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10 T T

80r

SNR

Admissible SNR

Fig. 7. The shaded area is the region where treating interference as Gaussian noise is optimal for obtaining the sum capacity of the symmetric Gaussia

2.5 - _

R +R

Upper Bound -

1.5

Treating interference as noise

Fig. 8. The upper bound obtained by solving (131). The lower bound is obtained by using the simple scheme of considering the interference as Gaus

noise.
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B. New Outer Bound

For the weak Gaussian IC, there are two outer bounds that are tighter than other bounds. The first one, due to Krat
[12], is obtained by considering the fact that the capacity region of the Gaussian IC is inside the capacity regions of the t\
underlying one-sided Gaussian ICs. Even though, the capacity region of the one-sided Gaussian IC is unknown, there e»
an outer bound for this channel that can be used instead to derive the outer bound for the original channel. Kramers’ oL

bound is the intersection of two regiols and E». E; is the collection of all rate pair§R;, R) satisfying

(1-H)P'
< -— 14
meq (S, (148)
Ry< y(BP), (149)
for all 8 € [0, Bmad, Where P’ = Py /a + P> and Bmax = #}rm. Similarly, F5 is the collection of all rate pair§R;, R)
satisfying
Ri< y(aP"), (150)
(1-a)P”
< - 7
Ro< vy (aP” 1) (151)

for all o € [0, amax], Where P” = P; + P /b and amax = ﬁ.
The second outer bound, due to Etkin et al. [13], is obtained by using the Genie aided technique to upper bound differe
linear combinations of rates that appear in Han-Kobayashi achievable rate region. Their outer bound is the union of all r:

pairs (R1, R2) satisfying

Ri<y(P), (152)

Ro< 1(Py), (153)

Ri + Ry< 7(P1)+7<1+PZP1>7 (154)
Ryt Ry< 7(P2)+7(1+P;P2>7 (155)
R1+R2§’y<aP2+ 13]31) +7<bpl+lﬁp2>, (156)
2R; + Ro< 7(Py + aPs) +7 (bp1 + 152132) +0.5log <11i£1) : (157)
Ry +2Ry< y(bPy + Po) + (apz + f;) Pl) +0.5log <11:£§2) . (158)

In the new outer bound that we propose here, an upper bound for each linear combination of rates is derived. Recall t
to obtain the boundary points of the capacity reginit suffices to calculater« (1, 1) and o« (1, u) for all 1 < p. To this
end, we make use of channels in Al and B classes and channels in A2 and B classes to obtain upper boegfidd pand
o¢ (1, 1), respectively.

In order to obtain an upper bound or (1, 1), we introduce two optimization problems as follows. The first optimization
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problem is written as

— 4=

159
N22 N22 P2 +N22 ( )

1
Wi (@) =min % log [2me(Py + aPy +1)] — % log(2me) + 3 log

<N21 V' Py Py )
+ p2fn (Pl, 1, Nop, b/, :2) + frn(P2, Noz, 1, a, pi1)
subject to:

Hn1+ po = @

bgs =10

b < Ngyy

aNap <1

(1 — /g2)*Noz + gaNoy = 1

0 < [p1, p2,b', g2, Nag, Noi]
In fact, the objective of the above minimization problem is an upper bound on the support function of a channel withi
Class Al which is obtained in Lemma 3. The constraints are the combination of (79) and (80) where applied to confirm tl
admissibility of the channel and to validate the upper bound obtained in Lemma 3. Heyge,l) < Wi(u). By using new
variable S = (1 — /g2)*N22, we obtain

Wi (p) :min%log [2me(Py + aPy + 1)] + %log [(1 - \/93)2(1 - ig bR i \/QGP)ZQPQ —) (160)
+ p2fn (Pl, ,19_725, g%’ :2) + fn (P2, (1_5/93)2, La,pu) — %ng(%e)
subject to:
M1t p2 =
S<1-0
S < %

a

0 < [u1, p2, S, g2
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The second optimization problem is written as

Wo(p) =min pry <]€111 + Cl/P)Q-P‘i]Vm) + (1\];222 + b’HPjNQl> + fn(P2, Nag, N12,d’, 1) (161)
+ glog((%re)(a'Pg + Ni2)) — %log((%re)(Pg + Na2))
subject to:

adgi=a

bgo="b

b' N1y < Noy

a’'Nay < Nyg

(1—=/91)?°N11 + g1 N12 = 1

(1 —/92)?Nag + g2Noy = 1

0< [al7bl791792,N11,N12,N22,N21]~
For this optimization problem, the channels in Class B are used. In fact, the objective is the upper bound on the supp
function obtained in Lemma 5 and the constraints are defined to obtain the closed form formula for the upper bound and

confirm that the channels are admissible. Hence, we deduyc¢g,1) < Ws(u). By using new variables; = ¢g; N1 and

Ss = g2 No1 , We obtain

. (1-v9)’P  gP (1-92)°P2 | g2P
— 162
W2('u) iy ( 1-5; + aPy + S T 1-55 bP; + So ( )
1752 Sl a > 12 ( (ZP2+51> 1 < 17;5‘2 >
+ (P, ——22 2L 2 )+ Elog | (2me)(—221) ) — S log [ (2me) (P + ———2—
f;<2(1_@2 2 )+ o (2P ) — Do (2me)(Pa+ )
subject to:
b(1 —S1)
<S8y <1
1—ym)? =72
a(1—52>
<SS <1
1—yg)? ="
0<[91:g2]

In a similar fashion, one can introduce two optimization problems, 1§ayu) and W (), to obtain upper bounds on
o% (1, 1) by using the upper bounds on channels in Class A2 and Class B.

Theorem 6 (New Outer Bound}or any rate paifR;, R2) achievable for the two-user weak Gaussian IC, the inequalities

pily + Ry < W(pa) = min{Wi (1), Wa(pa)}, (163)
Ry + paRy < W (pg) = min{ W (p2), Wa(p2)}, (164)

hold for all 1 < pq, po.

To obtain an upper bound for the sum rate, we can readily use the following inequality:

% < min (p2 = W (p1) + (p1 — 1)W(/~62)' (165)
SR T pape — 1
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Ry

14 = (Y5 — 2tPa, 1))

13 = (203 — s, Y5 — 3)
Ty = (¢4 — b3, 2903 — 1ﬁ4)

r = (¢1,¢'4 - 21/11)

Ry

Fig. 9. % for the weak Gaussian G, rz, r3, andry are extreme points af in the interior of the first quadrant.

C. Han-Kobayashi Achievable region
In this section, we aim at characterizigg for the weak Gaussian IC. To this end, we first investigate some properties of
% (P, Py, , ). First of all, it is easy to show that none of the inequalities in describiings redundant. Moreovef/ has

at most seven extreme points where among themr,, 73,74} are in the interior of the first quadrant (see Figure 9), where

r1= (Y191 — 2¢1), (166)
ro= (Vs — Y3, 203 — ¢u), (167)
r3= (2ths — 5,95 — ¥3), (168)
ra= (b5 — 202, 12). (169)

Most importantly,%, possesses the unique minimizer property. To prove this, we need to shoy; that minimizer of the
optimization problem

op,(c1, e, P, Po, o, B) = min{y' U (Py, Py, a0, B)| Ay = (c1,2)",y > 0}, (170)

is independent of parametefy, P,, «, and 3 and only depends or, and ce. We first consider the case:,c2) = (i, 1)
for all 1 < u. It can be shown that fo2 < x, the minimum of (170) is attained & = (u — 2,0,0,1,0)* which is clearly

independent of?;, P, «, andg. In this case, we have
0D0(M717P17P23a;6):(M72)¢1 +1/J47 2<,u‘ (171)

For 1 < p < 2, one can show thag = (0,0,2 — u, u — 1,0)* minimizes (170), and it is again independentff, P, «, and
6. In this case, we have
UDO(.u“a 1,P1,P27O[,ﬂ) = (2 - #)1/)3 + (‘U, - 1>7/}4a 1 S 1% S 2. (172)

Now, we consider the casgy,cz) = (1,u) for all 1 < p. Again, it can be shown that f&2 < g and1 < p < 2,
y=(0,n0—2,0,0,1)" andy = (0,0,2 — p, 0, u — 1)* minimizes (170), respectively. Hence, we have
O-DO(1’M7P13P2aaa6): (N_2)¢2+¢5’ if 2<,U, (173)

O'DO(l,,U/,Pl,PQ,Oé,ﬁ): (2 - M)Q/’?, + (,U/ - 1),(/)57 if 1 <p< 2. (174)
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Theorem 7:For the two-user weak Gaussian IC, time-sharing and convexification result in the same region. In other word
% can be fully characterized by using TD/FD and allocating power over three different dimensions.
Proof: Since ¥, possesses the unique minimizer property, from Theorem 1 we deduc# tha¥,. Moreover, using
Theorem 3, the number of frequency bands can be bounded to be three. O
To obtain the support function ¢f, we need to obtaig(ci, c2, P1, P2, o, 3) defined in (44). Sincé,, possesses the unique
minimizer property, (44) can be simplified easily. Let us consider the case Wherg) = (i, 1) for u > 2. It can be shown
that for this case

g = max (/1—2)1/11(P17P2>C¥75)+1/)4(P17P2,a>5)- (175)
(a,8)€[0,1]?

Substituting into (43), we obtain
3
gy (11,1, Py, Py) =max Y Ai (1 — 2)tb1 (Pus, Paiy i, Bi) + ¥a(Prs, Pai, i, 37)] (176)
i=1
subject to:

3
> =1
i=1

3
Z APy < Py

i=1
3

Z&Pm <P

i=1

OS)\qj,OSPU,OSPQi Vi e {1,2,3}
OSO@SLOSﬁi < 1Vi€{1,2,3}

For other range ofc;, ¢2), a similar optimization problem can be formed. It is worth noting that even though the number
of parameters in characterizirtg is reduced, it is still prohibitively difficult to characterize boundary points/ofin Figures
(10) and (11), different bounds for the symmetric weak Gaussian IC are plotted. As depicted in figures, the new outer bou

is tighter than previous outer bounds.

V. ONE-SIDED GAUSSIAN INTERFERENCECHANNELS
Throughout this section, we consider the one-sided Gaussian IC obtained by setting.e, the second receiver incurs no
interference from the first transmitter. One can further split the class of one-sided ICs into two subclasses. The strong one-si
ICs and the weak one-sided ICs. For the formek 1 and the capacity region is fully characterized, c.f. [15]. In this case,

the capacity region is the union of all rate pa(f3;, R;) satisfying

Ri1 + Ro< ’}/(Pl + (ZPQ).

For the latter, however, < 1 and the full characterization of the capacity region is still an open problem. Therefore, we
always assume < 1.
Three important results are proved for this channel. The first one, proved by Costa in [11], states that the capacity reg

of the weak one-sided IC is equivalent to that of the degraded IC with an appropriate change of parameters. The second «
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1.5-== - Kramer’s Outer Bound

ETW Outer Bound

New Outer Bound
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G

Fig. 10. Comparison between different bounds for the symmetric weak Gaussian ICRveh anda = 0.2

3.5

Kramer’s Outer Bound

2.5
ESW Outer Bound

FD/TD
2_
1.5 New Outer Bound
1_
0.5+
G 1 1 1 1 1 1 ]
0 0.5 1 1.5 2 2.5 3 3.5

Fig. 11. Comparison between different bounds for the symmetric weak Gaussian ICRv3eh00 anda = 0.1.
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proved by Sato in [10], states that the capacity region of the degraded Gaussian IC is outer bounded by the capacity rec
of a certain degraded broadcast channel. The third one, proved by Sason in [15], is the characterization of the sum cape
which is obtained by combining Costa’s and Sato’s results.

In this section, we provide an alternative proof for the outer bound obtained by Sato. We then characterize the full Ha

Kobayashi achievable rate region where Gaussian codebooks are used for data transmisgfon, i.e.,

A. Sum Capacity

For the sake of completeness, we state the sum capacity result obtained by Sason.
Theorem 8 (Sason)The rate pair(y (1+PTlP2> ,7(P2)> is an extreme point of the capacity region of the one-sided Gaussian

IC. Moreover, the sum capacity of the channel is attained at this point.

B. Outer Bound

In [10], Sato derived an outer bound for the capacity of the degraded IC. This outer bound can be used for the weak one-si
IC as well. This is due to Costa’s result which states that the capacity region of the degraded Gaussian IC is equivalent to t
of the weak one-sided IC with an appropriate change of parameters.

Theorem 9 (Sato)if the rate pair(R;, R2) belongs to the capacity region of the weak one-sided IC, then it satisfies

R, < 7(1(}5525:)» a77)
Ry < ~(BP),

for all 5 € [0,1], whereP = P /a + P.
Proof: Using Fano’s inequality, we have
n(ply + Re) <pl(z7;y7) + 1(23;y3) + nen
=ph(yy) — ph(yy'|et) + h(yz) — h(yz|ey) + nen

=[ph(z} + Vaag + 27) — h(z3)] + [h(ay + 23) — ph(Vaxy + 21')] + nen

(@) yun, n

< % log [2me(Py + aPy + 1)] — 5 log(2me) + [h(zh + 25) — ph(vazh + 27)] + ney,
®) un n

< o> log [2me(Py + aPy + 1)) — 5 log(2me) + nfp(P2, 1,1, a, 1) + ney,

where (a) follows from the fact that Gaussian distribution maximizes the differential entropy for given covariance matri:
constraint and (b) follows from definition qf;, in (60).

Since the sum capacity is attained at the point where User 2 transmits at its maximuRy, rate/ (P, ), other boundary
points of the capacity region can be obtained by characterizing the solutiong(pf 1) = max {uR; + Rz2|(R1, R2) € €}

for all 1 < u. Depending on the value @f, we consider two cases.

P2+1/a
1- Forl < p < =574, we have

Py
< .
MR1+R2_M’Y(1+GP2>+7(P2) (178)

In fact, the point(y (1+PT,1P2) ,V(PQ)) which is achievable by simply treating interference as noise at Receiver 1, satisfies (178
with equality. Therefore, it belongs to the capacity region. Moreover, by settiagl we deduce that this point corresponds

to the sum capacity of the one-sided Gaussian IC. This is in fact an alternative proof for Sason’s result.
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2- For &2tl/e ) < 1. we have

Pot1
1 1/a—1 1/a—1
uR1+R2<Mlog(P1+aP2+1)+10g</a >—”1og<““(/a)>. (179)
2 2 n—1 2 n—1
Equivalently, we have
P+1 -1 1 1/a—1
URy + Ry < Mo (WEF D=1 1) (1/a , (180)
2 w(l—a) 2 w—1
whereP = P /a + P». Let us define two set&; and E» as
(1-p)P
= < - 7 <
B = { (R Rl < (5200 ) e <2(6P) w3 € 0.1 (181)
and
L (aP+1)(p—1) 1 1/a—1 P+ 1/a 1
FEy = < =1 e -1 < —>. 182
) {(Rl,R2>|uR1+Rg_Qog( M=) o () v < (182)

In fact, E5 is the dual representation @f,, see (5). To show this, we evaluate the support functiofvofis

OE, ([L, 1) = max {‘[LRl + RQ‘(Rl,Rg) S El} . (183)
It is easy to show that
1 (aP+1)(np—1) 1 1/a—1
1) ==1 —_— -1 . 184

Since F; is a closed convex set, we can make use of (5) to obtain the dual representation of it which is indeed equivalent

(182). This completes the proof. O

C. Han-Kobayashi Achievable Region

In this subsection, we characterigg, 4, %, and ¥ for the weak one-sided Gaussian 1€ can be characterized as
follows. Since there is no link between Transmitter 1 and Receiver 2, User 1's message in Han-Kobayashi achievable r

region is only private message, i.e.,= 1. In this case, we have

Py
1=1 <%> ) (185)
o= (P2), (186)
=y (P2 4o, (187)
P,
Ys2= 1 (W) +5(P2), (188)
=y (P2 4 o), (189)
- P1+a<176)P2 P1
Ya=1y (%) + (l—l—aﬁPz) +v(BF2), (190)

(191)

U= A(BP2) +1(P2) 4 (W) ,

1+ aﬁPg
It is easy to show thats = min{ws1, 32, ¥s3} = P31, W31 + 1 < Yy, Y31 + Y2 < 5. Hence, %, can be represented as all
rate pairs(R;y, R2) satisfying

i<~y (J@) ) (192)
Ry< (o), (193)
Ri + Ro< <P1 ti(iﬁfpf)%) +(BP). (194)
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We claim that¥%, = ¢. To prove this, we need to show thé possesses the unique minimizer prope#y.is a pentagon

with two extreme points in the interior of the first quadrant, nameghandr, where

r= (7 (J@) w(%) + v(ﬁPQ)) ; (195)
= (3 (P ) a0m) 2P a(Pa) ) (198)

From this, it can be readily verified th&, indeed possesses the unique minimizer property.

Now, we can use the optimization defined in (43) to obtain the support functiéh bfowever, we only need to consider

(c1,c2) = (u,1) for p > 1. Therefore, we have

B Py (1—pB)aP,
g(p, 1, P, Py, B3) = 0213%{1 u7<1+ﬁa]32> +7(B8P) +7<1+Pl+ﬂaP2>' (197)

Substituting into (43), we conclude that boundary pointséotan be characterized by solving the following optimization

problem:
3
Pu (1= Bi)aPy;
_ \; . i Pa TLP. 1L B3aP. 198
%% max; {u’y<1+ﬁiap2i)+7(5 2)+7(1+P1i+ﬁiap2i (198)
subject to:

3
dai=1
i=1

3
Z NPy <P
i=1

3

Z)\ipzi <P

(;:gl B <1Vie{l,23}

0 < [Pri, Poi, A;] Vi€ {1,2,3}.
In the following lemma, we provide a simple description‘f.

Lemma 7:The region¥%; can be represented as the collection of all rate pd¥s R2) satisfying

Py
R, < 7(%)’ (199)
— 8P
R 187 (o o ) (200)

for all 5’ € [0,1]. Moreover,%; is convex and any point that lies on the boundary of the region can be achieved by using
superposition coding and successive decoding.

Proof: Let E denote the set defined in the lemma. It is easy to showHhiatconvex andt C ¢;. To prove the inverse
inclusion, it suffices to show that the extreme points%f 1 andr. (see (195) and (196)), are inside for all 5 € [0, 1].

By setting3’ = 3, we see thai; € E. To provers € E, we setd’ = 1. r, € E, if the following inequality holds

3 (BAL IR ) - < (1 ). (201)

for all 5 € [0,1]. However, it can be shown that (201) holds for @le [0, 1]. Hence,%; C E.

By having a new description, it is straightforward to show that the boundary pginase achievable by using superposition

coding and successive decoding. O

In Figure 12, different bounds for the one-sided Gaussian IC are compared.
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Sato’s Outer Bound

0.5
Fig. 12.

Comparison between different bounds for the one-sided Gaussian ICRyhenl, P, = 7, anda = 0.4.

VI. MIXED GAUSSIAN INTERFERENCECHANNELS

In this section, we focus on the mixed Gaussian Interference channel. We first characterize the sum capacity of this chan

Then, we provide an outer bound on the capacity region. Finally, we investigate the Han-Kobayashi achievable rate regi
Without loss of generality, we assume< 1 andb > 1.

A. Sum Capacity

Theorem 10:The sum capacity of the mixed Gaussian IC, withc 1 andb > 1 can be stated as

. Py bP,

Csum =7 (P , . 202
sum = 7 ( 2)+mm{7<1+ap2> 7(1+P2>} (202)
Proof: We need to prove the achievaility and converse for the theorem.

Achievability part: Transmitter 1 sends a common message to both receivers while the first user’s signal is considered

Gaussian noise at both receivers. In this case, the rate

203

1+ P (203)
is achievable. Now, at Receiver 2 the signal from Transmitter 1 can be decoded and its effect can be removed. Therefore, L
2 is left with a channel without interference and it can communicate at its maximum rate which is

. P1 bPl
Ry =min {7 Trap, )"

R2 = ’V(PQ).
By adding (203) and (204), we obtain the desired result.

(204)

36
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Converse part The sum capacity of the Gaussian IC is upper bounded by that of the two underlying one-sided Gaussic
ICs. Hence, we can obtain two upper bounds for the sum rate. We first remove the interfering link between Transmitter 1 a
Receiver 2. In this case, we have a one-sided Gaussian IC with weak interference. The sum capacity of this channel is knc

[15]. Hence, we have

P,
Coum <9(P2) +7 (1 — Pz) : (205)

By removing the interfering link between Transmitter 2 and Receiver 1, we obtain a one-sided Gaussian IC with stror

interference. The sum capacity of this channel is also known. Hence, we have

Cgsum S Y (bP1 + PQ) ) (206)
which equivalently can be written as
bP

< y(P: . 207

By taking the minimum of the right hand sides of Inequalities (205) and (207), we obtain

. P bP;
< .

%sum_V(P2)+mln{7(l+aP2>77(1+P2)} (208)
This completes the proof. O

Remark 4:In independent work [23], the sum capacity of the mixed Gaussian IC is obtained for a certain range of paramete

whereas in the above theorem, we characterize the sum capacity of this channel for all range of parameters.

By comparingy (HPTIPQ) with ~ (11351)2), we observe that it + P, < b+ abPs, then the sum capacity corresponds to the

sum capacity of the one-sided weak Gaussian IC, whereas-if’> > b + abPs,, then the sum capacity corresponds to the
sum capacity of the one-sided strong IC. Similar to the one-sided Gaussian IC, since the sum capacity is attained at the p
where User 2 transmits at its maximum rate = ~(P,), other boundary points of the capacity region can be obtained by

characterizing the solutions of,(u, 1) = max {uR; + Ra|(R1, R2) € €} for all 1 < p.

B. Outer Bound

The best outer bound to date, due to Etkin et al. [13], is obtained by using the Genie aided technique. This bound is 1

union of all rate pair R, R») satisfying

R < 'Y(Pl)» (209)
Ry< y(P), 210
Py
. 211
Ry + Ra< o( 2)+7<1+ap2>’ e
Ry + Ro< (P2 +bP1), (212)
Py Py

2 < (P, P, P ' ot
Ri+ Ro< (P +a 2)+7(b1+1+ap2)+7(1+bpl) e

One can obtain an outer bound using a similar approach as that of Kramer’s outer bound for the weak Gaussian IC. In f

the capacity region of the mixed Gaussian IC is inside the intersection of the capacity regions of the two underlying one-sid
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Gaussian ICs. Removing the link between Transmitter 1 and Receiver 2 results in a weak one-sided Gaussian IC whose o

bound E; is the collection of all rate pair6R;, R») satisfying

(1—p)Pr
Ri<v (ﬁP’Jrl/a) > (214)
Ry< ’7(5P'), (215)

for all 3 € [0, Bmax, whereP’ = Py /a+ P, and Bmax = ﬁ. On the other hand, removing the link between Transmitter
2 and Receiver 1 results in a strong one-sided Gaussian IC whose capacity Fieg®ifully characterized as the collection

of all rate pairs(R;, R2) satisfying

Ri<~(bP1), (216)
Ro< vy (), (217)
Ry + Ro< v (bP, + P). (218)

We also upper bound (1, 1) by making use of the channels in Class C. We introduce the following optimization problem

W () =min £ Dlog (2me(Py + aPy 4+ 1)) + %log (27re (1% +H P+ N21>> (219)
— %10g(27T6N21) — %10g(27T6N22) + fn(P2y Nog, 1 a,n— 1)
subject to:
bgs=0
b > Nay
aNap <1

(1 — /92)°Naz + gaNoy = 1
0 < [, g2, Na2, Noi|

By substitutingS = g N2;, we obtain

L1 1 P2(1_S) bP, + S
log (2me(P, P,+1 S log (2
. og (2me(Py + aPy + ))+2 og | 2me (1—@)?*P+1-S 92 ))

1 2 1 2me(1 — 1—
—log< ﬂ'eS) —log<7Te(S))+fh (PQ,S 1 a,u—l)

W (u) =min ! (220)

2 92 2 (1-v92)° (1-vg)*
subject to:
S<1
a(l-8) < (1~ /g2)*
0 < [S, g2]

Hence, we have the following theorem that introduces an outer bound on the capacity region of the mixed Gaussian IC.
Theorem 11:For any rate paifR,, R2) achievable for the two-user mixed Gaussian (B;, R2) € F; () E2. Moreover,
the inequality

pR1 + Ry < W (p) (221)

holds for all1 < p.
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C. Han-Kobayashi Achievable Region

In this subsection, we study the Han-Kobayashi achievable rate region for the mixed Gaussian IC. Since Receiver 2 (
always decode the message of the first user, User 1 associates all its power to the common message. User 2, on the

hand, allocateg P, and (1 — 3)P; to its private and common messages, respectively, whezd0, 1]. Therefore, we have

=7 <%> ) (222)
o= v(Py), (223)
= (DI (o), (224
VY3o=y(P2 + bP1), (225)
P3z=y (%) + (8P, + bPy), (226)
Ya= "y (W) +v(BPy + bPy), (227)
— B)P.
V5= 1(BPs) + (s + bP) + (%) . (228)

To characterize;, we distinguish between three cases:
Casel: 14+ P, <b+ abPs.

Casell: 1+ P, >b+abP, and1l —a < abP;.

Case lll:1 + P, > b+ abP, and1l — a > abP;.

Case | (L + P, < b+ abP,): In this cases = 1¢31. Moreover, it is easy to verify thats; + ¢ < ¥4 ands; + Yo < 15

hold. This means that Inequalities (9) and (10) are redundant for all range of parameters and can be removed) Hence,

consists of all rate pairéR;, Ry) satisfying

P
i<~y <%> ) (229)
Ry< vy (Po), (230)
Ry 4+ Ry< 1~ (W) +7(BP), (231)

where 3 € [0, 1]. Using similar reason as that we have used to express boundary poi#itsfaf the one-sided Gaussian IC,

boundary points of4, can be expressed as

P
Ri<xy (M@B&) s (232)
— B)P:
Ras (50 +o (72520, (233)

for all 5 € [0,1].
Theorem 12:¢4 of the mixed Gaussian IC satisfying < ab is equivalent to that of the one sided Gaussian IC obtained
from removing the interfering link between Transmitter 1 and Receiver 2.
Proof: When1 < ab, 1 + P, < b+ abPy holds for any pair of power$P;, P,). Hence,%,(P;, P»,3) is a pentagon
defined by inequalities (229), (230), and (230). Comparing with the corresponding region of the one-sided Gaussian IC,
see that the two channels have the sdfefor all range of parameters. This directly implies tl#tis the same for both

channels. O
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Case Il (1+ P, >b+ abP, and1 — a < abPy): In this caseps = min{ys1,132}. It can be shown tha¥; is the union

of three regiondy;, E», and Es, i.e,% = E1 |J E2|J E5. E; is the union of all rate pairéR,, R2) satisfying

Py
< — 234
mso (). (234
a(l — 6)P2
Ro<y(BPR) +7 | ———F= ] - 235
2< Y(BF2) 7<1+P1—|—aﬂP2> (235)
for all g € [0, (111%]' E, is the union of all rate pairéR;, R») satisfying
bP;
Ri< , 236
= (1 + 5P2) (236)
P +a(1 — ﬂ)P2> ( bP, )
Ry< — | + Py) — . 237
2_7( 1+ aBP, Y(BP2) — 1+ 3P, (237)
for all g € [(1 ab)P2 (1(bab1)¥jlpt$(la)szp |. E5 is the union of all rate pairéR;, R2) satisfying
bPy(1+ U500y
< — 2
Rl—”( L+bP + Py )7 (238)
Ro< vy (P2), (239)
Ry + Ro< y(bPy + Po). (240)

Case lll (1+ P, >b+ abP, and1 — a > abPy): In this case s = min{ys1, 132} Similar to Case Il, we have;, =

E,|JE2 Es, whereEy, E,, and Es is defined as followsE; is the union of all rate pair§R,, R») satisfying

Py
< - -
< (15 ) (241)
a(l — B) P
Ry< P _— . 242
<207+ (T e (242)
for all 3 € [0, 722555 E- is the union of all rate pair§R:, Ry) satisfying
Py
< [
s () (243)
a(l = B) P Py
Ry< —_ = Py +bPy) — — . 244
2= (1+P1+aﬂP2>+7(5 2 +0h) 7<1+aﬁ132) (244)
for all g € [W’ 1]. Es is the union of all rate pairéR;, Rs) satisfying
Py
<
mso (s ) (245)
Ro< v (), (246)
Ry + Ro< (bPy + Po). (247)

Remark 5:Region F5 for Cases Il and Il represents a facet that belongs to the capacity region of the mixed Gaussian IC:
Surprisingly, this facet is obtainable when both common and private messages are used at the second transmitter.

Different bounds are compared for the mixed Gaussian ICs for Cases I, I, and Ill in Figures 13, 14, and 15, respectivel

VIl. CONCLUSION

We have studied the capacity region of the two-user Gaussian IC. The sum capacity, inner bounds, and outer bounds t
been considered for three classes of channels: weak, one-sided, and mixed Gaussian ICs. We have used admissible che

as the main tool for deriving outer bounds on the capacity region.
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0.5

Fig. 13. Comparison between different bounds for the mixed Gaussian IC WieR; < b+ abP» (Case I). HereP, =7, P, =7, a = 0.6, andb = 2.

1.5—~=——
FD/TD / TN
ETW Outer Bound
1_
G
0.5+
\
\
A
\
O 1 1
0 0.5 1 1.5

Fig. 14. Comparison between different bounds for the mixed Gaussian IC WheR> > b+ abP2 and1 — a < abP; (Case Il). HereP, =7, P, =7,

a= 0.4, andb = 1.5.
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7 -2 ETW Outer Bound

0.5

Fig. 15. Comparison between different bounds for the mixed Gaussian IC WieR> > b+ abP> and1 — a > abP; (Case Ill). HereP, =1, P = 7,
a=0.3, andb = 1.5.

For the weak Gaussian IC, we have derived the sum capacity for a certain range of channel parameters. In this range,
sum capacity is attained when Gaussian codebooks are used and interference is treated as Gaussian noise. Moreover, we
derived a new outer bound on the capacity region. This outer bound is tighter than Kramer's and ETW’s bounds. Regardi
inner bounds, we have lowered the computational complexity of the Han-Kobayashi achievable rate region. In fact, we he
shown that when Gaussian codebooks are used, the full Han-Kobayashi achievable rate region can be obtained by usinc
naive Han-Kobayashi achievable scheme over three frequency bands.

For the one-sided Gaussian IC, we have presented an alternative proof for Sato’s outer bound. We have also derived the
Han-Kobayashi achievable rate region when Gaussian codebooks are utilized.

For the mixed Gaussian IC, we have derived the sum capacity for all ranges of parameters. Moreover, we have present:
new outer bound on the capacity region that outperforms ETW’s bound. We have proved that the full Han-Kobayashi achieva
rate region using Gaussian codebooks is equivalent to that of the one-sided Gaussian IC for a particular range of the chal
gains. We have also derived a line that belongs to the capacity region for a certain range of parameters. Surprisingly, po

on this line are achievable if one of the users uses both private and common messages for data transmission.
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