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Abstract

This study investigates the problem of communication foetwoark composed of two half-duplex parallel relays
with additive white Gaussian noise. Two protocols, i®imultaneousand Successiveelaying, associated with two
possible relay orderings are proposed. The simultanedagimg protocol is based oBynamic Decode and Forward
(DDF) scheme. For the successive relaying protocol: (Jom-Cooperativescheme based on tlizrty Paper Coding
(DPC), and (ii) aCooperativescheme based on th&ock Markov Encoding (BMEAre considered. Furthermore, the
composite scheme of employing BME at one relay and DPC ahanatways achieves a better rate when compared
to the Cooperativescheme. A‘Simultaneous-Successive Relaying based on Dirty papdingoscheme” (SSRD$
also proposed. The optimum ordering of the relays and hdreeapacity of the half-duplex Gaussian parallel relay
channel in the low and high signal-to-noise ratio (SNR) ac@s is derived. In the low SNR scenario, it is revealed
that under certain conditions for the channel coefficiettis,ratio of the achievable rate of the simultaneous retayin
based on DDF to the cut-set bound tends to be 1. On the othel, BanSNR goes to infinity, it is proved that
successive relaying, based on the DPC, asymptoticallyeaebithe capacity of the network.

I. INTRODUCTION
A. Motivation

The continuous growth in wireless communication has mtetvanformation theoretists to extend shannon’s
information theoretic arguments for a single user chanoethe scenarios that involve communication among

multiple users.
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In this regard, cooperative wireless communication hasilibe focus of attention during recent years. Due
to rapid decrease of the transmitted signal power with distathe idea of multi-hopped communication has
been proposed. In multi-hopped communication, some irgdiate nodes as relays are exploited to facilitate data
transmission from the source to the destination. Using tiléhinique leads to saving battery power as well as
increasing the physical coverage area. Moreover, relayentylating distributed transmit antenna, can form spatial
diversity and combat the multi-path fading effect of theeléss media.

Motivated by practical constraints, half-duplex relaysiebhcannot transmit and receive at the same time and in
the same frequency band are of great importance. Here, @liggto study and analyze the performance limits of

a half-duplex parallel relay channel.

B. History

Relay channel is a three terminal network which was intredufor the first time by Van der Meulen in 1971
[1]. The most important capacity results of the relay chamwnere reported by Cover and ElI Gamal [2]. Two
relaying strategies are proposed in [2]. In one strategyréfay decodes the transmitted message and forwards the
re-encoded version to the destination, while in anothertbeerelay does not decode the message, but sends the
guantized received values to the destination.

Moreover, several works on multi-relay channels exist ia literature (See [3]-[11], [23], [29]-[36]). Schein
in [3], [4] establishes upper and lower bounds on the capadit full-duplex parallel relay channel in which the
channel consists of a source, two relays and a destinatioarerthere is no direct link between the source and the
destination, and also between the two relays. Generabyb#st rate reported for the full-duplex Gaussian parallel
relay channel is based on the Decode-Forward (DF) or Amidgward (AF) schemes, with time sharing [3], [4].
Xie and Kumar generalize the block Markov encoding schemnf@]ifior a network of multiple relays [5]. Gastpar,
Kramer, and Gupta extend compress and forward scheme to tiplmuklay channel by introducing the concept
of antenna polling in [6]—[8]. In [9], Amichai, Shamai, Stbierg and Kramer consider a parallel relay setup, in
which a nomadic source sends its information to a remotandtisin via some relays with lossless links to the
destination. They investigate the case that these relapetoave any decoding capability, so signals received at the
relays must be compressed. The authors also fully charaetiére capacity of this case for the Gaussian channel.
In [10], Maric and Yates investigate DF and AF schemes in alfmrelay network. Motivated by applications in
sensor networks, they assume large bandwidth resouroegradl orthogonal transmissions at different nodes. They
characterize optimum resource allocation for AF and DF duivsthat the wide-band regime minimizes the energy
cost per information bit in DF, while AF should work in the lhlimited regime to achieve the best rate. Razaghi
and Yu in [11] propose a parity-forwarding scheme for fuliptex multiple relay. They show that parity-forwarding
can achieve the capacity in a new form of degraded relay mksvo

Radios that can receive and transmit simultaneously in dneesfrequency band require complex and expensive
components [18]. Hence, Khojastepour and Aazhang in [113]} €all the half-duplex relay asCheap Relay

Recently, half-duplex relaying has drawn a great deal @&ndittn (See [13]-[19], [23], [29]-[36]). Zahedi and
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El Gamal consider two different cases of frequency divisaussian relay channel, deriving lower and upper
bounds on the capacity [15]. They also derive single letteracterization of the capacity of frequency division
additive white Gaussian noise (AWGN) relay channel withgarlinear relaying scheme [16], [17]. The problem
of time division relaying is also considered by Host-Madserd Zhang [18]. By considering fading scenarios,
and assuming channel state information (CSl), they stugheupnd lower bounds on the outage capacity and the
Ergodic capacity. In [19], Liang and Veeralli present a Ggaus orthogonal relay model, in which the relay-to-
destination channel is orthogonal to the source-to-retaysource-to-destination channel. They show that when the
source-to-relay channel is better than the source-tdrdgigstn channel and the signal-to-noise ratio (SNR) of the
relay-to-destination is less than a given threshold, optitg resource allocation causes the lower and the upper

bounds to coincide with each other.

C. Contributions and Relation to Previous Works

In this paper, we study transmission strategies for a nétwath a source, a destination, and two half-duplex
relays with additive white Gaussian noise which cooperathk ®ach other to facilitate data transmission from the
source to the destination. Furthermore, it is assumed thdiract link exists between the source and the destination.

Half-duplex relaying, in multiple relay networks, is stadiin [23], [29]-[36]. Gastpar in [23] shows that in a
Gaussian parallel relay channel with infinite number of yglahe optimum coding scheme is AF. Rankov and
Wittneben in [29], [30] further study the problem of halfmlex relaying in a two-hop communication scenario.
In their study, they also consider a parallel relay setug wito relays where there is no direct link between the
source and the destination, while there exists a link batvilee relays. Their relaying protocols are based on either
AF or DF, in which the relays successively forward their nages from the source to the destination. We call this
protocol “Successive Relayih@n the sequel. Xue and Sandhu in [31] further study differealf-duplex relaying
protocols for the Gaussian parallel relay channel. Sineg #tsssume that there is no link between the relays, they
refer to their parallel channel askiamond Relay Channel

In this work, our primary objective is to find the best orderiof the relays in the intended set-up. We consider
two relaying protocols, i.e., simultaneous relaying versuccessive relaying, associated with two possible relay
orderings. For simultaneous relaying, each relay expl@tmamic DF (DDF)". It should be noted that the DDF
scheme considered here is slightly different from the DDifottuced in [34] and [35]. In those works, the DDF
scheme is applied to the set-up of the multiple relay netvirokkhich the nodes only have the CSI of their receiving
channel. In the DDF scheme described in [34], the sourcedadmasting the message to all the network nodes
during whole period of transmission and each relay, listerthe transmitted signal of the source and other relays
until it can decode the transmitted message. Consequéntignsmits its signal coherently with the source and
other active relays in the remaining time. However, in oufuge all the nodes are assumed to have all the channel
coefficients. Therefore, in a fixed pre-assigned portionhef time, the relays receive the signal transmitted from
the source, and in the remaining time slot they transmit daencoded version of the decoded message together.

In other words, the relays operate in a synchronous manner.
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For successive relaying, we studyNan-Cooperativescheme based on “Dirty Paper Coding (DPC)” and also a
Cooperativescheme based on “Block Markov Encoding (BME)”. It is worthting that the authors in [36] also
propose successive relaying protocol for the set up withpgamallel relays and direct links between the relays and
between the source and the destination. They propose aesiapétition coding at the relays, and show that their
scheme can recover the loss in the multiplexing gain, whildesing diversity gain of 2.

We derive the optimum relay ordering in low and high SNR sdesaln low SNR scenarios and under certain
channel conditions, we show that the ratio of the achievediie of DDF for simultaneous relaying to the cut-set
bound tends to one. On the other hand, in high SNR scenariegrave that the proposed DPC for successive
relaying asymptotically achieves the capacity.

After this work was completed, we became aware of [32] whiak imdependently proposed an achievable rate
based on the combination of superposition coding, BME an@.0OR their scheme, the intended messé&gé is
split into a message which is transmitted to the destindiipexploiting cooperation between the relays,.” and
a message which is transmitted to the destination withomgusny cooperation between the relays,”. Hence,
the signal associated withw,”, transmitted by one relay, can be considered as interferencthe other relay.
“w,” is transmitted by using BME antlw,” is transmitted by employing DPC. Therefore, in their gehscaeme,
the associated signals with these two messages are supsathpnd transmitted. As the channel between the two
relays become strong, their proposed scheme is convert8d/te. On the other hand, as the channel becomes
weak, their proposed scheme becomes DPC.

Unlike [32], in which the authors only consider successikaying and propose a combined BME and DPC, as
the main result of this paper, simultaneous and successlaging protocols are combined and a “Simultaneous-
Successive Relaying based on Dirty paper coding” (SSRDgreehwith a new achievable rate is proposed. It is
shown that in the low SNR scenario and under certain chammelitons, SSRD scheme is converted to simultaneous
relaying based on DDF, while in the high SNR scenarios, whenratio of the relay powers to the source power
remain constant, it becomes successive relaying based @n(@Pachieve the capacity).

Besides this main result, some other results obtained snpaper are as follows:

« Two different types of decoding, i.esuccessivandbackwarddecoding, at the destination for the BME scheme
are proposed. We prove that the achievable rate of BME wittkward decoding is greater than that of BME
with successive decoding, i.€y, > CEYp .

« Itis proved that BME with backward decoding leads to a singdiategy in which at most, one of the relays is
required to cooperate with the other relay in sending theirmex of the other relay’s message. Accordingly,
in the Gaussian case, the combination of BME at one relay @@ Bt the other relay always achieves a
better rate than the simple BME.

« In the degraded case, where the destination receives ad#egvarsion of the received signals at the relays,
BME with backward decoding achieves the successive cubaand.

The rest of the paper is organized as follows: In sectionhi, $ystem model is introduced. In section lll, the

achievable rates and coding schemes for a half-duplex redayork are derived. Optimality results are discussed
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in section IV. Simulation results are presented in sectiofiWally, section VI concludes the paper.

D. Notation

Throughout the paper, the superscriptstands for matrix operation of conjugate transpositionvéase bold
letters and regular letters represent vectors and scaémgectively. For any two function&n) andg(n), f(n) =
O(g(n)) i % < o0, and f(n) = O(g(n)) is equivalent tolim,, 83 = ¢, where

0 < ¢ < oo. And C(z) £ }log,(1+x). Furthermore, for the sake of brevit&té") denotes the set of weakly jointly

typical sequences for any intended set of random variables.

Il. SYSTEM MODEL

We consider a Gaussian network which consists of a sourcehal-duplex relays, and a destination, and there
is no direct link between the source and the destinatione Mer define four time slots according to the transmitting
and receiving mode of each relay (See Fig. 1), whgréenotes the duration of time s|m(z;§:1 ty, = 1). Nodes
0, 1, 2, and 3 represent the source, relay 1, relay 2, and ttendgon, respectively. Moreover, the transmitting
and receiving signals at nodeduring time slotb are represented byfzb) and yfzb), respectively. Hence, at each
nodec € {1,2,3}, we have

> haex®) + 20, @
ac{0,1,2}
where h,.’s denote channel coefficients from nadéo nodec, and ng) is the AWGN term with zero mean and
variance of“1” per dimension.

Noting the transmission strategies in Fig. 1, we have

ygl) = hmxé ) + hy x(l) + z(l) (2)
y$ = hasxY + 280, 3)
yéQ) = h02Xé )+ h12X(2) ( ) (4)
y& = hisx{? + 27, )
y,(f = hkaé ) 4 2(3) ke {1,2}, (6)

yst = Z hiax + 25, 7)

Throughout the paper, we assume that > h02 unless specified otherwise, and from reciprocity assumptio
we havehio = hoy. Furthermore, the power constraink, P;, and P, should be satisfied for the source, the
first relay, and the second relay, respectively. Hence, titenthe power consumption of nodeat time slotb by
PP =F [xflb)H xflb)], we have

PN + PP + P = P, ®)
P1(2) +P(4) Pla

PV 4+ P =P,
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Relay 1

ho
Source P Destination Source Destination
has
Relay 2 Relay 2
a) Time slot 1 with duration #;: b) Time slot 2 with duration t»:
The source and the second relay transmit The source and the first relay transmit
the vectors xé” and X(21>. the vectors x82> and xﬁ”.
The first relay and the destination receive The second relay and the destination receive
y(ll) and ygl), respectively. y(22) and y?), respectively.
Relay 1
hoy
Source @ Destination Source @ Destination
hoz
Relay 2 Relay 2

¢) Time slot 3 with duration ¢:
The source transmits the vector x(()g).
The first and the second relay receive y

and y;’) , respectively.

(©)

Fig. 1. System Model.

d) Time slot 4 with duration #;:

The relays transmit the vectors x(14) and xgl).

The destination receives y; .

IIl. ACHIEVABLE RATES AND CODING SCHEMES

In this section, we propose two cooperative protocols,Sieccessivand Simultaneouselaying protocols, for a

half-duplex Gaussian parallel relay channel.

A. Successive Relaying Protocol

In Successiveelaying protocol, the relays are not allowed to receivetaaalsmit simultaneously, i.es = t, = 0,

and the relations between the transmitted and the receigedls at the relays and at the destination follow from

(2)-(5). For the successive relaying protocol, we propoda-Cooperativeand aCooperative Codingcheme in

the sequel. In the proposed schemes, the time is dividedoiioand even time slots with the duratibnandis,

respectively. Accordingly, at each odd and even time stbtssource transmits a new message to one of the relays,

and the destination receives a new message from the otlagry seiccessively (See Fig. 2).
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RM

R®

Fig. 2. Information flow transfer for successive relaying protofml two relays.

1) Non-Cooperative Codingtn the Non-Cooperative Coding scheme, each relay consitersther’s signal as
interference. Since the source knows each relay’s messtaggn apply the Gelfand-Pinsker’'s coding scheme to

transmit its message to the other relay. The following Theogives the achievable rate of this scheme.

RW RO
Source Destination Source Destination
R®) R
Time Slot 1 with duration ¢, Time Slot 2 with duration ¢,

Fig. 3. Successive relaying protocol based on Non-Cooperativengod

Theorem 1 For the half-duplex parallel relay channel, assuming swssoee relaying, the following rat€’s%., is
achievable:

low _ (1) (2)
Copc Ogtl,gix—ﬁ-tg:l R + R, 9
subject to:
R < min (6 (10§ ") = 1087 X59), 13 P v42)) (10)
R < min (110 V) = 108 X)), 11 (x§05 7)) (12)

with probabilities:

1 1 1 1 1 1 1 1 1
plas? w2y = plas)p(ul S ) p(ad [ufh, 257,

2 2 2 2 2 2 2 2 2
p(@? ul?, 2y = pP)p(ul? |2 )p [uf?, ).
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Proof: See Appendix A. [ |

From Theorem 1, the achievable rate of the proposed schenteedsaussian case can be obtained as follows.
corollary 1 For the half-duplex Gaussian parallel relay channel, assgsuccessive relaying protocol with power
constraint at the source and at each relay, DPC achievesdhewing rate:

Clow = max (R<1> + R<2>) , (12)

subject to:

2 p(l) 2
R®M < min (th <h01tpo ) ’t20<h13P1)> ’
1

2 p(2) 2
R® < min (tQC (hOQtPO ) 4O <h2;P2)> :
2 1

PV + PP = P,

t +to =1,

0 < ty,ts, PV, PP,

Proof: From Costa’s Dirty Paper Coding [28], by having
h01h12P0(1) (1)
o o), 2
h3, Py +t
h02h12P0(2) Y@
h2, P+t
where XV ~ N(0, P1V), X8 ~ N (0, P, xSV ~ N(0, Py), and X® ~ N(0, Py), and applying them to

Theorem 1, we obtain corollary 1. [ |

UV = x§V + (13)

U = xP + (14)

A (b—1) 2 1)) (-2 2) (b2
(@0, af") xP (D] ), ()
x(()l)(w(b)|w(b—1)7s(1b—2)) (3(1b—2)7ﬂ)(b—2)) xf)z)(w(”)\w(b’l),séb_Q)) (3&""2),@(2’*2))

1 — b—2 1 b—2 ~ (b— ~
g (wD]7), ) (577 (@7, @)

Fig. 4. Successive relaying protocol based on Cooperative Coding.

2) Cooperative Codingin this type of coding scheme, we assume that, at each timietsl receiving relay
decodes not only the new transmitted message from the sdurcalso the previous message transmitted from the
transmitting relay (See Figs. 2 and 4). Our proposed codihgrae is based on binning, superposition coding, and
Block Markov Encoding. The source senBsmessages"), w® ... w®) in B + 2 time slots.

Generally, this scheme can be described as follows (See #@sd 5). In time slob, the relay(b+ 1) mod 21

decodes the transmitted messagé® andw(®—1) from the source and the other relay, respectively. In tino¢ sl

DRAFT



Block 1 Block 2 Block 3 Block 4

Source x4V (wM|1,1) x{? (w@)w® 1) x (w®|w®, s) x$2 (w® [w®), $9)
Relay 1 x? (w]1), u? (1) x4 (w®7), uf? ()
Relay 2| x3”(1[1), w3’ (1) ) (ws4), ug (517)

Fig. 5. Decode-and-forward for successive relaying protocol.

b+ 1, it broadcastsy® and the bin index ofo(*—1), sEZ;g mod 241+ 10 the destination using the binning function

defined next.

Definition (The Binning Function)the binning functiony > M92H0) (4, (6=2)) . j7 — (1 2, ... gnR@TD ™20y
((b+1) mod2+1) . . b d _ b— b d
— {1,2,...,2"5: }is defined by i MY (w®=2) = s{TH L where fiip Y ™9 ()
assigns a randomly uniform distributed integer betweend Zfisin independently to each member of
w.

As indicated in Fig. 5, in the first time slot, the source traits the codewordél)(w(”u, 1) to the first relay,
while the second relay transmits a doubly indexed codewé]r)c(ul) and the codewordél)(l) to the first relay
and to the destination. In the second time slot, the sousrestnits the codewond!” (w®|w™) 1) to the second
relay, and having decoded the messag®, the first relay broadcasts the codewox@@ (wM|1) and u§2>(1) to
the second relay and to the destination. It should be noteidtiie destination cannot decode the message at
the end of this time slot; however, the second relay decad®sandw(® messages. Using the binning function, it
finds the bin index ofo) according tos{" = £ (w(®). In the third time slot, the source transmits the codeword
P (w® |w® s{) to the first relay, and the second relay broadcasts the cadewid’ (w® [s!") andul" (s\")
to the first relay and to the destination.

Two types of decoding can be used at the destination: sueeadscoding and backward decoding. Successive
decoding at the destination can be described as followhé\ehd of théth time slot, the destination cannot decode

the message(*—1); however, having decoded the bin mdé%jrfg mod 241

(b=2)
(b+1) mod 2+1

the other hand, backward decoding can be explained as flldaving received the sequence of tBe- 2'th time

from the received vector of thigh time

slot, it can decode the messagé—?) from s and the received vector of tHé — 1)th time slot. On

slot, the final destination starts decoding the intendedsages. In the time slaB + 2, one of the relays transmits
the dummy messagél” along with the bin index of the messagé?) to the destination. Having received this bin
index, the destination decodes it, and then backwardly deEsmessages®, b= B, B —1,--- ,1 and their bin

indices. The following Theorem gives the achievable ratéhefproposed scheme.

Theorem 2 For the half-duplex parallel relay channel, assuming s@soee relaying, the BME scheme achieves
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10

the ratesCyy; . and Cigp,  using successive and backward decoding, respectively:

low (1) (2) < :
Ceme.,..= RV +R 0<t1,$iﬁt2:1mm(
min (07 (X§05 vV | X0, 0) ad (x5 1 0P) +an (U5 v0))+
min (67 (X553 | 050 + 1 (U3 v?) el (X578 | X, 01)),

al (X0, x5 o) e (P, x Py o). (15)
with probabilities
p(ag” o us) = p(us)p(as [us)p( 28", ul),

Pl ot i) = plud® plat? [t ol |21, ui?)

IO axl I I

plas? u) = pud)p(asd [us?),

p(a?, ul?) = p(uP)p(a?[ul?).

Clé)}&Eback: RM 4+ R®@ <

max  min (t7 (X", x{V5v{V) l (X0, X7 v,
0<t1,ta,t1+ta=1

(X0 X0t (357 X0,
t1 (X2<1>; Y3(1)) ttol (X1<2); }/3(2))) . (16)
with probabilities
paf”, @) = p (g |2y,
p(ag”, 2l = pat?)p(ag? o).

Proof: See Appendix B. [ |
Now, the following set of propositions and corollaries istigate the Non-Cooperative and Cooperative schemes

and compare them with each other.

Proposition 1 The BME with backward decoding achieves a better rate thanotie with successive decoding,

e, Oy >Clugp .
Proof: For the first term of minimization (15), we have
min (tll (X(”; Y| x$Y, U2<1>) ol (XP; Y | U1(2)) il (UQ“); Y?f”))Jr
min (61 (X555 | 050) 4+ (U3 vP) el (X575 | X 01)) <
min (1 (X5 | X0, 00) + a1 (x5 | X2, 0?)),
(x:

anl (X8, 08 v0) + el (X207 v7)). (17)
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11

Let us focus ort; I (Xél);Yl(l) | X2(1), U2(1>) +tol (Xé2);y2(2) | X1(2)7 U1(2))3
I (Xé”;yf” |X2<1>,U2<1>) ol (X52>;Y2<2> | X1<2>’U1<2>) (@)

nH (V1 x0,00) —tH (v x0, x(0) +

®)
1 H (Y2<2> | X1<2>’U1<2>) _tzH( Y@ | x®, X{2>) 2

ot (v | xXE) — e (V0 x X80 +

tH (V2| XP) -t (v | (), x(P) ©

nl (X0 | xE) (X7 X)) (18)
(a) and (c) follow from the definition of mutual information, the factathUz(l) — (Xél),Xz(l)) — Yl(l) and
U(2) ( x? X(2)) Y(Q) form Markov chain, andb) follows from the fact that conditioning reduces
entropy. Inequality(b) becomes equality if(z§", x5, us") = p(us”)p(a$) (" 25") andp(al?, 2, uf?) =
p)p@P)p?124?) . Using the similar argument fa 7 (Xél),Uz(l);Yg(l)) + ol (Xl(z),Ul(z);}g( )),
g (X7, x5y oY), andat (X6, X2 v | U12) in (15) and (17), and the faét{” — X[ —
Y(l), U(2) — X(2) — Y- (2), U(l) — ( XM X(l)) — Yl(l), U1(2) — (Xé2),X1(2)) — Y2(2) form Markov

chain, and Appendix B, along with compariagsy; ~— andC%}  in Theorem 2, we have'y, > Cigy

succ

From Theorem 2, we have the following corollary for the Gaussase.

corollary 2 For the half-duplex Gaussian parallel relay channel, asmgsuccessive relaying protocol with power

constraint at the source and each relay, BME achieves tHewolg rates

low o . low low
C¥yip.... = max min(CEye +CEig,,

3y PSY + h3,05 Py + 2ho1hisy) @62 P Py

3 )
1 i

h(2)2P(§2) + h3,61 Py + 2hoghioy/ a2bh Py PP (19)

ta

h2, PV + 12, Py + 2hg1haay/ B PV Py

tq

2o PSY + B3, P1 + 2hoshizy/ B2 PV Py

to

1 2
t,1C (7}%16133( )> + toC <7h%2ﬁ2P0( )>

toC

Cg’}(}Eback = max min | t,C

to

tl t2
h3,Ps hi,Py
e (2= ) +tC (22— ). (20)
t1 to
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subject to:

h2, 0, PV 2.0, P h2.0, P
Clo’w _ tC 01%14 o tC 23Y21472 toC' 13V1471 21
BME, = Min ( 1 (7}51 st 7@392]324_“ +t2 % ) (21)
h2, 00 P? h2.0, P, h2.05 P
clow = t,C [ 22220 ) O | B )+ 0 -2 22
BME, = Min < 2 < t 12 h%36‘1P1 e + 11 " ) (22)

P+ P? = P

ti+to=1,
0<ag,ar <1,

OSBDBQS 17

0<6,,0, <1

wheref, =1—6,, a; =1 —«;, and3; =1 — 3; fori =1, 2.

Proof: Let VY ~ N(0,01 PV), V® ~ N(0,02P?), VIV ~ N(0,05P,), VP ~ N(0,0,P)), U ~
N (0,605 P) and U1(2) ~ N(0, 91P1) which are independent of each other.
_ 5(2)

Letting X" = V" +,/a1P v xP = v® 4 /%sz)’)@m v 4 U, x® — @ 4 p®
and using the result in the expression for the achievabéeahtained in Theorem 1, we obtairsy;,  for the
Gaussian case, as given in [32] and (19), (21), and (22)eotisply.

For backward decoding, Iet/o(l) ~ N(O,ﬁlPél)),VO(Q) ~ J\/(O,BQPO(Q)), X2(1) ~ N(0,P), and X1(2)

3, pv)
N (0, P1), which are independent of each other. By settiﬁél) = Vo(l) + \/%Xz(l), XéQ) = VO(Q) +

(2)
52P X(Q) and using the result in the expression for the achievabke ehtained in Theorem 1, we obtain

c};mm for the Gaussian case, as given in (20). [ |

Proposition 2 In symmetric scenarios, whefg; = hga, h1s = hos, and P = P,, Non-Cooperative DPC scheme

outperforms Cooperative BME scheme, (&}, < Cl98..

Proof: Due to the symmetric assumption, we haye= t5 = % Pél) = PO(Q) = %, andg, = Gy = % Hence,

from (20), we have

Civ g, <min (c (@) C (2n3 3P1)) (23)

And alsoC!$% in (12) becomes
Ci9%. = min (c (h1 Po) 1O(h01P0) + C(2h23P1) c(2h§3P1)). (24)
Comparing (23) and (24), we havésy; , < Ci. [

According to the discussion in Appendix BBlz)n =0or r(2)n = 0. In other words, in the Cooperative BME

scheme based on backward decoding, at most one relay issaegée use binning function for the message it
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receives from another, and the other relay is not necessatpdperate with this relay. Therefore, we propose a
composite BME-DPC scheme. In this scheme, one of the relegsdis the other relay’s message. Having decoded
that, it then uses the binning function to cooperate with alteer relay. On the other hand, using the Gelfand-
Pinsker’s result the source cancels the interference duméorelay on the other. Hence, we have the following

Theorem.

Theorem 3 The composite BME-DPC scheme, achieves the following rate:

low . 1) 1), 1) 1). 1 1
Ctin ppo =, max _ min (0 (X3 x57v ) nr (357 | x50 +

to (1 (U5 vs®) = 1 (08 xP) ) ot (x50 + a1 (X572

t (1 (VP 2) =1 (0P xP)) + a1 (xP7,2)). (25)

Proof: Assumingrgi)n = 0, and using Theorem 1 and Theorem 2 along with a similar argtieein Appendix

B, Theorem 3 is immediate. [ |

corollary 3 For the Gaussian case, the composite BME-DPC scheme ashibeefollowing rateC% ., pc-
Furthermore, Ci$, 5 _ppe > CBiyp,. .- In other words, the composite BME-DPC scheme always aesiav

better rate than the BME scheme for the Gaussian scenario.

CEiie—ppc =RY + R? <

h2, PV 4 12, Py + 2hgy o/ a P Py

maxmin | t1C

ty
1 2
Ne: <7hglapo( )> T+ 1,C <L?PO( )> ,
t to
h2. P, h2.P, h2, P h2.P
th( 23 2>+t20< 13 1),t20< 02+ 0 +t20( 13 l) ) (26)
t1 2 2 ta

subject to:
PV + PP = R,
ti+t2 =1,
0< ty,ty, PV, PP,
0<a<l.

wherea =1 — o

Proof: As in Theorem 3, we assume thaf;) = 0. Now, we show that every rate pailR"), R®)
satisfying (101)-(107) satisfy (26). After specializing0()-(107) for the Gaussian case and comparing with (26),

one observes that the second term in minimization (101) do¢seXist. Substitutinqgi)n = 0 in (102)-(107),
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hot ANVOES
Source ) Destination
ho2 7 s
Relay 2
B B——
l3 ly

Fig. 6. Simultaneous relaying protocol for two relays.

one can obtain the other three corresponding terms. Conp#tiose terms with (26), it can be readily seen that

low low
CBME—DPC = CBMEback' "

Remark 1 Assuminqgi)n =0, as in Theorem 3 and corollary 3, the destination jointly alées the current message
and the bin index of the next message at the end of even tiseasld then it can decode the next message at the

end of odd time slots. Therefore, using backward decodimpisecessary in the BME-DPC scheme.

B. Simultaneous Relaying Protocol

Figure 6 shows simultaneous relaying protocol. In simdtars relaying, in one time slot of duratiagp the
source transmits its signal simultaneously to the two ielaéy the next time slot of duration, two relays transmit
their signal coherently to the destination. Hence, in thigtqeol, ¢; = to = 0 and our system model follows from
(6) and (7).

1) Dynamic Decode-and-Forward (DDF)in DDF scheme each relay decodes the transmitted message fro
the source in time slot; (Broadcast (BC) State), and forwards its re-encoded vensidime slott, (Multiple
Access (MAC) State). The following Theorem gives the achide rate of the DDF scheme for the general discrete

memoryless channels.

Theorem 4 For the half-duplex parallel relay channel, assuming sitanéous relaying and the fact that what the

second relay receives is a degraded version of what the éfay receives, the following rat€s% .. is achievable:

CBbr =,., max R+ R (27)
subject to:

Ry < min (X751, | US), 0 (x50 | X4Y)) (28)

R. < ts1(U5"; v,7), (29)

Ry + R < t,1(XM, x{V, v®), (30)
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with probabilities:

3 3 3 3 3
pus?, a§)) = pu (i 1us?),

plat,28Y) = pat)p(as? ).

Proof: The achievable rate of DDF is equal €55, = R, + R., where ®,, R.) should be both in the
capacity region of BC (corresponding to the BC state) and M&@responding to the MAC state). Applying the
superposition coding of the degraded BC [12] the followiates are achievable for the first hop:

R, < t31(X5": ¥, | Ug"),
R, < ts1(U57;VyY). (31)
with probabilityp(u(()3),xé3 )= p(ué3))p(:cé3)|u63)).
And using the superposition coding of the extended MAC (2£8, [26]) the following rates are achievable for
the second hop:
Ry < taI(X (V3" | X5V),
Ry + Re < taI(X], x5 v, (32)
with probability p(z{*, 2{") = p(2'?)p(2? 2. n
In the Gaussian case (assumihg > hgz2), the source splits its total available powEs to Pé?p) and Péi)
associated with théPrivate” and the“Common” messages, respectively. Lettin’gé3) ~ N (0, Py), 53) ~

N (O,PO(,?’C)), andX1(4) ~ N (0, P1), assuming that relay 1 and relay 2 transmit their codewosdsaated with

C

the common message with’ (O,Pl(fl)) and A\ (0, P»), and using (31) and (32) we have the following corollary.
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corollary 4 For the half-duplex Gaussian parallel relay channel, asggrsimultaneous relaying protocol with

power constraints at the source and at each relay, DDF aaseahe following rate

Cl% . =R, + R, (33)

h2, P n2. p®
subject to: R, < min <t3c <_01t 0,p ,C 13t 1p ’
3 4

h2 P(S)
R. < t3C 027070(3) :
t3 +hgaFop
2
h%3pl(2 + <h13 Pl(.i) + h23\/P2>
R, +R. < t,C : ,
4

P 4 Po(i;) = Py, rPW 4 Pl(jlc) =P, t3+t4 =1,

0,p 1Lp

0<ty, ta, Py, B2, PO, P

Interestingly, successive decoding at the destinatiors cm¢ degrade the performance of DDF scheme in the

Gaussian scenario as shown in the following Proposition.

Proposition 3 The rate of DDF scheme is achievable by successive decoflthg common and private messages

at the destination.

Proof: Consider the sum rate for both the common message and tteepmessage for the extended multiple

access channel from relays to the destination,

h? P(4) + (his P(40) + h23\/1t_)2)2
R, + R. < t,C | — 2 - L . (34)
4

It can be readily verified that subject to the constral?ﬁf + Pl(flc) = P, the right-hand side of (34) is a decreasing
function ofPl(flp) or equivalently an increasing function ﬁff‘c). Now, let us equatd?, in (34) with the private rate

Rp of another MAC which is achieved by successive decoding ofmmon and private messages. Therefore, we

., L2 P(4) h2 P(4)
By = f —t,0 (T <o), @)

have

According to (35), we have (See Fig. 7)

Y < P —
R,+R. < R,+R.,
R. < R..

Hence,(R,, R.) lies in the corner point of the extended MAC with parame(ét ,4p), Pl(flc)), i.e. successive decoding

of common and private messages achieves the DF rate. |
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Fig. 7. The order of decodingCommon” and“Private” messages.

> Common Rate

C. Simultaneous-Successive Relaying Protocol based dy paper coding (SSRD)

Relay 1 Relay 1
R1 RB
Source Destination Source Destination
RQ R4
Relay 2 Relay 2
a) Time slot 1 with duration #; b) Time slot 2 with duration ¢,
Relay 1 Relay 1
(R, Rs) (Rr, Ry)
Source @ Destination Source @ Destination
R (Rs, Ry)
Relay 2 Relay 2
¢) Time slot 3 with duration t3 d) Time slot 4 with duration ¢4

Fig. 8. SSRD Scheme for the Half-Duplex Parallel Relay Channel.

17

In this section, we propose an achievable rate for the hgifek parallel relay channel. Our achievable scheme
is based on the combination of the successive relaying pobtmased on DPC scheme and simultaneous relaying

protocol based on DDF (SSRD scheme). Hence, we have theviotioTheorem.

Theorem 5 Considering Fig. 8, for the half-duplex parallel relay chei, SSRD scheme achieves the following
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l .
rate C¢¢sp:

Cloty =min (Ry + Ry + Rs + Re, Ry + Rs + Ry + R + Ro), (36)
subject to:
Ry9 < R¢,R1+ Rs < Rs3+ Ry, Ry < Ry + Rs. (37)

Proof: SSRD scheme is illustrated in Fig. 8. As indicated in the fgaransmission is performed in 4 time
slots. Relay 1 transmits its private message which waswveden time slotst; and¢s (corresponding to rateR,
and R5) in time slotst, andt, (corresponding to rateB; and R;). On the other hand, relay 2 transmits its private
message which has been received in time slqcorresponding to rat&,) in time slotst; andt, (corresponding
to ratesR, and Rg). Furthermore, the two relays send the common message #veydiready received in time slot
ts (corresponding to rat&g) coherently in time slot, (corresponding to rat®&g). As observed, here we consider
the private rate for both relays in the MAC state, i.e. tinwt &|. This is due to the reason that relay 2 also receives

the private message in time slgt Hence, from the above description and Fig. 8, we have

C¥4sp =min (Ry + Ry + R5 + Re, Ro + R3 + Ry + Rs + Ry), (38)
subject to:

Ry < Rg, Ry + Rs < R3 + Ry, Ry < Ry + Rg. (39)

[ |

Using corollaries 1, 4, and Proposition 3, for the Gaussiseave have
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h2 P(l) h2 P(2) h2 P(3) h2 P(3c)
CfgoijD =min | ,C | 20| 4,0 | 2920 +t3C 2017 0p +t5C 02707(3) 7
t1 to t3 ts + thPO,p

h2 P(l) h2 P(2)
t.C (2372 +t,C 871 )
t Lo

2
hisy/ PLY + hazy/ Py Y
p2. P 4 p2. pW < 13/ 471 ,¢ 231/ L2 ¢
t4C< 134 1,p 23% 2,p +t4C

: (40)
ta ta+ h3; P + h3, P
subject to:
2
(h13 P1(,4c) + has P;j?) h2, P
taC > 50 12 o C’( 27c@>>’
ty + h’lSPLp + h23P27p ts + h02P07p

h2 P(l) h2 P(3) h2 P(2) h2 P(4)
0O 20 ) g0 | 02 ) <0 [ | ppy0 | 22
t1 t3 122 21
h2 P(2) h2 P(l) h2 P(4)
toC (0270 < #HC 72372 +t4C 7237 2p ’
to i1 ty

PO+ PP+ PP + PP = p,

1)

P® + PY 4 P = P,

PV + P + PY) = P,
bttty ta=1,

PW, p®

2,p>

Ogtla t?a t3a t47 P0(1)7 P0(2)7 P(g) Po(,gc)a P1(2)7 P(4) P(4)

(4)
0,p>? 1,p> l,c» P2,c‘

According to corollary 3, another combined simultaneoussessive relaying protocol based on BME is not
necessary. However, a “Simultaneous-Successive Relgyitpcol based on BME-DPC”, can be easily derived.
Assuming the first relay decodes the second one’s messagegcttievable rate of this new scheme would be the
same asC¥%,,. However, since the messages for the second relay are comioim the expression of the

achievable rate is zero. Furthermore, the following caists instead of (39) should be satisfied:

mgm+mﬁm+&g&ﬁ3%&+&gh4m%£%ﬁﬂ. (41)

IV. OPTIMALITY RESULTS

In this section, an upper bound for the half-duplex para#édy channel is derived and investigated. The authors
in [27] proposed some upper bounds on the achievable ratgefoeral half-duplex multi-terminal networks. Here,
we explain their results briefly and apply them to our halpléux parallel relay network.

Authors in [27] define the concept statefor a half-duplex network witiN nodes. The state of the network is

avalid partitioning of its nodes into two sets of the “sendedes” and the “receiver nodes” such that there is no
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active link that arrives at a sender nodand+,, is the portion of the time that network is used in statevhere
me {1,2,...,M}. The following Theorem for the upper bound of the informatftow from the subsef; to the

subsetS, of the nodes, wher&; and .S, are disjoint is proved in [27].

Theorem 6 For a general half-duplex network wittv' nodes and a finite number of statek], the maximum

achievable information rate$ R/} from a node sef5; to a disjoint node sebs, S1,S5, € {0,1,...,N — 1}, is
bounded by
.. M ~
Z R < sup min Z td (Xém);YSFm) | ng)). (42)
i€81,jES2 p(ad™ 2™ e T ) Sl
for some joint probability distributiorp(:z:(()m),:zzgm), e ,ng,"_)l) when the minimization is over all the sefsC

{0,1,...,N — 1} subject toS(S; = S1, S[)S2 = 0 and the supremum is over all the non-negatiyesubject

to Zﬁl tm = 1. Here,:c(sm), y(sm), and :v(ST) denote the signals transmitted and received by nodes it$ sahd

transmitted by nodes in sét°, during statem, respectively.
From Theorem 6, the maximum achievable rat€¢™ is upper bounded as
clow < e & min (i1 (x5 | X)) il (X8 | X)) i1 (X7 v)

2 (X, X5y V) il (x5 v) 4+ dar (x5 | X0,

B (X6, X0 i) e dsr (X)) i (x5 X (YY)

n (X)) 4 i (X2 v) +ian (x{V, x5 v 0) (43)
subject to

t1+to 415+t =1.

By settingis = ¢, = 0 in (43), we obtain an upper bound on the successive relayiotpgol which we call it

successive cut-set boumd the sequel.

Theorem 7 In a degraded half-duplex parallel relay channel where tlestthation receives a degraded version of
the received signals at relays, i.&" — v — vV and x® — v* — v*), BME based on backward

decoding achieves the successive cut-set bound.

Proof: Settingis =, = 0 in (43) and comparing the result with (16) the Theorem is ptbv [ |

In high SNR scenarios, we have the following Theorem.

Theorem 8 In high SNR scenarios, assuming non-zero source-relay elag-destination links, when power avail-
able for the source and each relay tends to infinity, timessigtand ¢, in (43) tend to zero a®) (log;Po)'

Furthermore, the upper bound on the capacity of the halfleduparallel relay channel in high SNR scenarios is

U ow 1
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In other words, DPC achieves the capacity of a half-duplex$a@n parallel relay channel as SNR goes to infinity.

Proof: Throughout the proof, we assume the power of the relays goa¥inhity as Py = v1 Py, Po = 2P

wheren;, 7, are constants independent of the SNR. Substitulijy ~ A0, 2{M), X ~ N0, P{?), X{¥ ~

N, B, X ~ N0, PP), XD ~ N0, M), X ~ N0, PY), and XIY ~ N (0, P{Y) in (43), and

assuming complete cooperation between the transmittidg@reiving nodes for each cut in (43), we have

) B2 If)(l) R B2 P(Q) . h2 h2 If)(3)
CYP <min <t10 <°1t7° + 1,0 ()21570 + 150 % ,
1 2 3

~(2 ~(2 5 (2) H(2) ~(2) A(2
e, h%2}%§) Jr_(h'%2‘+ h%3)f¥ )<+ 2hoshi2\/ Py~ Py n hg2h%3f% )fﬁ : n
2 7 B 7 )
tQ t2 t2 t2
2 pB3) 2 pd)
t5C hOQAPO +1,C % )
t3 ty
~(1 ~(1 /(1) p(1) A (1) A(1
iC hglpo( : i (hiy + h%s)Pz( ) i 2hothioy/ Py Py i h31h§3p(§ )Pz( :
0 3 i 7
. L2 H(3) R L2 p(4)
t30 [ 220 ) +i,0 [ 22,
t3 t4
R h2 p(l) R h2 p(2)
Ho | 22— | +6h0 [ LB )+
tq to
o3P+ n3 P+ 2hishos ) PV PYY
e 1317 2872 T 13M23\/ I "1y . (44)
2
subject to:

B 4+ B + B = P,

P4 PV = P,

%D+%®:%7

ti+ta+is+1=1,

0<1iy, fy, fs, 4. po(l)’ po(2)’ po(3)7 p1(2)7 p1(4)7 P§1)7 p2(4)'

Furthermore, from corollary 1, the achievable rate of theCO¥¢heme can be expressed as

12 P(l) B2 P(Q)
Cl9% —min<t10 <Oltilo +tC 01720 ,

n2, P h2.P,
t,C <70t 0| +,C (—1;’ 1) ,

2 2

2 p(l) 2
e (u) e (u) |
t t1

h2. P h2. P
HC (—2;” 2> +4,C <—1t3 1)) . (45)

1 2
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By setting P\") = B{”) = £ andt, = t, = 0.5 in (45), expression (45) can be simplified as
1
Cclw . > S P +e. (46)

wherec is some constant which depends on channel coefficients. Kigothat the term corresponding to each
cut-set in (44) for the optimum values of, - - - ,#, is indeed an upper-bound fars., and by settingf?o(l) =
PO(Q) = PO(?’) = P, in (44), we have the following inequality between (46) and finst cut of (44).
1 b (WP | b (B3P | h2, + h2,) P
—lnPo+c§—11n< 0 0) +_21n( 02 0) Ly (M) N
2 2 i1 2 ts 2 fs
t2 2 72
21 + 22 + 2 2 2
2hi Po - 2hg,Po - 2(hi, + hia) Po

14 i t t
= %mpojt Ellnh?)l + glnhgﬁ 531n (h3, + h3y)

511 f £21 £ 531 i+ It + 3 + fg (47)
——Int; ——Inta——1n .
DI R 2h3, Py 2h3y Py 2(h3, + hdy) Po

Note that in deriving (46) and (47), the following inequglis applied to lower/upper-bound the corresponding
terms:
1
In(z) <In(l+2) <In(z) + —,Va > 0. (48)
X

Consequently, we have

< (2¢+t1 In kg, +t2Inhfy + t31n (hg, + hYy) — t1Inty — f2Inty — £51nts)
n Py

1 ( 2 N t2 N 2 )
In P() h%l P() h%QPO (h’gl + h%Q) P() ’
Hence, we can bound the optimum valuetgfin (44) as

R 1
< < .
0<f <O (1ogp0) (49)

Similarly, by considering the fourth cut in (44), we can geranother bound on the optimum valuefgfas follows:

. 1
< 3 < . 50
0= 3_O<1ogP0) (50)

Applying the inequality between (46) and the term corresiiog to the second cut in (44), knowing (from (49)

and (50)) the fact thats < TP andi, < Ty (wherecs andcy are constants), and using inequalities (48), and

In(1+2x) <z, Vx>0, (51)
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we obtain
1
3 InPy+c<
£_21n h(2J2h%3’71P02 1+ 52 £2 (h%Q + h%s) i 52h12 i
2 t3 Y1h24 Py h2,h2, Py h2,hoa~/71 Po

5—31n (h?npo) n f_41n (h%ﬂlpo) n

1?3
f ‘ +
2 (f2h2, Py + t21 (A3, + hig) Po + 26shozhazy/A1Po + h23h3s11 PR)
t2 £2
3 + 4
2hgoPo - 2N R
<fylnPy+ t In <h32h?3%> t3 t2 (h2, + hiy) 2h1s
< 12 27v1h33 Py 2h2,h3, Py 2h23hoz/71 Po
—63 2 C4 ~ Cq
In 1 S Y k2 — =2 i 4
2P, % 2In P0n3+ +21P nyihfy = g Inda + 5+
t3
2 (£2h2, Py + toy1 (h3y + h25) Po + 2tahoshia /A1 Po + h3,h2 3 Pe )
3 3

+
2h(2)2P0 2’71h%3P0

Therefore, we have

1 -
§IHP()+CS tglnP()—Fé

Hence,
1 C2 ~
_— < ts. 52
2 logPy — 2 (52)
Similarly, from the third cut of (44), fot; we have
1 C1 ~
2 log PO (53)

From (52) and (53), and also the fact that+ ¢, + 5 + £, = 1, we obtain

1 Co

N 1
- — <ty < = 54
2 logPy — 2= 2+1ogP0 (54)
1 C1 ~ 1 C2
- — <t; < - . 55
2 logPy = T 2 * log Py (55)

Hence, from (49), (50), (54), and (55) & — oo, t3, t4 — 0 andt;, i, — 0.5. This proves the first part of the

Theorem.
Moreover, knowing that each term corresponding to the faus @ (44) is greater thaf.5In(FP) + ¢ and as

t1,t, are strictly above zero (approachifig), we can easily conclude that

PN PP PP PY Lo (py). (56)
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Now, we prove that the DPC scheme with the parametters #, + f3is, ¢, — f, 4 ftia pl — P ang

pr? = pP® wheret;, - -
the capacity with a gap no more théh(
more thanO (

have

4, Po(l) P(Q) are the parameters corresponding to the maximum value df¢dhieves

). To prove this, we show that each of the four terms in (45) is no

) below the corresponding term (from the same cut) in (44).H@asthis, for the first cut we

h P(l) . B2 p(2) . h h P(3) h P(l) 12 P(Q) @
tlc — | +tC 20270 +13C M e 010 —t,C 02470 <
tl to t3 tq to
By (BB b, (BB g o (BB B0 (G iy (18R
2 fl 2 £2 £3 2 4 t

2 ®

fg £3 + £4 h32p(§2)
— | = 1
(2 Ty ) n( n )7

Po(l)P(EQ)

2h2, PV

~ A 1 ~ A 2 ~
Oy (B07) By, (1607 6
2 tl 2 t2
g 5(2)
By l341iy h2, P\
(2 1 0
(2 Ty ) n( no )7

t3 Py tA4 5(1) 5(2) 1 (d) 1
“In|————| —-——In(FP"'P, < . 57
"\ T 1 w(BVEY) 0 oep ) ~ O\ gy ®7)

—— <
212, P?

7 n n A (1
. <(hg{+ h§2)PO) B <t_1 L +t4) W (BB
t3 + 1 2 4 t

()
1 <
loghPy ) ™

Here, (a) follows from (48) noting the functiod, In(Py — 2 — y) + t2In(y) + ts1n (i3 + (h3;, + hd,) z) takes its

maximum value atr < T +t

P PP~ om).

P, and hence substltut|n§’(3)

result in (b) , (c) follows from i3,i, ~ O (mgpo) and In (H)

i - L B(1) B2
7 Po and finally noting P{", P{* ~ e(py)

~ O (log;Po), and finally (d) follows from
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Next, we bound the difference between the terms in the fotuthof (44) and the fourth term i’ .

R h P(l) R B2 p(2) . h2 (4) + h2 ( )+ 2h1=h P(4)P(4)
he | 22— | +hC | =2 | +1C PVl T2
tl tQ t4

h2,P. h2, P\ (@
e () —ne () 5

2

- A(1 - (2 2 p) 2 p4) H(4) p(4)
%ln <h§3P2()>+t_21n<h§3APl()>+£40 higPr” +has Py 4 2highas\/ Py Py

ty 2 2 by

fo 1 (b)
<><><> (“H)w(i) :
i h3,P: . h? P
D (=222 ) 4 2y (231 +t41n his
2 3
t1 ds 41y h23P2 to  dg 414 h23P1
1 - 1
<2+ 1 >n< t oo )i\, ) e PO
i 2 h P h P i 1\ @
“1n — =22 ——31n(P1P2)+O< )5
2 \/(fl + £4)(£2 + 54) hgg(tg =+ t4) P2 (tl + t4)h13 Pl 4 10gP0

0 <log1P0> . (58)

Here, (a) follows from (48) and noting??, P{") ~ ©(P), noting the function’; IH(PQ —y) +laIn(Py — z) +

tyIn (t4 + (h1sv/@ + has\/¥) ) takes its maximum value at < H P,

P = ﬁfT4£2P1 and P{V = - +t —t_p, result in (b), (¢) follows from is,i, ~ O(logp) andfy,i, ~ 0.5+

O (log;Po), and finally (d) follows from the facts that% ~ O(1), t1 +ta,ta + 14 ~ O(1), andty ~ O(log )

Next, we bound the difference between the terms in the secandf (44) and the second term (@if5%,

~(2 2 / H(2) p(2) ~(2) (2 ~(3
iC h(2)2:PO( : (h3y + n} )P( : n 2hozhaz APO By n h%zh%?,ié )Pl( : 1 i5C (h(2)2AP0( )>

P, and hence substituting

y—t+t

b ta ta 5 t3
2 pd) (2) ()
o (BT (), ( gpl) :
tq to
n 2 2 3 4 2 ~ > 2
t_21 M 41,0 h02 p® h%gpl() B t_2+t3+t4 In w 40 1 (2)
2 t2 2 1 t% PO
tAQ In h%Qh%SP(Q)Pl t3 1 ( h’OQPO ) < I’L13P1 >
—ln | 20— | + Do
2 t 2 t3 + t2 t4 + tQ
fy | t3+ts hggﬁ’é2) h13p1 1\ (©
— | = 2 ) _ 13\ 2
< 2 * 4 > " < to +0 Py )~
i3 I t4 Py 1 (d) 1
T\ pop ) T © <o 59
T (Pé2)P1 - i PéQ) - logPy) ™~ log P, (59)

Here, () follows from (48), the fact tha?\®) = P*) ~ © (P,) and upper-bounding® < p,, P < P,
noting the facts thaPO(Q) + 15(53) < Py and 151(2) + ]51(4) = P, the functionsis In(Py — x) + 3 In ({3 + h3,z) and
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to In( Py — )+t4 In (4 + hizy) are maximized at < - tjt Pyandy < 5 t;:t Py, hence, substituting®) = - t_ﬁfg Py
andP = i

~ta_ Py upper-bounds the expression which resultéin (c) follows fromis, £, ~ O ( by ~
0.54+0 (1 o7 ) and finally (d) follows from the fact thatP02), P, ~ © (PRy) and alsots, 4 ~ O (log PO)

log Py

Noting that the second and the third cuts are the same, and ti® same argument as in (59), we can bound

the difference between the terms in the third cut of (44) dmdthird term inCS%.. as

~(1 A1 H(1) (1) 1
i hgyfﬁ (2, + h2 )})<>_+ 2horhiz\/ Py Py L hguh3 LB Py

ty ty ty 2
K2 p (3) h2 If)(4) B2 P(l) h2. P 1
tﬁ7i&—— +i0 | B2 | o | 0 —mccﬁi>go( ). (60)
t3 (2} 31 1 log Py
Observing (57), (58), (59) and (60), completes the proohef Theorem. [ |

Theorem 9 In low SNR scenarios, assumiy = v1 Py, P> = 2Py with 71, 72 constants independent of the SNR,
when the power available for the source and each relay tead®to and(h13,/71 + h23,/72)2 < min (h3;, h3,),
the ratio of the achievable rate of the simultaneous relgypnotocol based on DDF to cut-set upper bound goes

to 1. In this scenariads = t4 = % and no private messages should be transmitted.

Proof: By the same argument as in Theorem 8 and considering onlyotiéhfcut, we obtain another upper

bound on the capacity. By the following inequality
In(1+2) <. (61)

we can bound the upper bound on the capacity as

2
" hisy/AT + hasvAz)” Po
o < L 22 L (62)

Now, assumingt; = to = 0,t3 = t4 = % and transmitting just the common message, we can achieve th

i l .
following rate C'§5 5

CE%F<—1nH1<;Cw2hmfb) C (2 (v + hasy/ ) P )). (63)

According to the Taylor expansion &fi(1 + x) atz = 0, we have
2

x—%gln(l—i—gc), (64)
Hence,
1 (0P hPE (hsyAn+hasy/) Py (husy/Ai +hasy/) P8 _ i
—— min - ; - < Cppr- (65)
n2 9 9 2 2
By (62), (65), and(h13\/71 + has\/75)° < min (h2,, h,), we have
lim CBBE 4 (66)
Py—0 (Cup
[ |
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V. SIMULATION RESULT

In this section, the achievable rate of different proposgtemes, i.e., SSRD, DPC, BME, and BME-DPC are
compared with each other and with the upper bound in difteceannel conditions.

Figure 9 compares the achievable rate of the SSRD schemehaitlof the DPC scheme for successive relaying
and the DDF scheme for simultaneous relaying protocolse Hlee symmetric scenario in which; = P, and
ho1 = ho2 = h12 = h13 = hog = 1 is considered. The upper bound is also included in the figure.

In order to satisfy the condition in Theorem 9, i.€23/77 + h23\/%)2 < min (h3;, h3,), in Figs. 9a and b, we
also assumé, = P, +10(dB) = P> +10(dB) and Py = P, + 5(dB) = P, + 5(dB), respectively. As the Figs. 9a
and b show, SSRD achievable rate almost coincides with tperdpound over all ranges of SNR. As proved in the
previous section, in high SNR scenario, SSRD scheme casaoith DPC and the successive relaying protocol
becomes optimum, while in low SNR scenario it coincides WiBF and the simultaneous relaying protocol is
optimum.

On the other hand, in Figs. 9c and d we assume fthat P, = P> and Py = P, — 5(dB) = P, — 5(dB).

In this situation, the condition in Theorem 9 is no longeiis$isd. Therefore, as these figures show, the ratio of
the achievable rate of the SSRD scheme to the cut-set boien ,105:1313 does not tend to one. Furthermore, the
achievable rates of the SSRD, DPC, and DDF schemes coinditleeach other.

Figure 10 compares the achievable rate of different susmeesshemes with each other and the successive cut-set
bound. It shows as the inter relay channel becomes stroBlyHE, scheme can achieve the successive cut-set bound,
while the achievable rate of the DPC is independent of thahohkl. Furthermore, this figure indicates BME-DPC

gives a better achievable rate with respect to BME with ssgige decoding which was proposed in [32].

VI. CONCLUSION

In this paper, we investigated the problem of cooperatiketegies for a half-duplex parallel relay channel with
two relays. We derived the optimum relay ordering and heheeasymptotic capacity of the half-duplex Gaussian
parallel relay channel in low and high SNR scenarios.

Simultaneousand Successiveelaying protocols, associated with two possible relayedriys were proposed.
For simultaneous relaying, each relay empl®@BF. On the other hand, for successive relaying, we proposed a
Non-Cooperative Codingcheme based on DPC andCaoperative Codinggcheme based on BME. Moreover, a
coding scheme based on the combination of DPC and BME, inhwtiie of the relays uses DPC while the other
one employs BME was proposed. We showed that this compaditense achieves a better rate with respect to
cooperative coding based on BME with backward or succeseeding in the Gaussian case.

We also proposed the SSRD scheme as a combination of thetamaous and successive protocols based on
DPC. In high SNR scenarios, we proved that dlan-Cooperative Codingcheme based obPC asymptotically
achieves the capacity. Hence, in the high SNR scenario dtimom relay ordering iSuccessiveOn the other hand,
in low SNR where(hi3y1 + h2372)2 < min (h%l,h?)z), DDF achieves the capacity. Hence, in low SNR scenario

and under the condition specified above for the channel caeifs, the optimum relay ordering &multaneous
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Fig. 9. Rate versus relay power.
APPENDIXA
Proof of Theorem 1
Codebook Construction:
Let us divide time slot numbds, b = 1,2,---, B+ 1 into odd and even numbers. At odd and even time slots,

source generates™ i x and2" v x sequencesy” (q;) andul” (¢2) according to[ [ p(u)) and[ 2" p(ul’)),

respectively. Then, source throwél) and u((f) sequences uniformly inte" 2" and 2% pins, respectively. Let
us denoteB; (w®) and B2 (w'®)) as the set of sequences at the odd or even time slot that bedotig w®)'th
bin, respectively (for odd time slotg;® < 2R and for the even time slotg,® < 272,

Relay 1 and relay 2 generateR "’ and2"R® i.i.d x{* andx{" sequences according to probabilit|gs” p (:vﬁ))
and[ " p (xgll)) Furthermore, for alf; andgs,, the source generates double indexed codeb;q%ﬁk#w(b) lw®=Y g)

tin

andx|” (w®]w®=V, ¢) according to[ [1"} p(x(') | 2}, ul')) and 12" p(a’) | 21, uf)), respectively.

Encoding:

Encoding at the source:

DRAFT



29

- — — 2 _ .2 _ 2 _ .2 _
P,=P, =P,=10(dB), h2 =h2 =1(dB), h2 = h’ = 10(dB).

3 T T

2.8

N
)

| N INg
o) ) [N i

Rate(bit per dimension)

=
o

=
I
T

—<&— Successive Cut-Set Bound
—&— BME with successive decoding
—&— DPC

—<— BME-DPC
! I I

1
-30 -20 -10 0 10 20 30 40

=
N
o

Fig. 10. Rate versus inter relay gain.

At the odd time slot, the source intends to send the messaffé to the first relay. In order to do that, since
source knows what it has transmitted during the last timetslahe second relay, it chooses a codevw»é;]d (q1)
such thatu'" (¢1) € By (w®) and (uél) (q1) X (w(b—l))) € A™. Such a task can be done almost surely, if
P = RO > 47T (Uél);Xg(l)) (See [12]). Following that it sends,"” (u§", x{M).

At the even time slob, the source sends the messag@ to the second relay in the similar manner. Such a
task can be done almost surelyrif),  — R > t,1 (UéQ);Xl(Q)).

Encoding at relay 1:

At the even time slob, relay 1 encodes/®~) € {1,---, 278"} to x{?) (w(®-D).
Encoding at relay 2:

t the odd time slob, relay 2 encodes)®=V € {1, , 278} to x{! (w®—1).
At the odd lot, relay 2 des®-1 e {1,... 2n& {
Decoding:

Decoding at relay 1:

At the odd time slob, relay 1 declaresi® = w® iff all the sequences'" (¢;) which are jointly typical with
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(1) belong to a unique bi, («*)). Therefore, in order to make the probability of error zeronf [12], we have
PO <t (Ug”; Yf”) . (67)
According to (67) and the encoding condition at source, wesha
RO <t (10§ v - 108" x) ) (68)

Decoding at relay 2:
At the even time slob, relay 2 declares)®) = w(®) iff all the sequences@) (g2) which are jointly typical with

y2 2) belong to a unique biB,(«w(*)). Therefore, in order to make the probability of error zeronf [12], we have
riox <l (U 7). (69)
According to (69) and the encoding condition at source, wesha
R <t (1085 v8) - 10087 X)) (70)

Decoding at the final destination:
At the odd time slot, destination declareg®—1) = w®=1) iff (xgl) (w®=D) ,ygl)) e A Hence, in order

to make the probability of error zero, from [12], we have
RW <n1(x{M;viY). (71)
Similarly, at the even time sldt, we have
R <t 1(x (" v, (72)

From the encoding at the source and (67)-(72), we obtairf1(B)-

APPENDIX B
Proof of Theorem 2
Codebook Construction:
Let us divide the time slotg, b = 1,2,--- , B + 2 into odd and even time slots. The source generates two

codebooksc" (w(b)|w(b—1> s(b’Q)) and x?) (w(b)|w(b—1> s(b’Q)) of size 2"E"” and 2% corresponding to
even and odd time slots, respectively. The first codeboo&ngated according to the probabllmty(0 , X ), ué )) =
Hf”} p(uélf)p( (1)|u2 )p(x (1)|x§12,u§13), and the second codebook is generated according to the hpligba
PO 3™ uy?) =TI plus? o fug?Dp () ).

On the other hand, relay 2 generatéé”sli)n ii.d codewordsugl) and 2" id codewordsxél) according
to the probabilitiesp(ul)) = T/ p(us)) and p(xs” | u$?) = TI1% p(ay) | ub')) at each odd time slot

and relay 1 generate)s’”gi)n ii.d codewordsuf) and 272" ji.d codewordsx1 according to the probabilities

p(u§2)) = H‘f"l p(uﬁ)) andp(x; (2) |u 2)) Hfzﬁ p(:17§22 | uﬁ)) at each even time slot, respectively.
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Encoding:
Encoding at the source:
At the odd time slob, source encodes® ¢ {1,---, 2%} to x{V (w®]w® 1, s>~ and at the even time
0 1
slot b, it encodess® € {1,---, 27} to x'? (w® w®=D, s"?)) and sends them in odd and even time slots,
0 2

respectively.
Encoding at relay 1:
At the even time slob, relay 1 encodes the bin inde&b_” of the message(*~?) it has received from relay 2

in the previous time slot tcmf) sg’”)

. Following that, it encodes)(®~1) which was received from the source
in time slotb — 1 to x{? (w(b—1>|s§b’2)) and sends it.

Encoding at relay 2:

At the odd time slob, relay 2 encodes the bin inde)YJ_z) of the message(*~?) it has received from relay 1
in the previous time slot tcmél) 3§H> . Following that, it encodes(*~1) which was received from the source
in time slotb — 1 to x3") (w(b—1>|s§b’2)) and sends it.

Decoding:

Decoding at relay 1:

Knowing w®~2 and consequently(’~?, at time slotb, relay 1 declaregi®—1 &®) = (w®=D »®) iff

there exits a uniquén®—1) w®) such that
(< (800 0-2) 1) (0-D1s0-2) (62 40 < A,

Hence, in order to make probability of error zero, from thedixled MAC capacity region (See [12], [24], [25],

and [26]), we have

RO <1 (x5 v XV, uf), (73)
RW 4+ R® <, 1(xV, x5 v | o). (74)
Decoding at relay 2:
Knowing w®=2 and consequently{’~?, at time slotb, relay 2 declaregi®—1, ®)) = (w®=D w®) iff

there exits a uniquén®—Y w®) such that
2 ~ ~(b— b—2 2 ~(b— b—2 2 b—2 2 n
(62 (501000 4£=) A (0D P60, ) € AP,

Hence, in order to make the probability of error zero, fromdexled MAC capacity region (See [12], [24], [25],

and [26]), we have
R® < t,1(x? v | x v, (75)
RW + R® < t,1(x, X v | UP?). (76)

Decoding at the final destination:

Decoding at the final destination can be done eithgccessivelpr Backwardlyas follows.
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1) Successive Decoding:

At the end of odd time slok, destination first declares the bin indé%?’Q) = sgb’Q) of the message(*~2) iff
there exists a uniquélb_Q) such that(uél)(égb_z)),ygl)) € A™ . Hence, in order to make the probability of error
zero, from [12] we have

r < U v, (77)

Having decoded the bin ind@%b’m of the message(’~2), destination can resolve its uncertainty about the message
w®=2) and declares)(®~2) = «(*=2) iff there exists a unique(*~2) such that(x§2) (=2 |58y, u§2)(s§b_3)),y§2)) €

AE"). Hence, in order to make the probability of error zero, frdi][we have
RO — ), < taI(X175 v | U). (78)

Using the same argument for the even time slotve have

rih, < tI(U;¥57), (79)
R® — ) < u1(XV5 v | Ug). (80)

From (77), (78), (79), and (80R(") and R are bounded as follows
RO <1 (X7 v | ) + ar (075 (81)
R® <t 1(x$V; v | U) + 6,10 v, (82)
From (73)-(76), (81), and (82), the achievable rate of BMEesge based on successive decoding is equal to

low — p) (2) < .
Cgnp.,.. =R+ RY < ogtl,gzﬁtgzl min ( (83)

min (1,7 (X§05 vV | X000 ad (x5 | UP) + a1 (U v0))+
min (67 (X530 | 080 + a1 (U3 )l (X573 | X, 01)),

nl (X7, x5 o) s (x§, x P (o).

2) Backward Decoding:

Following receiving the sequence corresponding to/Zhe2’th time slot, destination starts decoding the messages
in a backward manner, i.e. from®) back tow(!). At the end of odd time sldi, knowing the value’ ™" from the
received signal in time sldt+ 1, destination declarefi®~1, 3""?) = (w®=1, 5"~ iff there exists a unique
pair (w“’*l), §§b_2)) such thatf) (1) = s~ and (xél) (w“’*l), §§b_2)) Lult (égb_z)) ,ygl)) e A,
Similarly, at the end of even time slét knowing the valuesgb_l) for the received signal in time sldt+ 1,

(b—2

destination declarefiw =1, 5’72 = (w®=1, s~ iff there exists a unique pai(zb(b—”,ééb’m) such that
W (@) = s and (xf) (m<b—1>,§§b*2>) ul? (ég”m) ,yéQ)) e A™. Hence, in order to make the
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probability of error zero, from [12] we have

P < RO, (84)
P2 < R®, (85)
R @ <1 (x{v v, (86)
R® 2 L0y I(X2<1>’U2<1>;Y3<1>)’ (87)
RO ), < (xPv (0P, )
RO — 1 @) < p (Xl(Q)a U1(2);Y3(2)) - (89)

Hence, by employing BME and Backward decoding, the follgviate is achievable subject to (73)-(76) and
(84)-(89) constraints.

cy g, =RY+ RO (90)

Optimum input distributions

Now, we prove there exists input probability distributi((ps:cél), xg1>,u2 ) andp(:c0 ,x§2), 52))) which max-

(2)

imize (90) and have the following property(l) is independent fron(:col), (1)) and ;™ is independent from

(=2, 2$?). To prove this, considep(z{", 2$", i) andp(z(?, 2(?, u{?) along witht,, £, which maximize (90)

subject to the required constraints. Let us defp(mo le),ué ) andp(:c0 ,xf), (2)) as

plas?, 2wy = pus)p(aV, ), (91)
plas?, e u®) = puPpay?, ), (92)

Now, we show thalb(:c0 ,:cé ),ugl)) andp(x, (2) :cg ),uf)) along withty, ¢ achieve at least the same rate as the
optimum one. Let us denote the values of mutual informatioth @ntropy with respect to the input distributions
p,p by I,, H, and I, H;, respectively. The right-hand sides of (86)-(89) with exgptop can be upper-bounded

by the ones corresponding foas follows

tl, (x4 | U(l)) 1, (xV5viV) =ty (X527 (93)
t1, ( x o, v ) D1, (XQ“ v ) e (XQ“ v ) (94)
tal, (X<2> Y | u® ) <tol, (X<2 v ) (X<2 Y, ) (95)
tol, (X7, 07 v?) .1, (X7 = tary (x{57). (96)

where(a) follows from the fact thaU2(1) — X(l) — Y(l) forms a Markov chain an¢b) follows from the fact
thatU(Q) — X(Q) — Y, () forms a Markov chain. Moreover as in dlstrlbutlpnu(l) andu1 are independent
from (x5, 28" and (z{?, (%), it can be easily verified that the right-hand sides of (Z®)(are equal to the

right-hand sides of (86)-(89) with the input distributipnrespectively. Hence, by utilizing instead ofp, the region
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that satisfies (86)-(89) is enlarged. Now, let us considerripht-hand sides of (73)-(76).
ruty (X X 08) (00 | X) = (X0 180) @)

nl, (x§0, X0 o) < g (x§0, X0 00) = a (X80, x50 ) (98)

(
(

2 r, (X2, x®, v V) =ty (X8, X7 7,?) (100)

tol, (X7 | X2, 0 PP | xP) = ol (xP 7P | x(P) (99)

o1, (X@) X®,y® |y

where (a) follows from the fact thaU21) — (Xz(l),Xél)) — Yl(l) form a Markov chain andb) follows from
the fact that/? — (x? x{?) — v{? form a Markov chain. Similarly, we observe that the righttisides
of (97)-(100) represent the right-hand sides of inequeaifi7 3)-(76) with the input distributiof. Hence, the region
of (R, R?)) that satisfies (73)-(76) and (84)-(89) is enlarged by utifizthe input distributiory instead ofp.
This proves the independency of input distributions with' and«(? in the optimum distribution.

Simplifying the achievable rate

As we can assume that the input distributions are of the f&m) &nd (92), the achievable rate can be simplified
as follows.
CBiim,, =AY+ B? <

max  min (t1] (Xé”, xV; Yf”) ol (Xé2), x®; }/2(2))) , (101)

0<ty,ta,t1+t2=1

subject to

P < RO, (102)
P2 < R®), (103)
R < 4,1 (Xél);y'l(l) |X2<1))’ (104)
B < ar (3257 | X, @09
R® — @ M g (X2(1>;Y3(1>) : (106)
RY =) 4B <l (X)), (107)

with input distributions

plas?, ey = (e )p(ad 25)),

p(as?, 2) = p(a)p(ai? ).
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Now, we show that (101)-(107) is equivalent to

Clftip. <, max  min (0 (X7, x50 e (3P, xPvi?)

0<tq,t2,t1+t2=1

al (X0 X0) + (PP xP),
I (Xé”; 1/3(1)) Yol (XfQ); }/3(2))) . (108)

First, it is easy to verify that (101)-(107) imply (108). Npim order to prove that the converse is also true, we
show that for every possible ratesatisfying (108), there exists a quad- tup;élB D, R® rgjn,rggn) such that
RM + R® =, (R(l), R(Q),rggn,rgl)n) satisfies (101)-(107), and moreover at least one of bin iategual to
zero, i.e. rg) =0or rgi)n =0.

Let us defineR(") £ min (r tll( x| X(l))) R® £, _ RM, As r satisfies (108), we conclude
that (R, R®?) satisfies (101), (104), and (105). Furthermore, B$) + R? = r < tI(X(l) (1))
tol (Xl(z);lg(z)), we conclude that eitheR() < 51 (XI(Q);Y?,@)) or R® < ;1 (X(l)-}g(l)) For the sake
of symmetry, let us assume that the first case has occuree®t) < ¢,1 (Xf); Y?,(Q)) Now, we deflne*gl)n =0
andr(?) 2 max (O,R(Q) -t (XQ(”;Y;”)). Obviously, (102), (103), and (106) are valid. Consider{t§7),

we have
(a)
RO =) o) = RO 4 max (0,0 — RO =61 (X{" V) < 0ol (x77,7) (109)

where (a) follows from the facts that < ¢,/ (XQ(”;YB(”) +tod (Xl(z);Yg(z)) and R < 51 (Xl(Q);Yg(Q)).
Hence, (107) is also valid. The second case in whit® < ;7 (Xg(l);}g(l)) can be dealt with in a similar
manner.

Hence, from the above argument, the achievable rate of BMEmse with backward decoding can be simplified

as follows:

Clftipy. <, max _ min (0 (X", x50 e (3P, xPvi?)

0<t1,t2,t1+t2=1

al (X0 xP) +tar (x| X)),
I (X)) + el (xP5v) (110)
with probabilities

plas?, ey = (e p(aid |25)),
pa), 2Py = paP)pa |21).
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