1

Matrix-Lifting Semi-Definite Programming
for Decoding in Multiple Antenna Systems

Amin Mobasher and Amir K. Khandani

Abstract

This paper presents a computationally efficient decodemfaltiple antenna systems. The
proposed algorithm can be used for any constellation (QANSK) and any labeling method.
The decoder is based on matrix-lifting Semi-Definite Prograng (SDP). The strength of
the proposed method lies in a new relaxation algorithm agpto the method of [1]. This
results in a reduction of the number of variables froMK + 1) to (2N + K)?, whereN is
the number of antennas arid is the number of constellation points in each real dimension
Since the computational complexity of solving SDP is a polyial function of the number of
variables, we have a significant complexity reduction. Mwe, the proposed method offers
a better performance as compared to the best quasi-maxinketindod decoding methods

reported in the literature.

. INTRODUCTION

The problem of Maximum Likelihood (ML) decoding in Multi-put Multi-Output
(MIMO) wireless systems is known to be NP-hard. A variety wb-®ptimum polynomial
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time algorithms based on Semi-Definite Programming (SDB)saiggested for MIMO
decoding [1]-[9]. The first quasi ML decoding methods based®P were introduced
for PSK signalling [2]-[5], offering a near ML performancedaa polynomial time worst
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case complexity. Subsequently, SDP methods were used ¢oduhgy of MIMO systems
based on QAM constellation [1], [6].

The method presented in [6] is for MIMO systems using 16-QANhere the
structure of constellation is captured by a polynomial ¢@ust. Then, by introducing
some slack variables, the constraints are expressed irs tefmquadratic polynomials.
This method can be generalized for larger constellationtheatcost of defining more
slack variables, increasing the complexity, and signitigatlecreasing the performance.
The method proposed in [7] is a further relaxation of [6],youtilizing upper and lower
bounds on the symbol energy in the relaxation step. Therevé&yaslight degradation in
performance compared to [6]; however, its computationahgexity is independent of
the constellation size for any uniform QAM (order of comptgxs cubic). The method
in [8] is a further tightening of [7] by appending some ineliyaconditions that are
implicit in the alphabet constraint. Its computational goexity is still less than [6].

In [1], an efficient approximate ML decoder for MIMO systerssdieveloped based
on vector lifting SDP. The transmitted vector is expande@ dimear combination (with
zero-one coefficients) of all the possible constellatiom{sin each dimension. Using
this formulation, the distance minimization in Euclidegpase is expressed in terms
of a binary quadratic minimization problem. The minimipatiof this problem is over
the set of all binary rank-one matrices with column sums etmane. Although the
algorithm in [1] is a sub-optimal decoding method, it is sinothat by adding several
extra constraints, it can approach the ML performance. Heweémplementing the extra
constraints increases the computational complexity.

In this paper, we introduce a new algorithm based on maiftirg SDP [10], [11]
for any constellation (QAM or PSK) and any labeling metholisTalgorithm is inspired
by the method in [1] with an efficient implementation resudtiin a better performance
and lower computational complexity. In SDP optimizatiomlgems, the computational
complexity is a polynomial function of the number of varieswl Using the proposed
method, the number of variables in [1] is decreased fi@i + 1)? to (2N + K)?,
where N is the number of antennas ard is the number of constellation points in each
real dimension. In addition to this large reduction in thenpbexity, simulation results



show that the proposed algorithm also outperforms all okmawn convex quasi-ML
decoding methods, e.g. [6]-[8].

Following notations are used in the sequel. The spac¥ &f K (resp.N x N) real
matrices is denoted by v, x (resp.My), and the space aV x N symmetric matrices
is denoted bySy. For aN x K matrix X € My«k, the (i, j)th element is represented
by z;;, wherel < i < N, 1 < j < K, i.e. X = [;;]. We usetrace(A) to denote
the trace of a square matriX. The space of symmetric matrices is considered with the
trace inner productA, B) = trace(AB). For A, B € Sy, A = 0 (resp.A > 0) denotes
positive semi-definiteness (resp. positive definitenems),A > B denotesA — B > 0.
For two matricesA, B € My, A > B, (A > B) meansua;; > b;;, (a;; > b;;) for all 4, j.
The Kronecker product of two matrices andB is denoted byA @ B. ForX € My,
vec(X) denotes the vector iRVX (real N K-dimensional space) that is formed from the
columns of the matriXxX. For X € My, diag(X) is a vector of the diagonal elements
of X. We useey € RY (resp.0x € RY) to denote theV x 1 vector of all ones (resp. all
zeros),Eyx.x € Myyk to denote the matrix of all ones, adg to denote theV x N
|dentity matrix. ForX € My, the notationX(1:4,1:5), i < K andj < N denotes
the sub-matrix ofX containing the first rows and the firs§ columns.

The rest of the paper is organized as follows. The problemddation is introduced
in Section Il. Section Il is the review of the vector-lifgnsemi-definite programming
presented in [1]. In Section IV, we propose our new algorith&ésed on matrix-lifting
semi-definite programming. We use the geometry of the rétaxdo find a projected
relaxation which has a better performance. In Section V, wesgnt an optimization
method, based on matrix nearness to find the integer solofigdhe original decoding
problem from the relaxed optimization problem. Finallycten VI conclude the paper
with some simulation results.

[I. PROBLEM FORMULATION

A MIMO system with M transmit antennas anl receive antennas can be modeled

by
y = Hx +n, (1)



where M = 2M, N = 2N, y is the M x 1 received vectorH is M x N real channel
matrix, n is N x 1 additive white Gaussian noise vector, and /N x 1 data vector whose

components are selected from the §et, - - - , si}, see [1]. Notingz; € {s1,---, sk},

fori=1,---,N, we have

T = U; 181 + U282 + -+ + Ui kSK,

where
K
u;; € {0,1} and ZULJZL Vi=1,---,N.
j=1
Let
Ul et ULK
S1
U271 . o u2,K
U= . ) and s =
: : .
| uN,l .. uN,K |

Therefore, the transmitted vectorsis= Us whereUey = ey.
At the receiver, the ML decoding is given by

Xx=arg min [y —Hx|?
i €{51, 5K }

(@)

3)

(4)

wherex is the most likely input vector angt is the received vector. Noting = Us,

this problem is equivalent to
min ||y — HUs|]> =
UeK:eN
min s"UTH"HUs — 23" HUs.
Ueg=en
Therefore, the decoding problem can be formulated as
min s’ UTH?HUs — 2357 HUs
s.t. Ueg =epn

ui,j c {0, 1}

(5)

(6)

Let Q = H'H, S =ss”, C = —s§”H, and letEy,x denote the set of all binary

matrices inM y . x with row sums equal to one, i.e.

ngK:{UeMNXK . UeK = eN,uij c {0, 1}} .

(7)



Therefore, the minimization problern] (6) is

min  trace (SUTQU + 2CU)
st.  Ue€&nxk (8)

[Il. VECTOR-LIFTING SEMI-DEFINITE PROGRAMMING

In order to solve the optimization problerhl (8), the authars[1] proposed a
quadratic vector optimizatiosolution by definingu = vec(U7T), U € Ey. k. By using
this notation, the objective function is replaced_lbfl(Q ® S)u + 2vec(C)Tu. Then, the

. - . : 1 .
guadratic form is linearized using the vectpr |, i.e.
u
F _
Z, = [1 u’
L u .
(1T (1w’
= = , (9)
| u uu lu X

whereX = uu’ and it is relaxed t&X > uu’, or equivalently, by the Schur complement,
T

1
to the lifted constraintl > 0. Note that this matrix is selected from the set

u

F = conv {Zu cu =vec(UT), Uc ENxK} , (20)

whereconv(.) denotes the convex hull of a set. Therefore, the decodinglgmo using
vector lifting semi-definite programmirgan be represented by

0  vec(C)T 1 u?
trace
vec(C) Q®S u X
1 u”l
s.t. e F, (11)
u X

which can be solved by SDP technique.

Note that in [(11), the optimization parameter is a matrixSRx 1, which has
(NK + 1)% variables. In the following, we reduce the number of optatian variables
by exploiting the matrix structure df.



IV. MATRIX-LIFTING SEMI-DEFINITE PROGRAMMING

To keep the matriXU in its original form in [8), the idea is to use the constraint
X = UTU instead ofX = uu’. As a result, the relaxatioX = uu’ is transformed to

Iy U
X = UTU, or equivalently, by the Schur compleme t,UA; < = 0. This is known

as matrix-lifting semi-definite programming. Define the neaviableV = US. Since the
matrix S is symmetric, the objective function ial(8) can be represérgs the Quadratic
Matrix Program [11]

1
trace <[UT VT][l(; 5(?] [3
2

— trace ([;; %(?] [3] [ur VT}+2CU>

+ 2CU>

= trace (LqWu), (12)
where
0 C 0
L=]CcT o 1qQ (13)
0 1Q o
and
I u? vT
Wy = | U Uu? uv? |. (14)
v vu? vvT

To linearizeWy, we consider the matrix

V]

whereX,Y,Z € Sy. This equality can be relaxed to

=<0. (16)

vu? uv”? X Y
vul vvT Y Z




It can be shown that this relaxation is convex in the Lownartipl order and it is
equivalent to the linear constraint [10]

I UT vT
W2 | U X Y | >0 (17)
V Y Z

On the other hand, the feasible set[ih (8) is the set of binatyioes inM y, x With row
sum equal to one, the s&t;, i in (). By relaxing the rank-one constraint for the matrix
variable in [I2), we have a tractable SDP problem. The féasbt for the objective
function in (12) is approximated by

Fm=conv{Wy | Ue Mpyxi : Ueg = ey,
Therefore, the decoding problem can be represented by

min  trace (LW)
st WeFu (19)

Note that the size of matri¥V is (2N+ K)x (2N+K), compared td NK+1)x (NK+1)
in [1]. In SDP optimization problems, the computational gbexity is a polynomial
function of the number of variables (elements Wf). By the new implementation of
(19), the number of variables in [1] is decreased friaWK +1)? to (2N + K)?, resulting
in a large reduction in the complexity.

Although the rank constraint ib (IL5) is relaxed, we can stilhsider some additional
linear constraints to further improve the quality of theusmin. These constraints are
valid for the non-convex rank-constrained decoding pnoblelowever, we force the SDP
problem to satisfy these constraints. Consider the auyil@atrix V and the symmetric
matricesX,Y andZ in matrix W. SinceU € &y and Z;.Vzlu?j =1, it is clear that
diag(X) = ey. Also, Y representdJSU” andZ representijszUT. It is easy to show
that

diag(Y) = Udiag(S) and diag(Z) = Udiag(S?). (20)
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Moreover, S = ss” (rank-one matrix) ands? = (3.1 .s?)S. Therefore, instead of
diag(Z) = Udiag(S?), we have a stronger result fa, i.e. Z = (31 s2)Y. Therefore,
we have

I Ut vrt
min trace | L| U X Y
V Y Z
st. Ueg=ey ; U>0
V =US
diag(X) = ey
diag(Y) = Udiag(S)
K
Z=(>_s)Y
1=i
I Ut v7t
U X Y | =0
V Y Z
U, Ve My, X, Y, Z €Sy (22)

The equation in[(20) determines the diagonal element¥ ofThis property is hidden
in the special structure diJ, i.e. U € £y« k. By using this property, we can even add
more constraints. The equatidi = USU” implies thaty;; = Sy, for somek and!.
Therefore, the value of;; is between the minimum and the maximum element$ .of
In addition, it can be easily shown that in communicationligggions,S, Y, andZ are
diagonal dominant matrices (sins€ey = 0). This property can be also used to add more
constraints to improve the quality of the solution. Our gsdhow that the improvements
due to including the above constraints are marginal. Thegefn the sequel, we focus on
the form given in[(2Il) with the following consideration. Thbjective function in[(B) is
trace (SUTQU + 2CU) which is equivalent tarace (QUSU” + 2UC). Exchanging
the role ofQ andS results in two different formulations. Here, the auxiliariableV is
defined agQU. Similarly, the auxiliary variableX, Y, andZ representdJ” U, UTQU,
and U7 Q?U, respectively. Therefore, it is easy to show that the ed@mtaminimization



problem is

0O C o0 I UV
min  trace C’ 0 3S Ul XY
0 iS o vy Z

s.t. Uex=ey ; U>0

V =QU

diag(X) = Uley ; X;; =014 #j

Yer = UTQey ; trace(YEg) = trace(QEy)

Zex = UTQ%ey ; trace(ZEg) = trace(Q’Ey)

I UV
U X Y |*=0
vT'Y Z
U, VeMyuk,X Y, ZeSK, (22)

where the size of the variable matrix {8 K + N). Note that both[(21) and_(22) are
equivalent, however, depending on the structure of theerygvalues ofN and K), we
can use the one which offers a smaller number of variablethdrfollowing, we focus
on (21), which is a better choice fa¥ < K.

A. Geometry of the Relaxation

In this section, we eliminate the constraints defintdgx = ey by providing a
tractable representation of the linear manifold spannedhisy/constraint. This method
is calledgradient projectionor reduced gradient methof 2]. The following lemma is
on the representation of matrices having sum of the elemergach row equal to one.
This lemma is used in our reduced gradient method.
Lemma 1: [1] Let G = [ | ) ‘ —ex_ ] € M(k_1)xx andF = % (Exxx — Enxx-1)G) €
Mnyyxx. A matrix U € My, with the property that the summation of its elements in
each row is equal to one, i.&lex = ey, can be written as

U=F+ UG, (23)
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whereU = U(1:N,1: (K —1)).
Corollary 1: YU € Envr, FU € Mysx 1y, U € {0,1} s.t. U = F+ UG, where
U=U(1:N,1:(K—1)). Note that the summation of each row ©fis 0 or 1.
Consider the minimization problernl (8). By substitutingl2Be objective function

is
trace (SUTQU + 2CU)
— trace <S(F +0G) Q(F + UG) + 2C(F + fIG))
— trace (GSGTGTQG + GSFTQU + QFSGTUT
+GCU + CTGTOT 4+ 2CF + SFTQF)
— trace (ﬁwﬁ +2CF + SFTQF> , (24)
where
[ 0 GSF'Q+GC 0
L = | QFSGT + CTGT 0 5Q 1
I 0 :Q 0
1 0T VYT
Wy = | U 00T OVT |,
|V VUT vVT
V = UGSGT. (25)

Therefore, [(6) can be written as

min  trace (ﬁWU>
st. U=U@R:N,1:(K—-1)); UeEnk
V =U (GSG") (26)
Using a similar procedure, we can show thatfl (26) is equivdtethe following reduced
matrix-lifting semi-definite programming problem:
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min  trace | £| U X Y
V Y Z
s.t. ﬂeK_l <en ; U >0
V =U (GSGT)

1 T VT

U X Y |=0

V Y Z
U,V € Mnyx-1),X,Y,Z € Sn (27)

Note that this method can also be applied to the equivalenidlation in [22).

B. Solving the SDP Problem

The relaxed decoding problems can be solved using IntBxamt Methods (IPMs),
which are the most common methods for solving SDP problenmarferate sizes with
polynomial computational complexities [13]. There are sgéanumber of IPM-based
solvers to handle SDP problems, e.g., DSDP [14], SeDuMi, [$BJPA [16], etc. In our
numerical experiments, we use SDPA solver.

In the matrix-lifting SDP optimization probleni_(R1), theniaconstrained matrix
W, is relaxed to the positive semi-definite mati¥ . Utilizing the rank-constrained
property of the variable parameter, the relaxed probleny ¢2h be solved using a non-
linear method, known as theugmented Lagrangian algorithnThis approach can be
used for large problem sizes and the complexity can be signifiy reduced, while the
performance degradation is negligible [17].



12

V. INTEGER SOLUTION - MATRIX NEARNESSPROBLEM

Solving the relaxed decoding problems results in the smiit. In general, this
matrix is not inEy«x. The conditionUex = ey is satisfied. However, the elements
are between 0 and 1. This matrix has to be converted to a O-fixmgt finding a
matrix in Ey« x Which is nearest to this matrix. Matrix approximation prik typically
measure the distance between matrices with a norm. The mit@band spectral norms
are common choices as they are analytically tractable.

To find the nearest solution ifiv, x to U, the solution of the relaxed problem, we
solve

min U - U3, (28)

Uc Enxr
where ||A||Z is the Frobenius norm of the matriA which is defined ag/A|% =
trace(AAT), and

]m—ﬂﬁ‘:tmw«U—ﬁXU—ﬁF>
= N — 2trace(UUT) + trace(UUT). (29)

The last equality is due to the fact that for ddyc £y x, we haveliag(UU”) = ey, see
(21). Therefore, after removing the constants, finding ttieger solution is the solution
of the following problem:

max trace(UUT) (30)

Ue Enxk

Consider the maximization problem

max  trace(UUT)
s.t. Uerx = ey
0<U<I, (31)
where < in the last constraint is element-wise. This problem is @dmprogramming
problem with linear constraints and the optimum solutioa isorner point meaning that

the constraints are satisfied with equality at the optimunmtpdn other words, at the
optimum point,U € Ey, k. Therefore, to find the solution for (80), we can simply solve



13

the linear problem[(31), which is strongly polynomial tina improve this result, the
randomization algorithms, introduced in [1], can be furthpplied.

VI. SIMULATION RESULTS

We simulate the proposed matrix lifting methad](27) for systwith 4 transmit and
4 receive antennas employing 16-QAM. Fig. 1 shows the perdioca of the proposed
method vs. the performance of the vector lifting method ihgdd the previous known
methods in [6]—[8]. As it can be seen, the proposed methopgeofarms all other convex
sub-optimal methods.

4x4 Multiple Antenna Sysmtems with 16QAM Modulation

—W— Method proposed in [7]
—*— Method proposed in [6]
—&— Method proposed in [8]
—4— Method proposed in [1]
—&— Matrix Lifting SDP Method

107

SER

10°F

10

E /N

Fig. 1. Performance of the proposed matrix lifting SDP mdthma MIMO system with4 transmit and4 receive
antennas employing 16-QAM

The worst case complexity of the proposed method solved MsIB a polynomial
function of the number of antennas (similar to the analysi§li). In the optimization
problem of [(Z21), whereV < K, the dimension of the matrix variab® is m = O(K)
and the number of constraints jis= O(K?). Similar to [1], it can be easily seen that
a solution to [(2I7) can be found in at ma8{ K>-°) arithmetic operations (utilizing the
sparsity of the rank-one constraint matrices), where thapedational complexity of
[1], [6], [8], [7] are O(N53K5?), O(N®5K55), O(K?N*® + K3N3%), and O(N3?)
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respectivel@. Note that for the equivalent optimization problem|(22),enh X’ < N,
the computational complexity is at mo&{ N>-5). It must be emphasized that depending
on values of N and K, we can implement the optimization problemI(21) [or] (22) wahic
results in less computational complexity.

Note that many of the constraints have very simple strusturhis property can be
used to develop an interior-point optimization algorithatlyf exploiting the constraint
structures of the problem, thereby getting complexity ordetter than that of using a
general purpose solver such as SeDuMi or SDPA. Moreover,amefurther reduce the
complexity of the proposed method by implementing the augetLagrangian method
[17].
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