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On the Capacity of Wireless Multicast Networks

Seyed Reza MirghaddtiAlireza Bayesteh and Amir K. Khandani

Abstract

The problem of maximizing the average rate in a multicasivogt subject to a coverage constraint (minimum
quality of service) is studied. Assuming the channel stafi@rmation is available only at the receiver side and single
antenna nodes, the highest expected rate achievable bylamauser in the network, callezkpected typical rate
is derived in two scenarios: hard coverage constraint aftdceverage constraint. In the first case, the coverage
is expressed in terms of the outage probability, while ingbeond case, the expected rate should satisfy certain
minimum requirement. It is shown that the optimum solutiorboth cases (achieving the highest expected typical
rate for given coverage requirements) is achieved by anitaflayer superposition code for which the optimum
power allocation among the different layers is derived.therMISO case, a suboptimal coding scheme is proposed,
which is shown to be asymptotically optimal, when the nuntdferansmit antennas grows at least logarithmically

with the number of users in the network.

I. INTRODUCTION

The widespread application of wireless networks has miail/afficient transmission strategies for
different applications. One of these applications is datdtinasting where a group of users are interested
in receiving the same signal, possibly at different levdlsesolution. In a wireless multicast network,
a common source is transmitted f6 users through a fading channel. In such networks, two @iter
are usually studied as measures of performametwork coveragg€minimum quality of service) and
expected ratdtypical quality of service). In the first criterion, the ebjive is to provide all the users
with a minimum service regardless of their channel qualitie the second criterion, the average data
rate observed by a randomly selected user is considerecewisers with better channel conditions may
receive higher data rates. An example for such networksakalle video broadcasting in which all the
subscribers expect to receive a basic signal, while thosle better channel conditions might enjoy a
higher resolution.

In [1], the challenges in lossy multicasting are studiedrfran information theoretical point of view.

In this work, for an analog Gaussian source with a bandwidtiikto the channel bandwidth, uncoded

1 Coding & Signal Transmission Laboratory (www.cst.uwaierta), Dept. of Elec. and Comp. Eng., University of Waierld/aterloo,
Ontario, Canada, N2L 3G1, Tel: 519-884-8552, Fax: 5198888, e-mail:{smirghad, alireza, khandgni@cst.uwaterloo.ca. Financial
supports provided by Nortel, and the corresponding matchinds by the Federal government: Natural Sciences anchEBedhg Research

Council of Canada (NSERC) and Province of Ontario: Ontammties of Excellence (OCE) are gratefully acknowledged.


http://arXiv.org/abs/0805.4248v1

transmission is shown to achieve the minimum average emhdodistortion. The scenario in which

the source has a larger bandwidth is studied in [2], wherergéift methods of digital transmission are
investigated. In [3], a different approach to broadcasticajled static broadcasting, is proposed. It is
assumed that all the users receive the same amount of dataafroommon source, but with different

number of channel uses as determined by their respectivenehgualities. The actual transmission time
in this scheme depends on the user with the worst channelhance, the transmission rate might be
very low when the number of users is large.

In this work, we consider a wireless multicast network in agjtstatic fading environment with additive
Gaussian noise. The objective is to maximize the averag®rpance, while a coverage constraint is
satisfied. Average performance is defined as the Quality ofi@&e(QoS) observed by a randomly chosen
user (typical user), while the coverage requirement relatethe QoS observed by the user(s) with
the worst channel condition(s). We assume that the trassoni$lock is large enough to yield reliable
communication. However, averaging over time is not possii#cause of the delay constraints. In other
words, all the symbols within a transmission block expereethe same channel gain. The channel state
information (CSI) of each user is assumed to be known onlpatcbrresponding receiver. For a channel
with the above characteristics, the ergodic capacity isde@ihed, but the outage capacity is defined as the
maximum rate decodable with a given probability [4]. In [&lhroadcast approach for a single user channel
with these assumptions is proposed which optimizes theategedecodable rate. We apply “multicast
outage capacity” and “expected minimum rate” definitionsharacterize coverage in the network. Outage
capacity is exploited when we have a hard coverage constiaithis case, we require that with a given
probability, within each transmission block, a specific amtoof data is received by all the users. In the
soft coverage constraint scenario, we relax the coveragstr@nt by stating it in terms of the expected
minimum rate received by all the users within each block. ba@th hard and soft coverage constraints,
another simultaneous criterion is the maximization of tkpeeted typical rate which is defined as the
average rate received by a randomly selected user. In detiena is a tradeoff between these two criteria.

The minimume-service criterion has been studied in [6] foirgle user fading channel, assuming CSI
is known at the transmitter. In that work, given a serviceaget constraint for a real-time application,
the average rate is maximized for a non real-time applinasent on top of it. An adaptive variable
rate code is proposed and shown to be optimum in that scer&nolarly, a minimum rate constrained
capacity measure is defined for broadcast channels in [7$. $hown that the minimum rate region is
the ergodic capacity region of a broadcast channel, withffatte&ze noise determined by the minimum
rate requirements. Using similar assumptions for the C&llavility, a more general case is considered

in [8], where each user specifies its rate constraints inpdetrof maximum rate, minimum rate, and a



so-called shortage probability.

In this paper, we use a broadcast model for an unknown qtetsi-§ading channel [5] and show the
optimality of this model in our scenario. The same model isduis [9] to propose a multilevel approach
for joint source-channel coding in a SISO channel (assurthiegCSI is not available at the transmitter).
The broadcast approach in [5] is extended in [10]-[12] fer ¢thse that the transmitter has partial channel
state information, and in [13] for the case of MIMO block fagichannel. [14] combines this broadcast
approach with Hybrid Automatic Retransmission RequestR@A and shows that this approach results in
high throughput and low latency in a point-to-point link.fB&nces [15], [16] use the broadcast approach
in [5] in a two-hop relay network.

We investigate the performance of the proposed scheme m $I80 and MISO cases. The MISO
multicast asymptotic capacity limits are examined in [When the CSI is available at the transmitter. It
is shown that the adverse effect of having a large humber @fsusan be compensated by increasing the
number of transmit antennas. In this work, we study a singt@nario and derive asymptotic capacity
results for a large number of transmit antennas.

The rest of this paper is organized as follows: In sectiorthg system model is introduced. Section
lll focuses on the virtual broadcast model for an unknownfgcchannel when the network is delay
limited. Sections IV and V discuss multicast networks whem hlvave a single antenna at the transmitter
and at each receiver. In section IV, we evaluate the optimarfopmance of the network in terms of the
achievable tradeoff between the expected typical rate a@drulticast outage capacity (hard coverage).
Section V studies a similar problem of computing the optinttedeoff, but for a soft coverage constraint
where the expected minimum rate is used as the coverage@amit&ection VI investigates the MISO
case, where we derive asymptotic capacity results for & latgnber of transmit antennas. Finally, section
VIl concludes the paper.

Throughout this paper, we represent the norm of the vectpfis|jp the conjugate transpose operation by
()T, and the expectation operation B].]. The notation log” is used for the natural logarithm, and rates
are expressed inats We denotef,(.) and F,(.) as the probability density function and the cumulative
density function of random variablg respectively. Notation 4 is used to define a binary function of
which is equal tal if event.4 occurs and) otherwise. For given functiong(n) andg(n), f(n) = o(g(n))
=0, andf(n) = w(g(n)) is equivalent tdim,,_... 2% = co. We useA ~ B

g(n)
to denote the approximate equality betweérand B, such that by substitutingl by B the validity of

is equivalent tdim,,_, )%

the equations is not compromised.



II. SYSTEM MODEL

In this paper, we consider a wireless network broadcastingnamon message. In the first part, it is
assumed that a single-antenna transmitter transmits a oanmessage tadV single-antenna receivers.

The received signal at theh receiver, denoted by;, can be written as
Yi = SiT + Ny, 1)

wherez is the transmitted signal satisfying an average power cainstof F[2?] < 2, n; ~ CN(0,1)
is the Additive White Gaussian Noise (AWGN), and~ CN (0, 1) is the channel coefficient from the

transmitter to theith receiver. The channel gaity = |s;|?, which is assumed to be constant during a

transmission block, has the following Cumulative Disttibn Function (CDF):
Fi(h) = F(h) =1—¢7" Vi.

The typical channelof the multicast network is defined as the channel of a rang@alected (typical)

user. Since all the channels are i.i.d., the typical chagaéi distribution satisfies
Fyp(h) = F(h) =1—e" (2)

Since all theN channels are Gaussian and they receive a common signalptieeage requirement is
determined by the channel with the lowest gajp,, = min;(h;), which is called themulticast channel
Due to the statistical independence of the channels, the gfaihe multicast channel has the following

distribution

Pr {min(hi) > h} = (Pr{h; > h})N = eV,

2

As a result, we have

Fyya(h) =1 — Pt {min(hi) > h} —1— e,

2

In this paper, we deal with three quality measures definewlisnfs:

. Multicast outage capacityR,, is the rate decodable at the multicast channel with prdibalil — e).

« Expected multicast rat R,,.;, is the average rate decodable at the multicast channelRj,g =
E[R(h)|h = hyul, where R(h) is the decodable rate at the channel state

« Expected typical rateRR,.., is the average rate decodable by a randomly selected useR,i. =
E[R(h)].



[1l. BROADCAST MODEL FOR AN UNKNOWN QUASI-STATIC FADING CHANNEL

In [5], it is shown that the expected rate for a receiver witfuasi-static block fading channel, unknown
at the transmitter, and a stringent delay constraint, isvatgnt to a weighted sum rate of a degraded
broadcast channel with infinite number of virtual receiyexach corresponding to a realization of the
channel. In this paper, we exploit the same model in a morergéfashion. Noting our frequent use of
this model, we first study it in more details.

In this work, we assume a block fading channel for all userdser® the channel state takes values
according to a given probability density function (pdf) fased to be exponential) at the start of each
block, stays unchanged during the coherence time (blocgthewnf the channel), and then changes
independently at the start of the subsequent block. Thenghastate information for each channel is
assumed to be available only at the corresponding receis@fe. In this case, if there were no constraint
on the decoding delay, coding across different fading tdoekuld be possible, achieving the so-called
ergodic capacity. However, in our model, we impose a degpdielay constraint which restricts the
receiver to decode within a period equal to the length of anfatlock. Each receiver decodes a fraction
of the transmitted data which is supported by its correspmndhannel. Hence, for any coding scheme,
we have a functiom?(h) which determines the data rate decoded in channel stafe time average of
the rate decoded by a given receiver over infinite numberawsfsmission blocks would bg,[R(%)] [5].

Consider an infinite number of virtual receivers, such tleaeiver RX, is experiencing a fading level
betweenh andh + dh. With these settingsiZX}, is receiving all the data received X, _q45, in addition

to dR;,, where
dR, = R(h) — R(h — dh).

The virtual receivers introduce a degradedual broadcast networkn which the rate associated with user
RX,, is dRy,. From the degraded nature of the Gaussian broadcast chd&heit follows thatdR; > 0.
The original receiver corresponds to the virtual receik&n, with probability n(h)dh, wheren(h) is the
channel gain probability distribution function.

With this interpretation, for a given coding scheme, theidgsion between different channels introduced
in the previous section, namelyulticast channeland typical channel is translated to the difference
between the probability distribution based on which thegioal receiver is represented by the virtual

receivers. Note that both theaulticast and typical channels correspond to the samemmon virtual



broadcast networkand the measures defined in the previous section could benrvas foIIowsH:
Roe = [ RO
0

= —(1—F(h)RM)| + /000(1 — F(h))dR)

9[- Fu)ar, ©)
0
Roa = [ (= Falh)dR, (4)
0 .
R, = R(h)= / AR, (5)
0
whereh, = F 1 (e) = —0=9 In the above equatior{a) follows from the facts tha?(0) = 0 and

limy, .oo(1 — F(h))R(h) = 0, where the latter is due to the fact that- F(h) = e~ and R(h) grows
logarithmically withi. A similar argument is applied to concludé (4). In the casthefmulticast channel
in (B), the original receiver has a channel gain less thawith probability ¢, and hence, the highest
decodable rate i(h.), with probability 1 — e.

As seen above, the performance measures in this work aerafff weighted sum rates of thatual
broadcast networkresulting in vectorg R., Ru..) and (R,..;, R...) for the hard and soft coverage con-
straint scenarios, respectively. We refer to the maximuinieaable regions for these vectors as ¢hpacity

regioncorresponding to each case. Next, we provide a definitiothioptimality of a performance vector.

Definition 1 The boundary sebB of a closed convex regio® C R’ is defined as
B={xeZ|}x eR"_,x+x €%} (6)
whereR, andR, , are the set of nonnegative and strictly positive real nuraperspectively.

With the above definition, a performance vector is optimait iis in the boundary set of all possible
performance vectors. In the following theorem, we show that optimal performance vector for each
coverage constraint scenario is achieved by superpositdimg in which the rate of the virtual receiver

RXj,, is given by

(7)

dR;, = log (1 L feh)dh ) ,

1+ hf;idh p(u)du
wherep(.) is the power distribution function such thath)dh is the amount of power allocated to the

virtual receiver corresponding to the channel state

with a small misuse of notation, to simplify the problem fadation, the integration in the right hand side of all of theee equations

is computed oveh, whered Ry, is expressed as an explicit function efthroughout the paper.



Fig. 1. A schematic figure for Lemma 1.

Theorem 1 The boundary set ofit;, ..., Wy), whereW; = f0°° w;(h)dRy, Vi is a positive weighted sum

rate of the underlying virtual broadcast channel, is achilele by a super-position coding scheme.

Proof: To prove the theorem, we first state and prove the followimgnhe:

Lemma 1 Consider a mapping functiop(.) from a closed regionz; C R” to %, C R% such that
g(x) = Mx, whereM € R% x R", such that each row oM contains at least one positive element.

DenoteB; and B, as the boundary sets of the regio# and %-, respectively. Then, we have
B, C g(Bh)

Proof: Assume this is not true. Hence, there must exist B, such thatk, ¢ g(B;) andx; € %,
such thatx, = g(x;). Sincex; ¢ B, there existsx; € B; such thatx; — x; € R’ . Defining x}, =

g(x}) € %5, we have
Xy — Xy = M(x] —x1) C ]R]_“H, (8)

which contradicts the fact that, is in the boundary set o7, and the lemma is proved. [ |

Figure [1) illustrates an example of Lemia 1 wher- 2 and k£ = 1. The region%; in this example
is defined byz;, z, > 0,22 + 25 < 1 and the mapping is defined by, z2) = z; + x». The boundary
of %, i.e., By, is the quarter-circle:;, v, > 0,22 + 22 = 1, which is mapped to the line segmdint+/2].
The boundary of#, = g(%,), i.e., B, which is the line segmerid, v/2|, is the pointy/2, which is a
subset ofg(B,).

We can arrange the set of the rates of the virtual broadcaésbriein a rate vectorlR = [dR,|5° and
use the result of Lemmla 1, whentends to infinity. In this case, the matrix transform will deto &

weighted sums of the infinite dimensional vecior= dR as follows:

Mx — [/Ooowl(h)dRh,--- ,/Ooowk(h)dRh} .



Setting z(h) = dR;, we can conclude that the boundary region(@f,,---,W}) is a subset of the
transformation of the boundary set of the rate vect®, which is achieved, as shown in [19], by
superposition coding. In other words, any vectoin the boundary set ofiVy,--- W), is achieved
by a multi-layer code in which the rate of the virtual receiveéX,, is equal to
log (1 - fev(h)dh > ,
1+ hfh+dhpv(u)du

where the power distribution functiom, (%), indexed withv to emphasize its dependence on this vector,

satisfies |~ py(u)du = 2. This completes the proof of Theorémh 1. [ |
Using the above theorem, it easily follows that the optineaf@rmance vectorgR,, R,..) and(R,ui, Rave )

defined in the sections IV and V, respectively, can be acdiemeng superposition coding.

IV. HARD COVERAGE CONSTRAINT

In this section, we consider a scenario where a minimum riate. gmulticast outage capacity) should
be delivered to all the users with a probability (@f— ¢), wheree is the probability of outage. Given this
constraint, we want to maximize the average rate receivea tandomly chosen user in the network, i.e.
R.... This includes the rate received by a typical user, evendfuber is in outage. We can categorize
the possible states of thertual broadcast networkn two group: (i) h < h., in which case the ratéR;,
contributes to bothk, and R,,., and (ii) > h., in which case the ratéR,, contributes only taR,,..

The problem of maximizingR,,. without any constraint orR, is studied in [5]. On the other hand,
from [4], we know that the maximunk, without any constraint omR,,. is achieved by a single layer

code with power#? and rate
C. =log(1+ h.2). 9)

In this section, we investigate the tradeoff betwdgnand R,...
Settingw, (h) = 1g<py andwy(h) =1 — F(h), Theoren L states that the boundary set®f, R...)

is achieved by superposition coding, in which

_ hp(h)dh \ _ rI(R)+p(h)dh hd
dR), = log (1 + 1£h1(h)> = Jin Tihp (10)

and(h) = [, p(u)du. Note thatdR,, is not necessarily very small since our power allocatiorcfiom
might have some impulses. As stated earlier, we want tolyooytimize the weighted sum of these rates
according to the weighting functions, (k) andw,(h). The optimization is on the functiop(%), however,

in the following we show that it can be simplified to a pointiogkation problem.



Definition 2 The channel gain-interference functiot{p) is defined as

s(p) = sup {A| I(h) > p}. (11)

In fact, thechannel gain-interference functiofip) is the inverse of the interference function in terms
of the channel gain in the points it is invertible and detersi the channel gain of the virtual receiver
experiencing the interference level It is evident thats(p) is a decreasing function of. According to

(10), we can write the expected typical rate as

Rave = fooo(l - (h) dRh - fo D, ))dpv (12)

where g(z,y) = (1 — F(y))15,- In deriving [12), we have used the fact that the contributd the
virtual receiverRX,, in the expected typical rate, fromal(3), can be written(as- F(h))dR, = (1 —

fl(h Fehdh kb Noting that in the intervap € [I(h), I(h)+p(h)dh], h can be written as(p) &, the

1+hp"
I(h)+p(h)dh

contribution of RX}, in R,,. can be written ag" g(p, s(p))dp. SinceR,,. is the summation of the

contributions of all virtual receivers, we ha\Iiewe = fh I(h) +p(h)dhg(p, s(p))dp = fII((OO)O) g(p,s(p))dp =
fo p, s(p))dp, which is due to the fact that(0) = &2 and I(o0) = 0.
leferentlatlng g(x,y) with respect toy, we obtain
0 _1-Fy) —yfy)A +ay)
. 1

In the case of Rayleigh fading, we hayéy) = 1 — F'(y) = e Y. By studying the behavior Ogyg(x, Y),
it is easy to show thaf.g(z,y)|., is positive fory < Iy (p) and is negative foy > I, (p), where
Iy(h) = Y=E 1. As a result,

arg max(g(, y)|.=p) = 10_1(29)- (14)
Note that/(.) H is indeed the interference function corresponding to thi#nad power allocation in the

unconstrained maximization a?,,. solved in [5].

Definition 3 The multicast interference level for a given channel gain-interference functiaq.) is

defined as
a 2 min {p|s(p) < h.}. (15)

In fact, « is the level of the interference observed by all the virtiedeivers contributing ta?, due to

the power allocated to the upper levels not contributing?to It follows from definitions 2 and]3 that

Note that this is true even j(.) contains an impulse é.
3Note that the functiony(.) is monotonically decreasing and as a result, it is investibl
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a = I(h.). Using this definition and the same arguments ag ih (E2)in (5) can be written as

he
R, = / dRy,

Iy tp)dn p g,
a /0 1+ hp
/’hs /I(h +p(h)d p)dp
o i 1+ s(p)p
/I he) S )
~ Jio 1+sp
P
— [ s (16)
P
= / Lisy<naym(p, s(p))dp (17)
0
where
mey) = 15 (18)

and [17) follows from the definition ofi in (15). Here, we assume that < 1. This is not a restricting
assumption as the solution in the other cakge> 1) follows using a similar approach. However, this
assumption simplifies the derivations as it guarantgé¢s.) > 0. On the other hand, this assumption
is equivalent toe < 1 — e=%, which covers most of the cases of interest since we expecbtitage
probability to be much smaller than 1. Usirig{(12) ahd (16&, pnoblem is translated to

max (., Rave = InaXs(,) foy g(p7 8<p))dp7 (19)
subject to
P
R= [ mp.s(o)dp = CC. (20)

whereC. is defined in[(®), and is a normalization factor which expressAs in terms ofC.. Since it
is not possible to achieve values Bf aboveC,, we can restrict ourselves to the values(dbetween)
and1. Note that the maximization in_(19) is over all decreasingifie functionss(.). Also note thaix
in ([20) is themulticast interference levelefined in [(15) and depends on the functign).

From (18), we note that for any chosenm(x,y) is an increasing function of. Hence, noting the

definition of « in (15), we can write
P
14+ hP
< — Sl
R, < /a m(p, he)dp log ( T ha )
= C.—log(l+ h.). (21)
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Therefore, following[(R),[(20) and_(21), we have

C. < C.—log(l+ hea)
e1-0Ce _ q
o < &7 (22)
he
Lemma 2 For the optimizer of[(19), we hawe < [y(h,).

Proof: Assumex > [y(h.). Denote the optimizer function by (.) and its resulting multicast outage

capacity and expected typical rate By and R}, ., respectively. Also, definé(p) as

ave’

15 (p) p < Io(he)
$(p) =1 he Lih) <p<a , (23)

s*(p) p>a

and its resulting multicast outage capacity and expecteitdyrate byR, and R,.., respectively. We can

write

A * (a
[Lism<nam(p, 5(p)) — Lis=my<nym(p, s*(p))] dp =

N

[a m(p, 3(p))dp > 0, (24)

o(he)
where (a) follows from the facts that (i%(p) < he for p > Iy(h.), (i) s*(p) < he for p > a (from
the definition ofa in (IH)), and (iii) forp > «, 3(p) = s*(p) (from @23)). [Z4) implies that?. > R.
Moreover, we have

A

P
Rove — Ry = /0 (9(p,3(p)) — g(p,s™(p)))dp (25)

—~
)
N

To(he)
@ /0 l9(p, 15 (P)) — g(p, 5™ ()] dp

[ ) = o G >0
where(a) follows from the fact that fop > «, $(p) = s*(p). In the above inequality, the positivity of the
first term in the left hand side is concluded froml(14), andghbsitivity of the second term is concluded
from the fact thats*(p) > h. for p < « (from the definition of« in (15)), and also[(13) which implies

that g(z, y)|.—, is decreasing foy > I;*(p). Therefore,R,,. > R, and k. > R, which contradict our

assumption of optimality of*(.) and the lemma is proved. [ |
The above lemma states the fact that, applying the multicatige constraint, more power will be
allocated to the channel gains lower than the outage thissshbompared to the unconstrained scenario

studied in [5].
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Lemma 3 Givena, the optimizer of[(19) is given by
I'(p) p<a
Sa(p) =19 he o <p<I¥(h) (26)
1" p) p > 1i(he)

where 1}¢(h) = LH=ZEIM in which the superscript.)™ stands for the “hard coverage” constraint

scenario,[fc_l(.) represents the inverse of the functidft(.), and
N if [, m(p, sa(p))dp > CC
arg (ff, m(p, sa(p))dp = ¢(C.), otherwise ’
Proof: As observed from[(20), the value efp) in the range) < p < « dose not affect the multicast

constraint. Hence[ (19) can be written as

m?gcRave = ma / 9(p, s(p))dp (27)
S(. S(. 0
P
+ ,, max / 9(p, s(p))dp
s(.),J. m(p,s(p))dp>¢Ce J o

Note that as mentioned earlier, all the maximizations aréopmed over positive decreasing functions.
Moreover, sinces(«) = h, (due to the definition ofv in (15)), the solution of the above maximization
problem must satisfy(p) > h. in the intervalp € [0, a] and s(p) < h. elsewhere.[(I4) implies that the
first term in [27) can be upper-bounded as follows:

s()
Moreover, writing K.K.T. condition for the second term @f7]2 the maximization problem will be

maX/Oag(nS(p))dp < /Oag(p, 17 (p))dp. (28)

translated to

4
may /a Tx(p, s(p))dp, (29)

whereTy\(z,y) = g(z,y) + dm(z,y). A is 0, if the outage constraint is not limiting; otherwise, itdua
can be computed using the outage constrﬁﬁtm(p, s(p))dp = (C.. Differentiating the functiol\(z, y)
with respect toy, we obtain

%) A1—F(y) —yf(y)(1+zy)

8_yT)\<xuy) = (1 + xy)2

In the case of Rayleigh fading, by studying the behavioa%ﬂl’x(x, Ylazp), it follows thata%jg\(x, Yloep) >

. (30)

_ A1-F(h—hf(h)

0 for y < I~ (p) and aﬁyTA(x,yu:p) <0 fory > 1M~ (p), wherel*(h) =E O]

. As a result,
=1
arg max TA(% y)‘:v=p = ;f (p) (31)

“Note that the functior2¢(.) is monotonically decreasing fér < h. (which is the region of interest here), and as a result, ineitible.
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Note that asly(h) < I,(h), Vh, anda < Iy(h.) (from Lemmal2), it follows thatx < I7¢(h.). Hence,
the integralff Tx\(p, s(p))dp can be written as the summation of the two integ[ﬁljg(h” Tx\(p, s(p))dp
and flfc(he) Tx(p, s(p))dp. First, we note that in the whole interval ¢f, 22|, we haves(p) < h. (due
to the definition ofa)). Moreover, as[fc_l(.) is a decreasing function (in the intervial, #]), we have
he < I '(p), in the interval[a, I'(h.)]. Combining this with the fact that(p) < h. in [a, I'(h.)]
implies thats(p) < Ifc_l(p) in this interval. As seen beford),(z,y) is an increasing function of for

y < I'*"'(z). Consequently,

14 (he) 14e(he)
[ nwseis [T B, (32)
Moreover, using[(31), we have
@ P 1
[ nswyws [ 1 e)d (33)
IPe(he) 1% (he)

Hence, for any functio(p) such thats(p) < h, for p > a, we can write
&

4
/ Tx(p, s(p))dp < / Tx(p; sa(p))dp. (34)

«

Combining the above equation with (28) yields that

4
ma)x Rave < / g<p7 Sa<p))dp- (35)
: 0

s
To complete the proof, it is sufficient to show that(.) satisfies the conditions mentioned earlier; i.e.,
so(.) is a decreasing function ang,(«) = h.. The latter is obvious from the definition of,(.) in (26).
For showing the former, we first note thgf'(.) and ]fc_l(.) are decreasing functions in the intervals
[0, ] and [14¢(h,), 2], respectively. Moreover, from Lemnia 2, we have< I;(h.) which implies that
Iy () > h.. This shows that,(.) is decreasing in the whole intervid, £?], which completes the proof
of the lemma. u
An interesting consequence of Lemia 3 is that the problemafimmization over the function(.) is

simplified to the point optimization problem over the valueco

Theorem 2 The capacity region of a Rayleigh fading multicast netwoith\& hard coverage constraint

is given by

R(we

IA

P
max / 9(p, sa(p))dp,
0

OS(Jszin(i“i(17§1)ecv€ =1 ,Io(he)>

(36)
R

IA

CCe, (37)

where( changes from) to 1.
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Proof: The proof follows from Lemmal2, Lemnid 3, and inequalityl (22). [ |

Corollary 1 For any outage probability > 0 such thath, < I;'(?), the capacity region of a Rayleigh

fading multicast network, i.e(,R., R...), iS given by

h.3&
<1
ro< tos (14 ) 9
Rae < 2(E1(0(8)) — Er(1)) = (7" — ™)
_ h3<&
he €
+ e log(1+1+h5(1_ﬁ)@), (39)
= 2 L [0t
where 5 changes frond to 1, 0(3) = ey v and Ey(z) £ [ <-dt.

Proof: Sinceh, < I; (), it follows that I,(h.) > 2. Noting thatly(h) < I}¢(h), Vh, A > 0, it
follows that 17¢(h.) > &2 for any A > 0. Therefore, [(26) can be written as

I'(p) p<a
salp) =4 " : (40)
he a<p< P
In this case, the solution to the maximization problén (36) i= % Defining3 £ 1 — eu;i);e‘l,

first we note that) < 3 < 1. Moreover, [(37) can be written as

R, < (C.
= C.—log(1+h(1l—p3)2)
B he3Z
= log (1+1+h6(1—ﬁ)92)' (41)

The interference function correspondingsg(p) in (40) can be expressed as

I(h) = aU(Iy" (a)—h) +
BPU(he — h) + Io(h)U (h — I;" (@), (42)

where U(.) denotes the unit step function amd= (1 — 3)2?. Differentiating /(h) with respect toh

results in the following power allocation function:

where
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is the power allocation function in the unconstraint problgs]. Using [3) and[(1I0), the expected typical

rate can be written as
Rove = / (1 —F(h))dRy,
0

_ he8Z
— he €
= e IOg(1+1+he(1—ﬁ)32)+

1
/ €_h hpo(h) dh
ey LA hIo(h)

J— _he
= e IOg(1+1+he(1—ﬁ)32)+

h2 h
he3<?
= e log (1 ‘
()
1 6_h 1
/ 2—dh — / e "dh. (43)
i) N 15 )
Noting thatl; !(a) = §(a) = ﬁ anda = (1 — )22 completes the proof of the corollary. =

An interesting conclusion of Corollaryl 1 is that, the exjectypical rate is maximized when the
multicast minimum rate is provided in a single layer. In tlese we have no multicast constraint, it is
shown in [5] that a multi-layer code with a small rate in eaaler is optimal in terms of maximizing
the expected rate. However, when we are constrained tabditgra fraction of the available power to a
set oflow channel gains0, /.| (coverage constraint), the optimum solution allocateshedIpower to the
highest gain, i.eh..

Note that the assumptidn < I;*(£2) is not difficult to satisfy, since the outage probabilitis usually

—%, the value ofh, decreases significantly with the number of users. For

small. Moreover, ag,. =
example, forN = 5 and &7 = 100, the outage probability could be as high a8.38 in order to have
he < 1;1(22). Figure [2) shows the capacity region of this network when0.01. It is evident that due
to the hard coverage constraint, the multicast outage @g@adn general very small in comparison with

the expected typical rate.

V. SOFT COVERAGE CONSTRAINT

In the previous section, we observed that a strict coveragstraint can result in very small values for
the multicast outage capacity. We can relax the coverageresgent by relying on thexpected multicast
rate, i.e. R,,,. This results in the performance vect@,...;, R...) and its corresponding capacity region.

According to Theorerl1, the optimality of superpositioniogds concluded for this performance vector.
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(nats/symbol)

‘average

R

. . .
0 0.05 0.1 0.15 0.2
RE(nats/symbol)

Fig. 2. Hard coverage constraint: multicast outage capasit expected typical rate fo#” = 100 and N = 5.

Theorem 3 The capacity region of a Rayleigh fading multicast netwoith\soft coverage constraint is

given by
(o] SC d
R.. — / o o (w)du (44)
0 1 -+ UI:;C(U;)
o SC d
R / AL (45)
0 1+ u];jc(u)
where
sc e—h(1— e—Nh(1_
I’y (h) = ngg(eh,)Z_sze,(z\lm)Nh) ho < h < hy
0 h > hy
(46)
in which the superscript.)* stands for the “soft coverage” constraint scenarig;(h) = —Mj;fh), and

ho and h; are real numbers, such that
e~ho(1—ho)+veNh0(1—-Nhg) __ P
h2(e~ho+yNe=Nho) - )

e M (1—h1)+ye NP1 (1-Nhy) 0
h2(e~P14+yNe~NP1) e

for different values ofy > 0.

Proof: If we setw,(h) = 1 — Fy,,(h) andwy(h) = 1 — F,,,u(h), Theoreni ]l states that we should
search for an infinite layer superposition code. Considepith)dh as the power of the layer associated
with the channel gair, the corresponding ratedis

hp(h)dh ) hp(h)dh

1+ hI(h)) 1+ hI(h)’ (47)

dR;, = log <1 +

°Note that here, unlike the hard coverage constraint sagntme power distribution function does not have any immilde fact, the
optimization problem in the soft coverage constraint sdenas seen in the proof, is similar to that of the unconstdiscenario [5] for

which the optimal power allocation function has been protetiave no impulses.
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where
and

Using the above expression, the rate corresponding to thedgdevelh is

" up(u)du
R(h) _/0 14+ ul(u)

Following the definitions, we have

_ 1—F — —Nu up(u) 4
R = [ (1= i) = [ e 2200 48)
> < up(u)du
= 1—F = w 4
Rowe = [ (1= Fy()ar@) = [~ R0 (49)
The problem is that give®,,,, = r, what is the maximum achievable,,.. In other words,
B © _, up(u)du
o = [ T T )
subject to:
® v up(u)du
/0 © Ttal(w (1)
1(0) = 2,
and
I(c0) =0

Equivalently, to derive the capacity regioR,,..., R...), it is sufficient to solve the following optimization

problem:
max Rave + YRt (52)
subject to
10) = 2,
I(0) = 0,

®Note that as we are allowed to user time-sharing, the capeagfion is convex. As a result, the capacity region can beacherized as

62).
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Fig. 3. Soft coverage constraint: expected minimum rateexpected typical rate fo? = 100 and N =5

for all values ofy > 0. To solve the above optimization problem, we defifie, I(z), I'(x),~) as follows:

(53)
Note that
I'(x) = —p(z)

The necessary condition fdx) to maximize [[(50) with the constraift (51) is the zero funcéibvariation
[20] of S(z, I(z), I'(x),7),

0 d o

where

—z _Nz\ 220 (x
&S = (e + 7™ rhrayes

oS = (€7 + e V) i

d o _ z(e ®+yNe N7) —z —Nz\ 22I'(z)—1
o = 1+Zl(x) + (e + e )(1+xl(:c )2

Therefore, [(E¥) simplifies to a linear equation which leamshe optimum interference function given in

@8). m
Figure [3) shows the capacity region faf = 5 and &2 = 100. It is observed that the maximui,,,.

is achieved forR,,,, < 1.05. It is shown in [21] that a good fraction of the highest expédctate with

infinite layers is achieved by two layers. Figuré (3) showat this is true for our multicast network as

well. Furthermore, we observe that the two-layer rate regjets closer to the capacity region for higher

values ofR,,,.,;.
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Fig. 4. Power distribution functiop(h) for no multicast requirement and f@,,,;, = 1.4

Without the multicast constraint, the power distributiamdtion to maximize the average rate would
be [5],

2 1
w2 S < h<l1
pO(h) = h )
0 else
where
2
S§g= ——.
T V1+az

This function is depicted in figurd l(4), and is compared whle tase corresponding to a multicast
requirement ofR,,,, = 1.4. As shown in the figure, the coverage requirement has shifiedpower

distribution to smaller channel gains to provide serviceisers with worse channel conditions.

VI. EXTENSION TOMISO

In the case that there are multiplé/(> 1) antennas at the transmitter, one can adopt the broadcast
approach proposed in [5]. In this approach, the receiven witknown quasi-static fading MISO channel,
denoted byh, is modeled as a continuum of receivers each associatedawattannel realization. These
receivers are ordered in a degraded fashion. However, $tib#O Broadcast Channel (MIMO-BC) is
inherently non-degraded [22], this approach dose not sacés lead to the optimum performance.

Assuming a single antenna at each receiver, the orderingeoVirtual receivers in this approach is
based on their normalized channel norm, |ﬂ§% Hence, the rate of the virtual receiver at the fading

|[hhf ]|
level =" equals

.
Ibhi)\ _ pylinl
R( i ) = log (1 + 1+P1”];‘I]ETH ;

where Py and P; are the decodable and undecodable signal power levelsatasgy.
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Now, assume there ar€ users in the network, all receiving a common source througiminite-layer
code. Same as before, we would like to design the code to nexithe average rate observed by a
typical user, while providing a given coverage constraort dll the users. For this purpose, we should
provide the minimum rate to the worst user in the degradeddwast model, i.e., the user with the lowest
channel norm. The normalized channel norm of uselenoted by“hThTH is a scaledy? random variable
with 20 degrees of freedom, with the following CDF:

I'(M, Mh)

INCOOI
whereI'(.) is the Gamma function, and(.,.) is the upper incomplete Gamma function [23]. Since the

Ftyp(h) = Fw (h) =1- (55)

users’ channels are statistically independent, the digion of the norm of the worst channel can be

N
. |lhh]]| _ b |
Pr {Hliln T > h = PI' T > h

computed as

(M, MR)\Y
B ['(M) '
Hence, the CDF for the worst channel norm is
B (M, Mh)\ ™
Fru(h) =1— (W) (56)

Here, we just consider the soft coverage constraint saenollowing the same approach as in section

IV, we obtain

Rt — / (1= Fpu(w))dR ()

T, M) up(u)du

N /0 l L(M) } 1+ ul(u)’ (57)
Roe = /0 (1 — Fyp(u))dR(u)

[ T(M, Mu) up(u)du

Bl /0 I'(M) 1+ul(u) (58)

wherep(u) andi(u) are the corresponding power allocation and interfereneeepéunctions, respectively.
To characterize the achievable rate regidt,.., R...), we need to solve the following optimization
problem for ally > 0:

n?(a)x Rave + ’yRmula (59)

subject to
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Defining S(z, I(x),I'(x),~) as

S(x, I(x), I'(x),y) = F(%}\%@ 1 il;(;()x)

D(M, M)\~  zI'(z)
* ”( (M) ) 1+ ol(2)

and setting its functional variation equal to zero to maxenihe average rate, and defining

a T(M, Mz) (M, Mz)\ ™
similar to (54), we obtain
x : w(r)
320 O Tareye (61)
which implies that
 w() 1
I(x) = pEmTE R (62)
Noting that LT (M, z) = —z™~'e*, we can write
, MJ\/[l.J\/l—le—M:v F(M, MZIZ’) N-1
w'(x) = — o0 <1+7N [7F(M) } ) (63)
Substituting in[(6R) yields the optimizdi(h) as
P if h<hg
I(h) = w(h) ho<h<h , (64)
0 h > hl
where QLA
M}, M+1,—Mh ravn) \ N h’
MMpM M (14N (EEE)

and hq, h, are the solutions of the following equations:
M(h()) = ‘@7
:u(hl) = 07

respectively.

The achievable rate region is shown in figure (5) for differemlues of N and for M = 2. From this
figure, we can see that as the number of users decreasespfiused achievable rate region expands. It
is also evident by comparing the regions for the MISO and St&€es withV = 5 users (figured(3) and
(®)) that using multiple antennas improves the achievaik However, its effect is more considerable for

the multicast channel as compared to the typical channe$ giominent gain for the multicast channel
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Fig. 5. Soft coverage constraint: MISO expected minimura wat expected typical rate for different number of uséfs= 2 and & = 100

is due to the fact that we are using multiple independentspaahconvey data (higher diversity order),
so the probability of having very low channel gains signifita decreases. In fact, we will show that
one can compensate the effect of having a large number o$ lisemcreasing the number of transmit
antennas. More specifically, if botN and M tend to infinity and)M grows fast enough with respect to
N, we show in the next theorem that the multicast rate can rérecbxpected typical rate and our scheme

gives the optimal solution.

Theorem 4 For large values ofAM/ and IV, the proposed infinite layer superposition coding will pds/
R,... such that

Rmul 2 Ropt — 0, (65)

22%log(N) + w(1)
(14 2)202
where R,,; is the highest achievable average rate for a typical userhi@ network,s is an arbitrarily

M >

(66)

small positive number, and(1) denotes any function a¥ which tends to infinity asv — oo.

Proof: First, we derive an upper bound on the achievable averagdart typical user by assuming
no stringent delay constraint, meaning that the transomsblock can be chosen as large as the fading
block. In this case, the channel has an ergodic behaviorhande, the ergodic capacity is defined and

is shown to be

T
Cerg =F |:10g <1 + ||l’;\t4l H 9)} . (67)

As a result,

Ropt < Cepyg. (68)
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[hh]
M

Using the concavity ofog function, and having the fact thdi [ ] =1, we have

Cirg < log(1 + 2). (69)

We will show that our scheme provides a multicast rate abiyr close to this upper bound, if we use
enough transmit antennas. Since this upper bound is langer the expected typical rate, the theorem

will be proved. Using a single-layer code with pow@H and rateR,, where

R, =log(1+ 2(1 - o)), (70)
and
, 1+ P)o
g = 7(@ y
the expected multicast rate in our network will be
hh'|,.,

Rmul =Pr {H7]\4||l >1-— U/} R07 (71)
where|[hh||,,,; = min, [|h;h!||. Regarding the central limit theorem [23], the distribatiaf "2l where
1 ha® + hy? + ..+ hat®

— ||hh'|| = 72
77 /b = , (72)
and{h,,}M_ ’s are independent Rayleigh distributions with unit vacarand unit mean, approaches to a
Gaussian distribution with the CDF
h—1
F(h)=Q< i ) (73)
VM
Consequently, the CDF of the multicast channel will be
o1\
qul(h)zl—Q< T > . (74)
VM
Using the above equatiori, (71) can be written as
Rmul ~ Q(_ Vv MOJ)NRJ
N
- [1 . Q(\/Ma')} R,. (75)

AssumingM is large enough to have’ Mo’ >> 1, and consequentl®)(v/Mo') << 1, we can rewrite
the above equation as

R ~ e NQWM R (76)

"Note that as the single-layer coding is a special case ofrpagiion coding, our proposed scheme outperforms thdeslager coding
scheme.
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Now, using the approximation

1 2
T) R ez 77
for large values ofr, we can write
Q(VMd') < e M5 (78)
Therefore, having
A — 2 log(N)/z—l— w(l)’ (79)
o
incurs NQ(v Mo') = o(1), and as a result,
]\}Enoo Ry — R, =0. (80)
Moreover, assuming < 1, (Z0) can be written as,
Lo’
R, =~ log(l+ &) —
og(l+2) 1+2
> Ceg— o0, (81)

where the second line results from (69). Combining (68)),(80d [81), the result of Theorem 4 easily
follows. [ ]

Theorerm# simply implies that as the number of transmit ardgergrows at least logarithmically with
the number of users, the gain of the worst channel convemdiset gain of the typical channel in the
network, with probability one. In other words, increasihg humber of transmit antennas provides fairness
in the system, such that all users almost get the same qudlggrvice. This fact is also noticed by [24]
in the context of MIMO-BC.

VIlI. CONCLUSION

In this paper, we have considered a multicast channel, whezemmon data is transmitted from a
source to several users. It is assumed that a minimum semwse be provided for all the users. For this
setup, we have optimized the average service received hyi@tyser in the network. Two scenarios are
considered for the coverage constraint. In the case of hawdrage constraint, the minimum multicast
requirement is stated in terms of the minimum rate (multicagage capacity) received by all the users
in a single transmission block. For small enough outagegbibities, it is shown that the capacity region
is achieved by providing the required multicast rate in g@lgiayer code, and designing an infinite-layer
code as in [5], on top of it. In the case of soft coverage cai#irthe multicast requirement is expressed
in terms of the expected minimum rate received by all thesug®n infinite layer superposition coding is
shown to achieve the capacity region in this scenario. We lagso proposed a suboptimal coding scheme
for the MISO multicast channel. This scheme is shown to benasgtically optimal, when the number

of transmit antennas grows at least logarithmically witd thumber of users.
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