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Abstract

An erasure channel with an arbitrary alphabet sjzis studied. It is proved that over any erasure channel
(with or without memory) Maximum Distance Separab{&DS) codes achieve the minimum probability of error
(assuming maximum likelihood decoding). Next, based onpisgormance of MDS codes, a lower-bound on the
error probability of block codes over the erasure channdkidved. It is shown that this lower-bound (denoted by
L,.(N, K, q)) is valid whether or not an MDS code of siz&, K| exists. For the case of a memoryless erasure
channel with any arbitrary alphabet size, the exponenghblior of the lower-bound is studied. Finally, it is proved
that both random codes and random linear codes have the spoeent ad.,, (N, K, q) for the memoryless erasure
channel of any arbitrary alphabet size and rates aboverttieal rate. In other words, considering rates above the
critical rate, both random codes and random linear codegxgenentially optimal over the memoryless erasure

channel.

. INTRODUCTION
A. Motivation

Erasure channels, especially the ones with large alphabes,shave recently received significant
attention in networking applications. Different erasuhamnel models (with strong memory) are adopted
to study the performance of end-to-end connections oveintieenet [1], [2]. In such models, each packet
is seen as g = 2%-ary symbol wheré is the packet length in bits. In this work, it is proved thaeov
any erasure channel (with or without memori)aximum Distance Separab(®DS) codes achieve the
minimum probability of error. Moreover, a memoryless erasthannel with an arbitrarily large alphabet

size is considered. The error probability over this charfassuming maximum-likelihood decoding) for
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MDS, random, and random linear codes are compared and slwWwe éxponentially identical for any

alphabet size and any rate above the critical’rate

B. Related Works

Shannon [4] was the first who observed that the error proibalidr maximum likelihood decoding
of a random codeRg“fﬁL) can be upper-bounded by an exponentially decaying fumatith respect to
the code block lengthV. This exponent is positive as long as the rate stays belowhbhanel capacity,
R < C . Following this result, tighter bounds were proposed inlitezature [5]-[7]. For rates below the
critical rate, modifications of random coding are proposeddhieve tighter bounds [8]. Interestingly, the
exponential upper-bound Qﬁgf"]ﬁm remains valid regardless of the alphabet gjzeven in the case where
q is larger than the block siz& (e.g. see the steps of the proofs in [7]). There is also a kbeand on
the probability of error for any codebook which is known as $phere packindound [9]. For channels
with a relatively small alphabet size (« N), both the sphere packing lower-bound and the random
coding upper-bound on the error probability are exponéytimht for rates above the critical rate [10].
However, the sphere packing bound is not tight if the alphalze, ¢, is comparable to the coding block
length N (noting the terms;(N) ando,(NV) in [9]). Hence, the exponential optimality of random codes
is not necessarily valid for the case @¢tomparable with or larger thai.

Minimum distance, distance distribution, and error proligbof random linear codes over the binary
symmetric channel are discussed in [11], [12]. Pierce stuthe asymptotic behavior of the minimum
distance of binary random linear codes [11]. Error exporérmandom linear codes over a binary sym-
metric channel is analyzed in [12]. Barg et al. also studyrtiiimum distance and distance distribution
of random linear codes and show that random linear codes dhdwtter expurgated error exponent as
compared to random codes for rates below the critical ra2¢ [1

Maximum Distance Separab{®DS) [13] codes are optimum in the sense that they achievéatigest
possible minimum distance,,,;,,, among all block codes of the same size. Indeed, any codewaad
MDS code of sizd N, K| can be successfully decoded from any subset of its coded agrob size K
or more. This property makes MDS codes suitable for use aesuee channels like the Internet [1], [2],
[14]. However, the practical encoding-decoding algorghior such codes have quadratic time complexity
in terms of the code block length [15]. Theoretically, mofcent (O (Nlog2 N)) MDS codes can be
constructed based on evaluating and interpolating polyalsnover specially chosen finite fields using
Discrete Fourier Transform [16]. However, in practice,staenethods can not compete with the quadratic

methods except for extremely large block sizes. Recentlfanaily of almost-MDS codes with low

2This is an extended version of the conference paper publishé¢SIT 2008 [3].



Fig. 1. Erasure memoryless channel model with the alphabet;s probability of erasurer, and the erasure symbgl

encoding-decoding complexity (linear in length) is progabsnd shown to provide a practical alternative
for coding over the erasure channels like the Internet [IY]these codes, any subset of symbols of
size K(1 + ¢) is sufficient to recover the origindl’ symbols with high probability [17]. Fountain codes,
based on the idea of almost-MDS codes with linear decodimgpbexity, are proposed for information

multicasting to many users over an erasure channel [18], [19

C. Contribution and Organization

In this work, an erasure channel with an arbitrarily largehabet sizeg, is studied. First, it is proved
that MDS block codes offer the minimum probability of decuglierror over any erasure channel (with or
without memory). Then, based on the performance of MDS caalésver-bound on the error probability
of block codes over the erasure channel is derived. Thisriweand, denoted by.,.(N, K, q), is valid
whether or not an MDS code of siZé/, K| exists. For the case of a memoryless erasure channel, the
exponential behavior df.,, (N, K, q) is studied. Finally, it is proved that both random codes amtiom
linear codes have the same exponenLa$N, K, ¢) for the memoryless erasure channel of any arbitrary
alphabet size as long as the rate is above the critical ratee lgrecisely, we prove that for rates above the
critical rate, the error probability of the random codes amtdom linear codes can be upper-bounded as
O (NL,,(N, K,q)) andO (N3L,,,(N, K, q)), respectively. Interestingly, this result is valid whether or not
q is comparable withV. Thus, our result is different from the known result on theanential optimality
of random codes which is based on the sphere packing bouid [10

The rest of this paper is organized as follows. In sectiorihié, erasure channel model is introduced.
Section Il proves the optimality of MDS codes over any erasthannel. Error exponents of MDS codes,
random codes, and random linear codes over a memorylesge@sannel are compared in section IV.

Finally, section V concludes the paper.

31t should be noted that the normalized critical rate scaie@é%) to zero for large values af.



Il. ERASURE CHANNEL MODEL

The memoryless erasure channel studied in this work hadpghalzet size; and the erasure probability
7 (see Fig. 1). The alphabet sizds assumed to be arbitrarily large, i.e.;> 1.

The described channel model occurs in many practical simsnsuch as the Internet. From an end to
end protocol’s perspective, performance of the lower layerthe protocol stack can be modeled as a
randomchannelcalled aninternet channelSince each packet usually includes an internal error tetec
mechanism (for instance a Cyclic Redundancy Check), theariat channel can be modeled as an erasure
channel with packets as symbols [20]. If each packet costabits, the corresponding channel will have
an alphabet size of = 2° which is huge for typical packet sizes. Therefore, in peattinetworking
applications, the block size is usually much smaller thandlphabet size. Algebraic computations over
Galois fieldsF, of such large cardinalities is now practically feasible hwthe increasing processing
power of electronic circuits. Note that network coding suks, recently proposed and applied for content
distribution over large networks, have a higher computati@complexity as they require the inverse matrix
computation for square matrices of si@¢ V) [21]-[27].

Note that all of the known MDS codes have alphabets of a laizge (growing at least linearly with
the block lengthN). Indeed, to have a feasible MDS code over a channel with lipfeabet size;, the

block size N should satisfyNV < ¢+ 1 in almost all cases (see Remark | in section Ill and [28]).

[1l. OPTIMALITY OF MDS CoODES OVERERASURE CHANNELS

Maximum Distance Separab{®DS) codes are optimum in the sense of achieving the lamestible
minimum distanced,,;,, among all block codes of the same size [13]. The followinggdem shows
that MDS codes are also optimum over any erasure channeleirsehse of achieving the minimum
probability of error. It is worth mentioning that practicatasure channels (like the Internet channel)
typically demonstrate a strong dependency between thereravents. However, in such scenarios, the
erasure events are independent of the input symbols. Thevfob definition includes the most general
case of such erasure channels, with or without memory. @siypthe memoryless and Markovian-
modeled [1], [2] erasure channels are special cases of tlosving definition.

Definition 1. An erasure channel is defined as the one which maps every symtol to either itself
or to an erasure symbgl More accurately, an arbitrary channel (memoryless or wigmory) with the
input vectorx € XV, |X| = ¢, the output vectoy € (X U {¢})", and the transition probability (y|x)

is defined to be erasui it satisfies the following conditions:

1) p(y; & {z;, ¢} x;) =0, V j, wherez; andy; denote thej’th elements of the vectors andy.



TABLE |
A TERNARY CODEBOOK WITHN =5 AND K = 3, AND d = 2.

Information Symbols] Codewords
000 00000
001 00110
002 00220
010 01011
011 01121
012 01201
020 02022
021 02102
022 02212
100 10011
101 10121
102 10201
110 11022
111 11102
112 11212
120 12000
121 12110
122 12220
200 20022
201 20102
202 20212
210 21000
211 21110
212 21220
220 22011
221 22121
222 22201

2) Defining the erasure identifier vecteras

A 1 Y :g
0 otherwise

€.

p(e|x) = p(e), i.e. e is independent ok.

Theorem I. A block code of sizé€ NV, K| with equiprobable codewords over an arbitrary erasureratlan
(memoryless or with memory) has the minimum probability obe (assuming optimum, i.e., maximum
likelihood decoding) among all block codes of the same 8izbat code idMaximum Distance Separable
(MDS).

Proof. Consider any arbitraryN, K, d| codebookC with the ¢-ary codewords of lengtiv, number of
code-wordsy®, and minimum distancé. The distance between two codewords is defined as the number
of positions in which the corresponding symbols are difief@iamming distance). Assume a codeword
x € C is transmitted and a vectgr € (X U {¢})" is received. According to the definition of the erasure
identifier vector, a unique erasure identifier veataxists corresponding to the received vegtolLet us
definew(e) andP{e} as the Hamming weight and the probability @f correspondingly. According to
the definition of the erasure channelandx are independent. Let us assume thét) = m. Hence, the
decoder decodes the transmitted codeword based o then correctly received symbols.

We say a codeword € C satisfiesa received vectoy iff Vj,y; # £ = ¢; = y;. It is easy to observe



TABLE I

BINNING OF THE CODEBOOK INTABLE | FORe = (0,1,0,1,1)

Bin Index | be(¢z) | Codewords in Bini | Received Vector Corresponding to Bin|
00000
1 3 01011 0£0&¢
02022
00110
2 3 01121 0€1&¢
02102
00220
3 3 01201 0£2¢¢
02212
10011
4 3 11022 1£0&¢
12000
10121
5 3 11102 1£1¢¢
12110
10201
6 3 11212 1£2¢¢
12220
20022
7 3 21000 2608¢
22011
20102
8 3 21110 2¢1&¢
22121
20212
9 3 21220 262¢8¢
22201

that receiving the vectoy, probability of the codeword € C being transmitted is zerg(c|y) = 0) if

c does not satisfy. On the other hand, ad's that satisfyy are equiprobable to be transmitted givyen
Hence, the task of the maximum likelihood decoder is to ramgaoselect one of the codewords which
satisfyy.

Notice that there exist’¥~™ possible received vectogswhose erasure identifier vector equalsNow,
based on the erasure identifier veatpwe partition the codeboak into ¢~ bins. Each bin is associated
with a possible received vectgr (with erasure identifier vectas) and contains all the codewords ¢h
that satisfyy. It is easy to verify that each codeword belongs to only ome bet us denote the number
of codewords in the'th bin by b.(i) for i = 1,...,¢¥~™. As an example, consider tHg, 3, 2] codebook
defined in Table | oveif';. Assumex = (0,0,0,0,0) is transmitted, andr = (0,¢,0,&,€) is received.
Thus,e = (0,1,0,1,1) is the erasure identifier vector correspondingytaFor this specifice, C can be
partitioned into3? bins as shown in Table Il. Hence, the Maximum Likelihood dioshould choose
one of the3 codewords in binl randomly. Accordingly, the error probability of the decodier this case
is 2.

Let us assume a bin with indexs associated with the received veciarlf b.(i) = 1, the transmitted
codewordx can be decoded with no ambiguity. Otherwise, the optimumodiec randomly selects

one of theb.(i) > 1 codewords in the bin. Thus, given bin the probability of error isl — ﬁ(l)



Obviously, the transmitted codeword always lies in the bin associated with the received vegtor
Hence,P {bin i selectede} = > _pin; P {x transmittedle} @ b K , Where (a) follows from the facts
thatx ande are independent and all the codeword€ aire equiprobable. Based on the above arguments,

probability of decoding error for the maximum likelihoodadeler of any codebook;, is equal to

—~

P, @ Z Y P{e}P{errote}

exw(e)=m

qu

> Ple} ) P{bini selectetie} P {error|e, bin i selected

exw(e)=m i=1, be(i)>0

MZ iMZ I
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> o > ()

e:xw(e)=m i=1, be(7)>0

= ro (-3

exw(e)=m

S Ple} (1 - min{qz;{‘-’N_m}) (1)
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whereb? indicates the number of bins containing one or more codesvoad follows from the fact that
the transmitted codeword can be uniquely decoded if the eurmberasures in the channel is less than
the minimum distance of the codebook [29], adl follows from the fact tha@fgm be(i) = ¢. (¢) is
true sinceb! is less than both the total number of codewords and the nuofb@ns.

According to (1), Pg ,,;, is minimized for a code-book if two conditions are satisfied. First, the
minimum distance o should achieve the maximum possible value, ke N — K + 1. Second, we
should haveh] = min{¢’, ¢~ ~™} for all possible erasure vectoeswith any weightd < m < N. Any
MDS code satisfies the first condition by definition. Moregweis easy to show that for any MDS code,
we haveb(i) = ¢¥~N+m, for N — K < m < N. We first prove this for the case of = N — K.
Consider the bins of an MDS code for any arbitrary erasureepat, w(e) = N — K. From the fact that
d= N — K+ 1, we haveb.(i) < 1. Knowing E be(i) = ¢¥, it is concluded that each bin contains
exactly one codeword. Therefore, there exists only onewontewhich matches ani correctly received
symbols. Now, consider any general erasure identifier vacte(e) = m > N — K. Let us choose an
arbitrary K — N + m erasure positions ie. Also, consider a received vectgrwhose erasure identifier
vector ise. By assigning arbitrary values frolt’ to the K — N + m chosen erasure positiong,can
be extended to another vectgf with K non-erasure symbols. According to the statement proved for
m = N — K, there exists exactly one codeword in the MDS codebook thigfiesy’ (and consequently
y). Hence, there exisig* ~V+™ codewords in the MDS code that satisfyi.e. we havé, (i) = ¢%—V+m,

This completes the prodl



Remark I. Theorem I is valid for anyV and1 < K < N. However, it does not guarantee the existence
of an [V, K] MDS code for all such values a¥ and K. In fact, a conjecture on MDS codes states that
for every linear[N, K| MDS code over the Galois field,, if 1 < K < ¢, thenN < ¢+ 1, except when
g iseven andk =3 or K = g — 1, for which N < ¢ + 2 [28].

Definition Il. L,,(N, K, q) is defined as

LN K2 NZK PR (1-23). @

Now, based on the Singleton bound and the fact that{¢*, ¢~ ™"} = ¢~ for m > N — K, the

inequality in (1) leads to
PEML Lin(N, K, q). 3)

Thus,L,,(N, K, q) is a lower-bound on the probability of error for any codebdokf size [N, K] over

an erasure channel, whether an MDS code of that size existetoNoting the proof of Theorem I, the

lower bound in (3) is tight for any MDS code, i.e.
Pgiyi, = Lin(N, K. q). 4
Corollary I. For N < ¢+ 1, converse of Theorem | is also true if the following conditis satisfied
Ve € {0,1}V: P{e} >0 (5)

Proof. For N < ¢+ 1 and1 < K < N, we know that an MDS code of siZéV, K| does exist (an
[N, K] Reed-Solomon code can be constructed @&yesee [30]). Let us assume the converse of Theorem
| is not true. Then, there should be a non-MDS codebabhyith the size|N, K,d], d < N — K + 1,
which achieves the minimum probability of erraPy ,, = PA'}}7). For any erasure vectar with the
weightw(e’) = N — K, we can write

8 g )

ew(e) N-K

N

NS NS
=
ML iML
- [~] M
o o
—~ —~
£ £
VN /;\
| |
SoT K[
N— \_/

(d) ()
- Pg,ML PJ{JV[JL\E =0 (6)



where (a), (b), and (c) follow from the fact thatt? < min{¢"—™, ¢%} if w(e) = m. (d) and (e) are
based on (1), (4), and the assumption tRgt,, = P2'17. Applying the fact thabl < min{¢"~",¢"}
for w(e) = N — K, results inP{e'} (1 - ZL;) > 0. Combining this result with (5) and (6), proves that
bl = ¢*. Thus, we havé, (i) = 1 for all 1 <: < ¢® and anye’ with the weight ofw(e’) = N — K.

On the other hand, we know that the minimum distanc€ of d. Thus, there exist two codewords
andc, in C with the distance ofi from each other. We define the vectar as follows

- s 0 if ¢ :. Ca, @)
1 otherwise

whereey,y, c1;, andcy, denote thej'th elements ofe;,, c;, andc,, respectively. Since we assumed that
is a non-MDS code, we have(e;;) = d < N — K. Then, we construct the binary vecier by replacing
N — K — d zero elements ir,, with one. The positions of these replacements can be anpitAgain,
it is obvious thatw(e*) = N — K.

Now, we define the received vectgr as

Clj

. A ife;:()

Y, (8)

£ otherwise.
Based on (7) and (8), it can be seen that= c;; = ¢y, if ¢ = 0. Thus, bothc, andc, satisfy y*.
Therefore, in the binning corresponding to the erasureovect, both c; and c; would be in the same
bin (the one corresponding tp*). However, we already know that.(i) = 1 for all 1 < i < ¢¥ since
w(e*) = N — K. This contradiction proves the corollalf

The memoryless erasure channel obviously satisfies theitmoméh (5). Combining Theorem | and
Corollary | results in Corollary II.

Corollary 1l. A block code of sizel/V, K] with equiprobable codewords over a memoryless erasure
channel has the minimum probability of error (assumingroptn, i.e. maximum likelihood decoding)
among all block codes of the same siffethat code isMaximum Distance Separab{&DS).

Remark Il. In the proof of Theorem I, we do not assume any memorylessepipior the erasure
channel. Instead, the proof is based on the analysis of & lbtransmitted symbols, regardless of the
dependency between the erasures in the block. To prove tinerse of Theorem | (Corollary 1), the
only extra condition we assume is the one in (5). This coodifthat all erasure patterns can occur) is
obviously much weaker than the memoryless condition. These converse of Theorem | is valid for

many erasure channels with memory as long as they satisfgahéition in (5).

A. MDS codes with Suboptimal Decoding

In the proof of Theorem I, it is assumed that the received wodds are decoded based on maximum

likelihood decoding which is optimum in this case. Howevarmany practical cases, MDS codes are
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decoded by simpler decoders [30]. We consider the follovemigoptimal decoding method. K or more
symbols are received correctly, the decoder finds the trateshtodeword of lengthV uniquely with no
error (by the binning method described in the proof of Theoler by an algebraic method as in [30]). In
case more thatv — K symbols are erased, a decoding error is declaredPg@f denote the probability
of this eventPé{gg9 is obviously different from the decoding error probabilitfythe maximum likelihood
decoder denoted bf”{ﬁ,ﬁ. Theoretically, an optimum maximum likelihood decoder of DS code
may still decode the original codeword correctly with a p@ei but small probability, if it receives less
than K symbols. More precisely, according to the proof of Theoresuth a decoder is able to correctly
decode an MDS code ovéY, with the probability of% after receivingKK — i correct symbols. Of course,
for Galois fields with large cardinality, this probability hegligible. The relationship betweéfg{fuf and

Py'Y; can be summarized as follows

N
pyy = ) P{m symbols erased

m=N—-K+1

S

m=N—-K+1 ew(e)=m

D VI T (R

m=N—-K+1 ew(e)=m

N
() 1
= P+ Z (K—N+m Z Ple}

m=N—-K+1 ew(e)=m

IA

N
PR Y Y Pl

m=N-K+1 ew(e)=m

PYS
MDS ;
= P E,ML q (9)

where (a) follows from (4). Hence P} is bounded as
1
Py (1-1) < Py < Py, 0
, q , ,
Note that the above inequality is valid whether the erastencel is memoryless or has memory.
Similar to L,,, (N, K, q), Ls(N, K, q) can be defined as the lower-bound on the probability of ewor f

any codebook of sizé€V, K] with suboptimal decoder, whether an MDS code of that sizetgxr not.

In other words,L;(N, K, q) is defined as

L(N, K, q) & ) > Ple}. (11)

m=N—-K+1 ew(e)=m
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In case an MDS code of siZé/, K] does exist, we hav€,"> = L,(N, K, ¢). Now the inequality in (10)
can be written as
1
L,(N, K, q) (1 - —) < Ln(N, K,q) < Ly(N, K, q). (12)
q

V. ERROREXPONENTS OFMDS, RANDOM, AND RANDOM LINEAR CODES
A. Error Exponent of MDS Codes over a Memoryless Erasure @&lan

Consider a block code of siZgV, K] over the memoryless erasure channel of Fig. 1. d.et N;NK

denote the coding overhead. For-ary [N, K] code, the rate per symbak, is equal to

K
Rzﬁlogq: (1 —a)logg. (13)

In a block code of lengtlv, the number of lost symbols would @ZN:I e; Wheree; is defined in Definition
| of section Ill. Thus, assuming the suboptimal decoder dissation IlI-A, L,(N, K, ¢) can be written

as 1 N K-1
LS(N,K,q):IP’{N;ei>a}:;Pi (14)
where P; denotes the probability that symbols are received correctly. As stated in subsectio,lll

L,(N, K, q) would be equal ta°;'>> if an MDS code of sizeé N, K] exists. Since the channel is assumed

to be memoryless in this sectiof);s are i.i.d random variables with Bernoulli distributiorhus, we have

P=(1—n)zN" (‘N) (15)

]

It is easy to see that

P (N—i+1)(1—
C Wi DA i K1 (16)
P4 1

if = N;NK > m. According to equation (13), the condition> 7 can be rewritten ag < (1 — 7)logq =
C where C is the capacity of the memoryless erasure channel. Thexefbe summation terms in

equation (14) are always increasing, and the largest tethreitast one. Now, we can boud(N, K, q)

as
Pg_1 < Lg(N,K,q) < KPg_1. (17)
The term(,/,) in Px_; can be bounded using the fact that for aNy> K > 0, we have [31]
L_em(%) < () < envan(®)
< <
N+1© s \k) =0T (18)

where the entropyd (%) is computed in nats. Thus, using (15), (17), and (18)NV, K, q) is bounded

as
7(1 — a)Ne=Nul®)

1—m)(N+1)(aN +1)

(1 — )2 N2e Nu@)
(1 —=m)(aN+1)

< P 1 <Ly(N,K,q) < KPg_; < (19)
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whereu(«) is defined as

0 fora<mw
u(a) 2 alog :8:3) (20)
—log 1_—7T formr <a<1l.
\ 1l —«

with the log functions computed in the Neperian baséx) can be interpreted as the error exponent of
MDS codes over a memoryless erasure channel if an MDS codeef/$, K| exists. Otherwisey(«)

is the exponent of the lower-bound on the probability of efoy any codebook of sizé€V, K] with the
suboptimal decoder of subsection IlI-A, (N, K, q). Using equation (13)y() can be expressed in terms

of R instead ofa

(

0 forl —n<r
u(R) £ 1—7)(1— (21)
By -m-n)
rm
—log1 forO<r<l-n=n

R
wherer £ — is the normalized rate.
log q

B. Random Coding Error Exponent of a Memoryless Erasure @élan

It is interesting to compare the error exponent in (21) witle random coding error exponent as

described in [7]. This exponenk;,.(R), can be written as

Ey(R) = max {—pR + max Ey(p, Q)} (22)
whereQ is the input distribution, and,(p, Q) equals
1 1+P
q -1
Eo(p.Q) = —log | > Z PiRLTe| | (23)
j=0 | k=

Due to the symmetry of the channel transition probabiljttee uniform distribution maximizes (22) over

all possible input distributions. Thereforgy(p, Q) can be simplified as

Eo(p, Q) = — log <1;—p” + w) . (24)
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Fig. 2. Error exponents of random coding{ R)) and MDS coding 4¢(R)) for a memoryless erasure channel with= 0.015, and (a):
q =128, (b): ¢ = 1024.

Solving the maximization in (22), gives uUs.(R) as

( 1l—m+mq
—log ——  —rloggq
q
R,
for0<r <
log q
E.(R) = (25)
1-— 1-—
—rlog (1=m{=r) — log T
rT 1—r
for ] C<r<l-—nx
\ 0gq
wherer £ % ,andR, £ 1_1;qu log ¢ are the normalized and the critical rates, respectively.

Comparing (21) and (25), we observe that MDS codes and rarmtmias perform exponentially the
same for rates between the critical rate and the capacityeMer, for the region below the critical rate,
where the error exponent of the random code decays lineatty & MDS codes achieve a larger error
exponent. It is worth noting that this interval is negligildbr large alphabet sizes.

Figure 2 depicts the error exponents of random codes and Mid&scfor the alphabet sizes pf= 128
and g = 1024 over an erasure channel with= 0.015. Comparing Fig. 2(a) and Fig. 2(b), it is seen that
the region where MDS codes outperform random codes:(R.) becomes very small even for moderate
values of alphabet sizey & 1024).

C. Random Linear Coding Error Exponent of a Memoryless Bresihannel

Maximum likelihood decoding of random codes generally hgsoaential complexity in terms of the

block length (V). Random linear codes, on the other hand, have the advaotgg@ynomial decoding
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complexity (assuming maximum likelihood decoding) ovey arbitrary erasure channel [32]. In a linear
codebook of sizeN, K], any codeword: can be written ag = bG, whereb is a row vector of length
K, indicating the information symbols, ar@ is the generator matrix of siz& x N. In the case of a
random linear code, every element@ is generated independently according to a distribu@pifill],
[12]. For a memoryless erasure channel, due to the symmeétheachannel transition probabilities, the
uniform distribution is applied to generate.

Here, we describe a suboptimal decoder with polynomial derily for decoding of linear block codes
over erasure channels. This decoder is a slightly modifiesiae of the optimum (maximum likelihood)
decoder in [32]. In case that less thah symbols are received correctly, a decoding error is detlare
When K or more correct symbols are received, the decoder detesntiree information vectob (and
the transmitted codeword) by constructing a new matrix called theduced generator matrixG. G
consists of the columns i whose corresponding symbols are received correctly. Tifiike erasure
identifier vectore has the weight ofu(e) = m < N — K, G would have the size ok x (N — m).
Then, the decoder computes the row or column rankioff this rank is less thar, a decoding error
is declared. In case the rank is equalAq the information symbol vector can be decoded uniquely by
solvingbG = ¥. In this casey is thereduced received vectaonsisting of the correctly received symbols
only. In the described decoder, suboptimality arises ortynfthe cases that less thdh symbols are
received correctly. In such cases, although an optimal imax likelihood) decoder can not reconstruct
the transmitted codeword uniquely, it may be able to find itngking a random selection among a set
of likely codewords [32]. However, the described decodeehast declares an error.

Using the described suboptimal decoder, the probabilitgradr is the probability that the rank @&
is less thanK'. Thus, the probability of error conditioned on an erasuretareof weightw(e) = m can

be written as [33] v
P{errofw(e) =m}=1— [] <1 - l) : (26)
i=N—-m—K+1 q

We bound the above probability as

(a) 1 K
P ferotufe) =} £ 1 (1- )
q

® K
S R (27)

where(a) follows from the fact that(l — W%KH) < <1 — l) foral N—-m—-K+1<i<N-—m.

qi
(b) follows from Bernoulli's inequality [34] and the assumptidhatw(e) = m < N — K. The total
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probability of error is written as
K-1
Plity =

M

+ZP P {erroflw(e) = N — i}
S Z_:R_'_Z z K+1

=0
K-2

< ZP"—AK 1+KZA (28)

where P; denotes the probability thatsymbols are recelved correctly as defined in subsection, sl
A, = q,’%ﬂ (a) follows from (27), and(b) is true sinceAx_; = Pk _;.

We definei, asi, = % Of course,i, is not necessarily an integer. The rest of the analysis is
divided to two cases, based on whetheK K or vice versa.

Case t iy < K. Following equation (13), this condition is equivalent & (1 + +) < R where

R. = 1_17r‘f7rq log ¢ is the critical rate as in (25). Now, similar to equation (1&g can write
A; N —i+1)(1—
:( z+.)( W)Sl fori=K,---,N. (29)
Aia qim

Thus, A;’s are decreasing, and;_; > A; for K < ¢ < N. This means that we can upper-bound the

term Y . A; in (28) as

N
Z i< (N—K+1)Ag1=(N—K+1)Px_1. (30)
Then, we write
@ —
pPpn, < > P+K(N-K+1)Ax,
=0
(b)
< (N-K+2)KPg_,4

—
o
~

7TK2(N — K + 2) e_NEr(%Iqu>
A-—m(N-K+1)
7N?r? (N — Nr + 2) _NE.(R)
A-m{N _—Nr+1)°
wherer = % is the normalized rate as in (25)z) follows from (28) and (30)(b) is based on (16)
and the facts thag<1r5}§< Pi=Pra and> %' P, < KPg_,. (c) results from (15) and (18), an@)
from (13).
Case II: K < iy. Following equation (13), this condition is equivalento< R. (1 + +). Computing

the ratio - as in (29), it can be seen thaf- < 1 for iy < i, and 2= > 1 for iy > i. Thus, the

IA

—
S
=

(31)

series of{ A;}" ., achieves its maximum at = |i,] > K, and we can upper-bound the ted® , A
in (28) as

N

Z (N — K +1)A;. (32)
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Then, we have

@ =
pin, < > P+ E(N-K+1)A;:
i=0
(0)
< KPx 1+ K(N—-K+1)Ax
(c)
< K(N—-K+2)Ax
( .
i
(d) * AT K
< (N—K+2)Kexp | =N Zﬁlog Z,]*V — log W.* —Nlogq
_ _ 1— —
\ (1 N) (1—m) N
( i — 1
< (N-K+2)Kexp | —N ‘0 1log N — log T _ log q
N 1 0 — 1 1 120 N
(N = PN + 2)Nre No(BEN) (33)
wherev(R, N) is defined as
N1l—-7m)—mq, N(l1-—m)—mq TN(1 — 7+ 7q)
N) £ ] _
VRN S N0 r g BN D=7 Nrq—1+r
1—7m+mq 1
= —1 B —————— —_
og R+qO <N>
1
- F —). 4
() +00 () (34)

In (33), (a) follows from (28) and (32)(b) results from (16) and max P, = Px_;. (c¢) follows from

0<i<K-1

the facts that4,- is the maximum of the serie{%,-}iN:K_l, andPy 1 = Ax_1 < Ai+. (d) is based on (18)

and can be derived similar to (19)) follows from (13), and noting that, = W+h=m)

l—m+qm

(31) and (33) upper-boun#/”, for R, (1+ ) < R andR < R. (1 + %), respectively. Combining

these two upper-bounds results in

(

lin
Pglan <

\

1

(o))
(N —rN +2)Nre for R< R, (1+ %)

7N?r3(N — Nr + 2)

o—NE(R)
(1—7m)(N - Nr+1)

for R>R.(1+ %)

D. Exponential Optimality of Random Coding and Random Lir@ading

(35)

Using the sphere packing bound, it is already shown thata@ndoding is exponentially optimal for

the rates above the critical rate over channels with redgtigmall alphabet sizeg (< N) [9], [10]. In

other words, we know that

P = eV

(36)
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log Py
where the notatios- meanleim —% = FE,(R). However, the sphere packing bound is not tight
—>00

for the channels whose alphabet sizeis comparable to the block length. Here, based on Theoremd | a
the results of subsections IV-A, IV-B, and IV-C, we prove #agonential optimality of random coding
and random linear coding over the erasure channels for@ibhlet sizes (whether or ngis comparable
with N).

The average decoding error probability for an ensemble nfloen codebooks with the maximum-
likelihood decoding can be upper bounded as

(a)
Py, < e NER) O Ny (37)

where(a) follows from [7], and(b) is valid only for rates above the critical rate accordinga)(and (25).
The similar upper-bound foPg’;w is given in (31).

We can also lower boun#;"{, and P", as
(a)
Py 2 L(N K, )
(®) 1
2 1—-- Ls(Nv K7 Q)
q

© (1) arNe v

>

T (1l-m(N+1)(1—=r)N+1)
where (a) follows from Theorem | and (3)¢b) from inequality (12), andc) from inequality (19). The

(38)

inequality in (38) remains valid inf’ﬁL is replaced byP]{}f;lb. Now, we prove the main Theorem of this
section.
Theorem II. Consider a memoryless erasure channel with an arbitrahablt size; and the erasure

probability 7. Random codes and random linear codes are exponentialipapbver such channel as

long as the normalized rate, is above the normalized critical rate, £ lj;jm. More precisely, let
L.(N, K,q), Pg",, and Pg", denote the lower-bound on the error probability of block endf size
[N, K] overF, (defined in Definition II), error probability of random codg@sgith ML decoder), and error
probability of random linear codes (with the suboptimal aiar), respectively. As long as> r., we

have
P, = O (NLn (N, K, q))
Pyt =0 (N°Li(N, K, q)) (39)

Proof. Combining (37) and (38) guarantees that both the upperamd the lower-bound oﬁg’fﬁL

are exponentially tight, and the decaying exponenngf]ﬁIL versush is indeedu(R). Combining (31)
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and (38) proves the same result about the exponelﬁtgg;b versus/N. Moreover, we can write

(a) (b)
Lm(N7 K?Q) S PE%L S ClNLm(N7 K?Q)
(a) (
wherec, = 1= ”)(ZF__))(I %) ande, = W(”(Tlvl)_(;”%) Here, (a) follows from Theorem I and (3), and
(b) results from inequalities (37) and (38):) is based on (12), (19), and (33). (40) completes the proof
|

It should be noted that in (40), the terim,(V, K, ¢) can be replaced bi;'})7 if an MDS code of size
[N, K| exists overF,. In that case, since the coefficients @}l in (40) do not include any exponential
terms, it can be concluded that for rates above the critiatd, both random codes and random linear

codes perform exponentially the same as MDS codes, whichalegady shown to be optimum.

V. CONCLUSION

It is proved thatMaximum Distance Separab{(®IDS) codes achieve the minimum probability of error
over any erasure channel (with or without memory). Morep¥gr(N, K, q) is introduced as a lower-
bound on the error probability of block codes over the emshannel. Finally, for the memoryless erasure
channel and rates above the critical rate, the error exgsmémandom codes and random linear codes are
studied and shown to be equal to the exponent,pfN, K, ¢). This result is proved to be valid whether
or not the alphabet size is comparable with the codebookkdkrgth, V.
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