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Abstract

M-ary signal transmission over AWGN channel with additiyeary interference where
the sequence of i.i.d. interference symbols is known chusalthe transmitter is considered.
Shannon’s theorem for channels with side information attthesmitter is used to formulate
the capacity of the channel. It is shown that by using at mid€§) — Q + 1 out of M input
symbols of theassociated channel, the capacity is achievable. For the special casgenthe
Gaussian noise power is zero, a sufficient condition, whicmdependent of interference, is
given for the capacity to béog, M bits per channel use. The problem of maximization of
the transmission rate under the constraint that the chanpet given any current interference
symbol is uniformly distributed over the channel input aphbt is investigated. For this setting,
the general structure of a communication system with ogtipmacoding is proposed. The
extension of the proposed precoding scheme to continuoasneh input alphabet is also

investigated.
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. INTRODUCTION

Information transmission over channels with known intexfee at the transmitter
has been a major focus of research due to its application filmus communication
problems. A remarkable result on such channels was obtéyné&tbsta who showed that
the capacity of the additive white Gaussian noise (AWGNhcleghwith additive Gaussian
i.i.d. interference, where the sequence of interferengrbsys is known non-causally
at the transmitter, is the same as the capacity of AWGN cHaihe Therefore, the
interference does not incur any loss in the capacity. Thegltavas extended to arbitrary
interference (random or deterministic) Erezal. [2]. Following Costa’s “Writing on
dirty paper” famous title [1], coding strategies for the rhal with non-causally known
interference at the transmitter are referred to as “diryepacoding” (DPC).

Transmission over multiple-input multiple-output (MIM®yoadcast channel is an
important application of DPC. In such systems, for a giveer,uthe signals sent to the
other users are considered as interference. Since alllsigr@aknown to the transmitter,
dirty paper coding can be used after some linear preprowe$3]. It was shown that
DPC in fact achieves the sum capacity of the MIMO broadcasngal [4], [5], [6].
Most recently, it has been shown that the same is true for tieeecapacity region of
the MIMO broadcast channel [7]. Another important applmatof DPC is information
embedding or watermarking [8], [9], [10], where a host sigaanodeled as interference
onto which a watermark signal is embedded.

The result obtained by Costa does not hold for the case tlatsélguence of
interference symbols is known causally at the transmitteiact, the capacity is unknown
in this case and unlike the non-causal knowledge settirg cipacity depends on the
interference. The only definitive result in this case is du&tezet al. [2] who showed
that, for the worst-case interference, at the limit of highRS the loss in capacity due to
not having the future samples of the interference at thesingtter is exactly the ultimate

shaping gain log (2£) ~ 0.254 bit.
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In this paper, we consider the AWGN channel with i.i.d. aditliscrete interference
where the sequence of interference symbols is known cguatlthe transmitter. The
discrete interference model is more appropriate for maractfmal applications. For
example, in the MIMO broadcast channel, due to the fact tharactice the user signals
are chosen from finite constellations, the interferencesedly the other users is discrete
rather than continuous. We are interested in both capatitgeochannel and precoding
schemes for the channel.

The rest of the paper is organized as follows. In seclion k¥, pvovide some
background on channels with side information at the encddesectior 1], we introduce
our channel model. In section ]IV, we investigate the cagaditthe channel. In section
[Vl we consider maximizing the transmission rate under thestraint that the channel
input given any current interference symbol is uniformlgtdbuted over the channel input
alphabet. The general structure of a communication sysbemimé channel with causally-
known discrete interference is given in section VI. We edtéme uniform transmission
scheme to continuous-input alphabet in seclion VII. We hate this paper in section
\VLIN

[I. CHANNELS WITH SIDE INFORMATION AT THE TRANSMITTER

Channels with known interference at the transmitter areciapease of channels
with side information at the transmitter which were conggdefirst by Shannon [11].

Shannon considered a discrete memoryless channel (DMCgeninansition matrix
depends on the channel state. A state-dependent discratergiess channel (SD-DMC)
is defined by a finite input alphabét, a finite output alphabey, and transition prob-
abilities p(y|x, s), where the state takes on values in a finite alphab&t The block
diagram of a state-dependent channel with state informatiahe encoder is shown in
fig. (.

We may consider two settings for the knowledge of state sempiat the encoder:

causal or non-causal. In the causal knowledge setting, theder maps a message
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y ;
T T,s : w
Precoder Pyl ) : Decoder
Channel ;
s s
State 1
Generator

Fig. 2. The associated regular DMC.

into X™ such that the channel input at timids a function of the message and the
state sequence up to the timei = 1,2,...,n, whereas in the non-causal knowledge
setting, the encoder observes the entire state sequenanévate every symbol of the
code sequence.

Shannon considered the case where the i.i.d. state seqggdau@vn causally at the
encoder and obtained the capacity formula [11]. The caseenthe i.i.d. state sequence
is known non-causally at the encoder was considered by Ksaneand Tsybakov in the
context of coding for memories with defective cells [12].I'@&d and Pinsker obtained
the capacity formula for this case [13].

Shannon’s capacity formula was generalized by Salehi [@4{ife case that a noisy
version of the state sequence is available at both encodetiecoder. Caire and Shamai
[15] investigated the case that the state sequence is hobmlEss. The capacity results
with non-causal side information at the encoder were géimecato the case were rate-

limited side information is available at both encoder andodier [16], [17].



Shannon [11] showed that the capacity of an SD-DMC where.itlkde state sequence
is known causally at the encoder is equal to the capacity aessotiated regular (without
state) DMC with an extended input alphalieand the same output alphal3ét The input
alphabet of the associated channel is the set of all furefimm the state alphabet to the
input alphabet of the state-dependent channel. There atalaft|X' | of such functions,
where|.| denotes the cardinality of a set. Any of the functions candprasented by a
|S|-tuple (z1, 22, ..., x5 Of elements oft, implying that the value of the function at
states is x5, s = 1,2,...,|S].

The transition probabilities for the associated channelgiven by [11]

S|
pylt) = Zp p(ylzs, s), 1)
wheret denotes the the function represented(by, Ta,...,7s]). Also,
p(y(1) -+ y(n)[t(1) Hp )

wherei denotes the time index. The capacity is glven by [11]
C=maxI(T;Y), 3
p(t)

where the maximization is taken over the probability masetion (pmf) of the random
variableT'.

Any encoding and decoding scheme for the associated chaanebe translated
into an encoding and decoding scheme for the original stependent channel with the
same probability of error [11]. An encoder for the associatieannel encodes a message
w to (¢(1),...,t(n)). The translated encoding scheme for the original statemtigmt
channel is to map the messageo (z(1),z(2),...,x(n)), wherez(i) = sth component
of ¢(7) if the state attimé is s, s = 1,2,...,|S|, andi = 1,2,...,n. The block diagram
of the associated regular DMC is shown in fig. 2.

In the capacity formulal{3), we can alternatively replace tandom variablel’
with (X;,..., X)), where X, is the random variable that represents the input to the

state-dependent channel when the state és=1,...,|S]|.



[1l. THE CHANNEL MODEL

We consider data transmission over the channel
Y=X+S+N, 4
where X is the channel input, which takes on values in a fixed real tetiation

X:{xlax27"'7xM}7 (5)

Y is the channel output)V is additive white Gaussian noise with powEs, and the

interferenceS is a discrete random variable that takes on values in

S ={s1,5,...,50} (6)

with probabilitiesr,, o, . .., rg, respectively. The sequence of i.i.d. interference sysbol
is known causally at the encoder.

The above channel can be considered as a special case eflepatedent channels
considered by Shannon with one exception, that the chanrplbalphabet is continu-
ous. In our case, the likelihood functiofy x s(y|z, s) is used instead of the transition
probabilities. We denote the input to the associated cHamnd’, which can also be
represented agXi, Xs, ..., Xg), whereX; is the random variable that represents the
channel input when the current interference symbal;isi = 1,..., Q.

The likelihood function for the associated channel is gibagn

Q
fyir(ylt) = erfY\X,S(y|xijaSj)
i=1
JQ
= ZT’ij(y—xzj - s;); (7)

J=1

where fy denotes the pdf of the Gaussian noiSe andt is the input symbol of the



associated channel represented(by, z;,, ..., ;,). The pdf ofY" is then given by

M M Q
) = D> Puiseiq (Z rifny — @i — 3j)>

=1 ig=1 j=1
Q

M
= > Y vy —wi—sy), (8)
=1 =1
WherepiliQ...iQ = Pr{X1 =iy ,XQ = .Z’Z'Q}, pZ(J) = Pr{Xj = .I'Z}

IV. THE CAPACITY

The capacity of the associated channel, which is the sambeasapacity of the
original state-dependent channel, is the maximum(@f, V') = (X, X, --- Xg;Y) over
the joint pmf values;,i,...i,, i.€.,

C= max I(X;Xy---XgY). 9
Piyig-ig
The mutual information betwe€en andY is the difference between differential entropies
h(Y) and h(Y|T). It can be seen fronl(8) thaf (y), and hencei(Y'), are uniquely
determined by the marginal pm{g(j) M ,i=1,...,Q. The conditional entropy(Y|T)

is given by
RY|T) = h(Y|X1Xs---Xg)

M M
- Z o Z Pir-igh(Y Xy = @iy, ., X = 2i)

=1 ig=1
M

M
= 3 S pighis g, (10)

i1=1 ig=1
i1ig — h(Y|X1 = Tijyy .- ,XQ = JZ‘Z‘Q).

There areM @ variables involved in the maximization problefd (9). Eachialale

whereh

represents the probability of an input symbol of the assedi@hannel. The following

theorem regards the number of nonzero variables requiretthgeve the maximum in

@).



Theorem 1. The capacity of the associated regular channel is achieyaing at
most M@ — Q + 1 out of M inputs with nonzero probabilities.

Proof: Denote by{ﬁﬁj) ?‘fl the pmf of X, j =1,2,...,Q, induced by a capacity-
. We limit the search for a capamty achlevmg joint
limiting the search to this set, the maximumigfX; - - - X;Y") remains unchanged (since

the capacity-achieving joint prd{fp;,...;,, }" io=1 is in the new set). But all joint pmfs in

.....

the new set yield the sant¢Y”) since they induce the same marginal pmfs\an. . ., Xq.
Therefore, the maximization problem inl (9) reduces to thedr minimization problem

M

M
rﬂiD- E ce E }qudthludQ

p'LlAHZQ i1:1 inl
subject to

Z---Zp“ o =Dy, ih=1,2,..., M,

io=1 ig=1

M

M
SN pheio =02, ig=12,.... M,

=1 ig_1=1

Piy-ig 20, il,...,iQ:1,2,...,M. (11)

There areM (@ equality constraints in[({11) out of which/Q — @ + 1 are linearly
independent. From the theory of linear programming, thamum of (11), and hence the
maximum of/(X; - - - X;Y), is achieved by a feasible solution with at ma$t) —()+1
nonzero variables. [ |
Theorem[]L states that at masfQ — @ + 1 out of M© inputs of the associated
channel are needed to be used with positive probability hiese the capacity. However,
in general, one does not know which of the inputs must be usadtiieve the capacity. If
we knew the marginal pmfs faK;, ..., Xy induced by a capacity-achieving joint pmf,

we could obtain the capacity-achieving joint pmf itself bylveng the linear program

(1)



A. The Noise-Free Channel

We consider a special case where the noise power is zeid .inn(4he absence
of noise, the channel outpif takes on at mosd/() different values since different
and S pairs may yield the same sum. ¥f takes on exacthy/(@ different values, then it
is easy to see that the capacitylég, M bitsd: The decoder just needs to partition the
set of all possible channel output values irtb subsets of siz&) corresponding tal/
possible inputs, and decide that which subset the curreeived symbol belongs to.

In general, where the cardinality of the channel output syisilcan be less than
M@, we will show that under some condition on the channel infpitabet, there exists
a coding scheme that achieves the riatg, M/ in one use of the channel. We do this
by considering a one-shot coding scheme which uses bhkput of A/%) inputs of the
associated channel.

In a one-shot coding scheme, a message is encoded to a sipgtef the associated
channel. Any input of the associated channel can be repexbéy aQ-tuple composed
of elements ofX. Given that the current interference symbolsis the jth element
of the Q-tuple is sent through the channel. Therefore, one singlesage can result
in (up to) @ symbols at the output. For convenience, we consider theubsygmbols
corresponding to a single message as a muHi«sﬁasize (exactly)@. If the M multi-
sets at the output corresponding 6 different messages are mutually disjoint, reliable
transmission through the channel is possible.

Unfortunately, we cannot always find inputs of the associated channel such that
the corresponding multi-sets are mutually disjoint. Faaraple, consider a channel with
the input alphabet” = {0, 1, 2,4} and the interference alphab&t= {0, 1,3}. It is easy
to check that for this channel we cannot find four triples cosgal of elements ot’ such

that the corresponding multi-sets are mutually disjointfdct, by entropy calculations,

1This is true even if the interference sequence is unknowihécencoder.
2A multi-set differs from a set in that each member may have kiptiaity greater than one. For examplgl, 3, 3, 7}

is a multi-set of size four wherg has multiplicity two.
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we can show that the capacity of the channel in this examplessthar2 bits.
However, if we impose some constraint on the channel inpplhaddet, the rate
log, M is achievable.
Theorem 2: Suppose that the elements of the channel input alph&b&irm an

arithmetic progression. Then the capacity of the noise-tieannel
Y=X+S§5, (12)

where the sequence of interference symbols is known cguatlthe encoder equals
log, M bits.
Proof: Let Y@ be the set of all possible outputs of the noise-free chantenw

the interference symbol is,, i.e.,
VO =L+ 55,00+ 50,00 +5,, g=1,...,Q. (13)

The union of)@s is the set of all possible outputs of the noise-free channel

Without loss of generality, we can assume thak s, < --- < sg. The elements
of Y@ form an arithmetic progression,= 1, ..., Q. Furthermore, thes€® arithmetic
progressions are shifted versions of each other.

We prove by induction o) that there exist\/ mutually-disjoint multi-sets of size
Q) composed of the elements pf), Y@ . Y@ (one element from each). If we can
find suchM multi-sets of size, then we can obtain the correspondihf Q-tuples of
elements ofY by subtracting the corresponding interference terms frioenelements of
the multi-sets. Thes&/ (-tuples can serve as the inputs of the associated channel to b
used for sending any af/ distinct messages through the channel without error in one
use of the channel, hence achieving the tagg M bits per channel use.

For @ = 1, the statement of the theorem is true since we can {ake- s}, {zs +
s1}, ..., {xy + s1} as mutually-disjoint sets of size one.

Assume that there exigt/ mutually-disjoint multi-sets of siz€ = ¢. ForQ = ¢+1,
we will have the new set of channel outpDtS+Y = {z 45,11, To+5411, - - -, Tar+8g41)-

We consider two possible cases:
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Fig. 3. The elements oy, ..., Y@+ shown as shifted version of each other. The elementy@f") up to

Tk + sq41 appear iV,

Case 1. None of the elements o¥*?) appear in any of the multi-sets of size
Q=q.

In this case, we include the elements)¥f+?) in the M multi-sets arbitrarily (one
element is included in each multi-set). It is obvious that thsulting multi-sets of size
@ = ¢+ 1 are mutually disjoint.

Case 2: Some of the elements @“+?) appear in some of the multi-sets of size
Q=q.

Suppose that the largest elemenpdf+? which appears in any of the se$!, . . .,
Y@ (or equivalently, in any of the multi-sets of siz¢ = q) is =, + s,., for some
1 <k <M — 1. Then sincey@*V) is shifted version of eacpy™™, ..., Y@ ands,.; >
s, > - > s1, exactly one of the sey™® ... Y@, say YV for somel < j < g,
contains all elements a¥“*V up to z; + s,.1. See fig[B. Since any of the disjoint
multi-sets of size) contain just one element @¥U), the elements ofy@t!) up to
x, + sq.+1 appear in different multi-sets of siz@ = ¢q. We can form the disjoint multi-
sets of size; + 1 by including these common elements in the correspondindiisets
and including the elements §fcyi1 + Sgi1, .-, Ta + Sqg+1} IN the remaining multi-sets

arbitrarily. [ |
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The condition on the channel input alphabet in the stateroétheorem[D is a
sufficient condition for the channel capacity to loe, /. However, it is not a necessary
condition. For example, the statement of theofém 2 withiat tondition is true for the
case() = 2. Because in the second iteration, we do not need the ariihmetgression
condition to formA/ mutually-disjoint multi-sets of size two.

It is worth mentioning that in the proof of theorém 2, we did nee the assumption
that the interference sequence is i.i.d.. In fact, the fatence sequence could be any
arbitrary varying sequence of the elementsSof

The proof of theorem2 is actually a constructive algoritton finding M (out of
M?®) inputs of the associated channel to be used with probﬁbﬁ}itto achieve the rate
log, M bits.

It is interesting to see that the set containing #tie elements of thel/ Q-tuples
obtained by the constructive algorithmis ¢ = 1, ..., Q. This is due to the fact that each
multi-set contains one element from ea@¢t, .. ., (@) . Therefore, a uniform distribution

on the M @Q-tuples induces uniform distributions oy, ..., Xq,.

V. UNIFORM TRANSMISSION

In the sequel, we study the maximization of the réte; --- Xo;Y') over joint

pmfs {p;,..io 12 io=1 that induce uniform marginal distributions 0%, ..., Xq, i.e.,

i1,...,

1
pl=p? = =p P == i=12,...,M, (14)

for which we show how to obtain the optimal input probabilagsignment. We call
a transmission scheme that induces uniform distributiomsXg, ..., X, as uniform
transmission. Uniform distributions forX, ..., Xy implies uniform distribution forX,
the input to the state-dependent channel definedlin (4).

In the previous section, we established that the capacitye@ng pmf for the
asymptotic case of noise-free channel induces uniformilkigions onX;, ..., X (pro-

vided that we can find// Q-tuples such that the corresponding multi-sets are mytuall
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disjoint). Therefore, imposing the uniformity constragiwen in (14) does not reduce the
transmission rate in the asymptotic case of noise-freer@laiowever, in the general
case where the noise power is not zero there will be some tossteé due to imposing
the uniformity constraint.

Imposing the uniformity constraint along with the integisatonstraint (which will
be explained later on in this section), however, simpliffes éncoding operation for the
associated channel as will be shown in this section. Furtbes, we will show in section
VIIIthat our precoding scheme with both uniformity and in&dy constraints provides
higher rates than the existing modulo precoding scheme]of [2

Considering the uniformity constraints in(14), the maxation of / (X, - - - X; V)

is reduced to the linear minimization problem

M

M
min g E hil---zQpil---iQ

subject to

M

: y 1 :
E:”'E:MVWZET ig=1,2,..., M,

i1=1  ig_1=1
Pirig > 0, i, ..., ig=1,2,...,M.  (15)

The equality constraints of (IL5) can be interpreted as thiewimg. We assignp;,...,
to the elementiy,...,ig) of an M by M --- by M (Q times) array. Foi) = 2, the
equality constraints of (15) mean that every row and evetlymo of the array adds up
to % For @ > 2, the equality constraints can be interpreted accordingly.

The same argument used in the last part of the proof of thedieran be used
to show that the maximum rate with uniformity constraint chigved by using at most
M@ —Q+1 inputs of the associated channel with positive probabditiThis is restated

in the following corollary.
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Corollary 1. The maximum ofI(X; --- X¢;Y) over joint pmfs{p;,..;, %...,@:1
that induce uniform marginal distributions oty, X5, ..., X is achieved by a joint pmf
with at mostM @ — @ + 1 nonzero elements.

This result is independent of the coefficiedts;, ..., }. However, which probability
assignment with at most/@Q — @ + 1 nonzero elements is optimal depends on the

coefficients { h;,..., }. The coefficienth is determined by the interference levels

i1-9Q
s1,...,50, the probability of interference levels, ..., rg, the noise powefy, and the
signal pointsz,, s, ..., x). The optimal probability assignment is obtained by solving

the linear programming problern_(15) using the simplex metfi®].

A. Two-Level Interference

If the number of interference levels is two, i.€), = 2, we can make a stronger
statement than corollaty 1.

Theorem 3: The maximum ofl (X, X,;Y") over{p; ;, }*/; _, with uniform marginal
pmfs for X; and X, is achieved by using exactly/ out of /72 inputs of the associated
channel with probability_.

Proof: The equality constraints of (I15) can be written in matrixnfioas
Ap=1, (16)

whereA is a zero-onel/Q x M® matrix, p is M times the vector containing ah,...;,S
in lexicographical order, andl is the all-oneM @ x 1 vector.

For @ = 2, it is easy to check thaA is the vertex-edge incidence matrix of
Ky, the complete bipartite graph with/ vertices at each part. Thereford, is a
totally unimodular matrix [18]. Hence, the extreme points of the feasible region=
{p: Ap =1,p > 0} are integer vectors. Since the optimal value of a lineamaigttion

problem is attained at one of the extreme points of its féasigion, the minimum in

3A totally unimodular matrix is a matrix for which every sqaasubmatrix has determinaét 1, or —1.



15

3fo
ol
1 ®
SO
1 ol
ol
-3 o)
-3 _é -1 i é 3

Fig. 4. Optimal solution for 4-PAM input with parameters = ro = 5731 =—2,s0 =42,Py = 1.
(@5) is achieved at an all-integer veciat. Considering thap* satisfies[(16), it can only
be a zero-one vector with exactly ones. [ |

As an example, the optimal solution for a channel with- {—3, —1,+1, +3} and
S = {—2,2} with equiprobable interference symbols is illustrated @ [. The points
circled in the array correspond to the inputs to the assettielhannel that must be chosen
with probabilityi in order to achieve the maximum rate in the uniform transioiss
scenario.

Fig. B depicts the maximum mutual information (for the unifiotransmission
scenario) vs. SNR for the channel with= S = {—1,+1} and equiprobable interference
symbols. The mutual information vs. SNR curve for the irgezhce-free AWGN channel
with equiprobable input alphabét-1, +1} is plotted for comparison purposes. As it can
be seen, for low SNRs, the input probability assignment = p,, = 2 is optimal,

2

whereas at high SNRs, the input probability assignment= py; = % is optimal. The

maximum achievable rate for uniform transmission is theeupgnvelope of the two
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Maximum achievable rate for uniform transmission
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0.9F| - —y—- P;,7P,, =112
(=B Py P,,E12
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Fig. 5.  Maximum mutual information vs. SNR for the channetwk’ = S = {—1,+1} andr, =r; = 3.

curves corresponding to different input probability assignts. Also, it can be observed
that the achievable rate approaches,2 = 1 bit per channel use as SNR increases
complying with the fact that we established in secfion 1V floe noise-free channel.

It turns out from the proof of theorefd 3 that the optimum solutof the linear
optimization problemp*, is a zero-one vector. So, if we add the integrality constrai
to the set of constraints if_(IL6), we still obtain the samenagit solution. The resulting
integer linear optimization problem is called thssignment problem [18], which can be

solved using low-complexity algorithms such as thengarian method [19].

B. Integrality Constraint for the ()-Level Interference

The fact that for the cas@ = 2, there exists an optimal which is a zero-one vector
with exactly M ones simplifies the encoding operation. Because any engadineme

just needs to work on a subset of sixé of the associated channel input alphabet with



17

equal probabilities; .

For @ # 2, A is not a totally unimodular matrix. Therefore, not all extre points
of the feasible region defined bp = 1,p > 0, are integer vectors. However, at the
expense of possible loss in rate, we may add the integraditgtcaint (i.e.p integer) in
this case. The resulting optimization problem is calledrtiti-dimensional assignment
problem [20]. The optimal solution of (15) with the integrality cdreint, will be a vector
with exactly M nonzero elements with the valgﬂ;. Therefore, any encoding scheme just
needs to usé/ symbols of the associated channel with equal probabiligasplifying
the encoding operation.

Fig.[8 depicts the maximum mutual information for uniformartsmission with the
integrality constraint vs. SNR for the channel with = § = {-3,-1,+1,+3} and
with equiprobable interference symbols. The mutual infation vs. SNR curve for the
interference-free AWGN channel with equiprobable inpyghabet{—3, —1, +1, +3} is
plotted for comparison purposes. It is interesting to nemthat we obtained the exact
same curves as in fig] 6 without imposing the integrality t@sts.

It is worth mentioning that, with the integrality constrgithe optimal solution of
@A5) is a joint pmf of Xy, ..., X for which X, ..., X, can be presented as a function
of X;.

C. Explicit Optimal Solutions

In the sequel, we further investigate the optimal solutibifI®)). It can be shown

that the coefficienk;, ..., = h(Y|X1 = z;,, ..., Xq = x;,) is a function ofr;, —x;,, z;, —
Ligy ooy Ljy — .flfiQ, |e,
hhmiQ = 9(% — Loy Ly — Ligy e ooy iy — .I'iQ), (17)

whereg is a given by

g(ur, ... ug_1) =— f_Jr;O <r1fN(z) + fo:z rofn(z 4+ ug1 + 51— sq)> X

log, <7’1fN(Z) + Zquz quN(Z + Ug—1 + S1 — Sq)) dz. (18)
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Maximum achievable rate with uniform transmission
2 T T T T T T "4 oA
— — — Uniform 4-PAM (no interference)
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Fig. 6. Maximum mutual information vs. SNR for the channethut’ = S = {-3,-1,+1,43} andry = r; =

1
r3s="Ta= 7.

The plot of g(.) for @ = 2 with parameters; = 1,7y = 1,51 = —2,50 = +2,Py =1

is shown in fig[7. The plot of/(.) for Q = 3 with parameters, = r, = r3 = 3,5, =
—2,89 = 0,83 = +2, Py = 1 is shown in fig[ 8. In Appendi¥ I, it has been shown that
g is lower bounded by the differential entropy of the noisgy), and is upper-bounded
by h(N) + H(S), where H(S) is the entropy of the discrete interference.

We may assume that, and x,, are the smallest and the largest elements of the
input alphabetY’, respectively. Then the following theorem gives an expbailution to
(@I5) under some circumstances.

Theorem 4: If g is convex in the(@Q — 1)-cube{(uy,...,ug-1) :

1 —xy <u <zy—x1,0=1,2,...,0Q — 1}, then the optimal solution td_(1L5) is

Lo i = =g
Diyoiq = (19)
v 0, otherwise
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3.4

3.2

h(N)+H(S)

g(u)

Fig. 7. The plot ofg(u) for r1 = 3,70 = 3,51 = —2,50 =42, Py = L.

Proof: Define random variable§; = X; — X;.4,i=1,...,Q — 1. The objective

function in (I%) can be written as
M

M
ZZ PI’{Xl :Zlﬁ'il,...,XQ ::L',-Q}g(xil — Lijgy ooy Ty _xiQ)

=1 ig=1

M
— Z...ZZP[‘{XI :$i17X2:xil _uj17"'7XQ:xi1 _uijl} X
JQ

J1 Q-1 41=1
g(ujlv"'vujQ—l)
M
— Z...ZZPF{Xl:LIZ‘il,Xl—X2:ujlw’-qu_XQ:uijl}X
J1 Jjg-1u1=1
g(ujlv"'vujQ—l)
M
— Z"'Zzpr{Xl:xi17U1:uj1""’UQ_1:uijl}g(ujl""’uijl)
J1 Jjg-1u1=1
— Z"'Zpr{Ul:uj17"'7UQ_1:uijl}g(ujh""ujQ*l)
J Je-1

= E[g(lh,...,Ug-1)], (20)
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TN

'{IIIIII;;I,;:?\‘\\\ //‘“‘\\

A\ lI“Q'/i)//,, 17757

NN\l

P77
\\\\\.,'l

i
\
iy

g(u,.u,)

Fig. 8. The plot ofg(u1,uz2) with parameters; = ro = r3 = %,81 =—2,50=0,83 =42, Py = 1.

where E[.] denotes the expectation operator. Now, conisigehe convexity ofg, apply
the Jensen’s Inequality

Elg(Us,...,Uqg-1)] = g(E[Uy,...,Uq-1])

g(0,...,0). (21)
Equality holds when the random variablEs,

..,Ug-1 take the value zero with proba-
bility one, or equivalently,
Xi=Xy=---=Xg.

(22)
The joint pmf in [19) satisfies both the constraints[inl (150l §22), so it is the optimal
solution.

[ |
For @ = 2, the convexity ofg in the interval[x; — 2/, x); — 24] iS equivalent to

xy — 21 < 81— S2+u/ P, (23)
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whereu* =~ 1.636 and s; < s,. The proof can be found in Appendix Il. In general
(Q > 2), when the power of the noisEy is sufficiently large,g will be convex in the
(Q — 1)-cube.

Theorem[# has an interesting interpretation: Given the itiondof theorem[#
satisfied, the optimal precoder sends the same symbol inhienel regardless of the
current interference symbol. In other words, the optimatpder for uniform transmission
ignores the interference. In fact, as it can be seen fioh, @1y transmission scheme
that forcesXy, ..., Xy to have the same statistical average does not benefit from the
causal knowledge of interference symbols at the transmfttbe condition of theorem
4l is satisfied. Note that this might not hold true for a capgaaithieving coding scheme
without any constraints on the marginal pmfsXf, . ... Xq.

The following theorem holds for the cagg= 2 and when the input alphabét is

symmetric w.r.t. the origin, i.e.,
Ty = —TM+1—i; ’L:]_,,M (24)

For example, a regular PAM constellation satisfles (24).
Theorem 5: If the input alphabe®’ is symmetric w.r.t. the origin, and ifis concave

in the interval|x; — z)/, x) — 24], then

Loif i+j=M+1
Pij = M Y (25)
0, otherwise

is an optimal solution to(15).
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Proof: We rewrite [(1b) for the cas@ = 2 as

M M
min Z Z hz’jpij

P i=1 j=1
subject to
M
1 :

Zpij:M’ i=12,..., M,

7=1

Sho= L gt

i:1p2]_M7 .]_ Pt A )

pijZO, i,j:1,2,...,M. (26)

We assignp;; to the element(i, j) of an M by M array (See fig[l4). The equality
constraints of [(26) mean that every row and every column ef diray adds up to
17 We make the observation that {p;;}, ._,, ,, is a feasible solution of(26), then
Furtherm(;ré, due t0_(24) and the fact thgt= g(x; —z;), {p;;} and{g;;} yield the same
objective value. Therefore, {fp;;} is an optimal solution 0f(26),¢;;} will be an optimal
solution too. The convex combination of the two optimal siols {6;; = 1p;; + 3¢;;}

is also an optimal solution with the following symmetry peoty

0ij = Ov1—j) (M+1—i) - (27)

In fact, (27) describes a solution which is symmetric witie main diagonal of the
array. So far, we have established the existence of an dpsiahation to [26) with the
symmetry property[(27). Now, suppose that a symmetric agdtisolution to [(26) has

nonzero entries

Pij = P(M+1-j)(M+1—i) = D, (28)

wherei + j # M + 1. Now, if we addp to the main diagonal entrieg,,;.—;; and

Pi(M+1—i) and turnp;; andp(as41-jyr+1-4) t0 Zero, the constraints df (26) are not violated.



23

However, the change in the objective function will be prdjpmal to

h(Y| X1 = 24, Xo = mpr41-) + R(Y | Xy = 2415, Xo = 7)
—h(Y|Xy =25, Xo = ;) — h(Y|X1 = 2pr11-5, Xo = Targ1-4),

which is equal toy(2z;)+ g(—2z;) —2g(z; — ;) which is non-positive by concavity of.
Hence, we have not increased the objective value by the gsatescribed above. We can
repeat the process until all nonzero entries lie on the meigamhal without increasing
the objective value. Thereforé, (25) is an optimal solutdr{28). [ |

It can be shown thag is concave in the interval, — x5, x ) — 4] if and only if

JIM—JI1§82—81—U0 PN. (29)

See Appendix]l for the proof.

VI. OPTIMAL PRECODING

The general structure of a communication system for the retladefined in[(#4) is
shown in fig.[9. In fact, figl19 is the same as fig. 2 for the spec#e of the state-
dependent channel defined [ (4). Any encoding and decodimgnse for the associated
channel can be translated to an encoding and decoding sdieertiee original channel
defined in [(4). A message is encoded to a block of length composed of input
symbols of the associated chanmel (z;,,z,, ..., z;,). There areM® input symbols.
However, we showed that the maximum rate with uniformity amtdgrality constraints
can be achieved by using judt input symbols of the associated channel with equal
probabilities. The optimal\/ input symbols of the associated channel are obtained by
solving the linear programming problem {15) with the intdigy constraint. Those\/
input symbols of the associated channel define the optimedqoling operation: For
any ¢ that belongs to the set af/ optimal input symbols, the precoder sends iftie
component oft if the current interference symbol i, ¢ = 1,...,(. Based on the

received sequence, the receiver decodess the transmitted message.
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Y

Encoder Precoder Decoder

Fig. 9. General structure of the communication system fanalels with causally-known discrete interference.

VIlI. EXTENSION TOCONTINUOUS INPUT ALPHABET

We can extend the uniform transmission scheme introduceddtior Y to the case
where the channel input alphab&t is continuous. For the continuous input alphabet
case, we consider the maximization of the transmissionr@lg - - - X5; Y) over joint
pdfs fx,..x,(z1,...,2q) that induce uniform marginal distributions o, ..., Xq in
the intervald, = [—5, 2 ].

Sinceh(Y) is the same for all joint pdf§'y,..x, (21, ..., zq) that induce uniform
marginal pdfs onXy, ..., Xq, the maximization of the transmission rate reduces to the

linear minimization problem

A A
z z
min / / h(zy1,...,2qQ) fxixo(T1,. .., 2Q)dry - - - drg
fxixq -4 -4
subject to

A A
2 2 1

/_A N le...XQ(.CCl,...,J)’Q)dl’g"'dﬂf@ = Z, T EAA,
2 2
A A .
2 2 1

/_é N le...XQ(ZL'l,...,Z'Q)dl'l"'dl'Q_l = Z, Tg € AA,
2 2

le...XQ(ZL'l,...,l'Q) 20, LTiy...,2Q 6AA7(30)

whereh(zy,...,xg) = h(Y|X1 = x1,...,Xg = z¢). We are interested in solutions to

(30) that are of the form

xixo(@1,...,2q) = %5“932 — &) + |z — Sao(@)| + -+ [zg — Eo-1(71)])
(31)
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whered(.) is the Dirac’s delta function|.| denote absolute value, aig, &, ..., o1
are bijective functions fromd, to Aa.

The joint pdf in [31) describes random variabl&s, . .., X, @ — 1 of which are
functions of the other random variable. Solutions of tharfg81) can be considered
as the continuous extension of solutions [fol (15) with thegrality constraint for the
discrete input alphabet case. It is easy to check fhat (3ith, twe given condition that
1,60, ...,&o—1 are bijective function fromA, to A, satisfies the constraints in_(30).

The objective value corresponding to the joint gdfl(31) is

%/_; h($17§1($1)7---7§Q—1($1))d931, (32)

which is to be minimized over bijective functiods, &, . .., {o—1.

A. Comparison to Modulo Precoding

The modulo precoding was originally proposed by Tomlinsod Blarashima [21],
[22] for the ISI channel. Then it was extended in [2] as a pdaop method for channels
with known (discrete or continuous) interference at thengraitter. The main idea is
as follows. Based on the input symbol of the associated a@iavinand the current

interference symbaob, the precoder sends [2]

X =[V—-aS] modA, (33)

wherea = TPN (Pyx is the power ofX) andV is distributed uniformly inAx.

Px
In our setting where the interference is discrete withevels, [38) results in

X,=[V—as] modA, g=1,...,0Q, (34)

where X, is the random variable that represents the channel input wrescurrent inter-
ference symbol is,, ¢ =1,...,Q. SinceV is uniformly distributed inAx, X;,..., Xq

will be uniformly distributed inA,. Therefore, modulo precoding is indeed a uniform
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transmission scheme. We can remdv&om the above equations and expréss. . ., Xq

in terms of X, as
X, =[X1+a(sg —sy)] mod A, g=2,...,Q. (35)

Since Xs, ..., Xy are functions ofX;, the joint pdfle...XQ (21,...,2q) corresponding
to the modulo precoding fits in the category of joint pdfs[id])(3The bijective functions
corresponding to the modulo precoding are given[by (35).s&Henctions are circular
shifts of each other.

The modulo precoding corresponds to a feasible solutiofB@® hich is not an
optimal solution. For example, we may follow the line of pfad theorem[4 to show
that for large Py, whereg becomes convex in the hyper-cub@.,, ..., ug-1) : —A <
w; < Ayi=1,...,Q — 1}, the optimal bijective functions are given ky(z) = --- =
£o-1(x) = z, which are different from the functions given in_{35).

To make the example more specific, consider a channel &ith Ay = [—1,+1]

andS = {—1,+1}. According to [2B),g(u) will be convex if we choose’y = 3.363.

Then we will havea = 52— = =233 ~ 0.09. Therefore, the bijective function

corresponding to modulo precoding is given by

while the optimal precoding correspondsX@ = X in this example.

VIII. CONCLUSION

In this paper, we investigatetf/ -ary signal transmission over AWGN channel with
additive Q-level interference, where the sequence of i.i.d. interiee symbols is known
causally at the transmitter. According to Shannon’s th@ofer channels with side
information at the transmitter, the capacity of our change¢he same as the capacity of
an associated regular (without state) channel Wit input symbols. We proved that by

using at mostV/Q — @ + 1 (out of M?) input symbols the capacity is achievable.
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For the noise-free channel, provided that the signal panmtsequally spaced, we
proposed a one-shot coding scheme that ugesput symbols of the associated channel
to achieves the capacityg, M bits regardless of the interference.

We considered the maximization of the transmission raté wie constraint that
Xi,...,Xg are uniformly distributed over the channel input alphabet. this so called
uniform transmission, the optimal input probability assigent (again with at most/() —

@ + 1 nonzero elements) can be obtained by solving the lineamigsdtion problem
(@5). The optimal solution td (15) with the integrality cor@nt has exactlyl/ nonzero
elements. For the cage = 2, we showed that the integrality constraint does not reduce
the maximum achievable rate. The loss in rate (if there i3 Bpymposing the integrality

constraint for the general case is a problem to be explored.

APPENDIX |

BOUNDS FORA(Y| X1 = z;,, ..., Xg = T4,)

Denote by§ the random variable that takes on, + sy, 74, + s2,..., 7, + 8¢
with probabilitiesr, s, ..., 7o, respectively. Also, denote by the random variable
Y|X1 =Ty, - ,XQ = Tjg- Then

Y =S+ N. (37)
Since
0<I(Y;8) < H(9), (38)
we have
0 < h(Y)—h(Y]S) < H(S), (39)

or equivalently,

h(N) < h(Y) < h(N)+ H(S)
= h(N)+ H(S). (40)



28

APPENDIX Il
NECESSARYAND SUFFICIENT CONDITIONS FOR THE CONVEXITYCONCAVITY OF g

The functiong given in [18) for the cas® = 2 can be considered as a function of

u and parameters,, s,, Py as

Q(U) = 9(U751752,PN)
= g<u+81_5270707PN)

— g (&\/;52 0,0, 1) +log, /Px. (41)
N

Denote byu, and —u, the inflection points ofj(«, 0,0, 1). We can obtain,, numerically

aswuy = 1.636. Then the inflection points of(u) are

Q) = 52_51_U0\/PN7 (42)
ay = Sy — 81 +upy/ Py, (43)

The functiong is convex in the intervala,, as] and is concave anywhere else.

The functiong is convex in the intervalx, — z, xy — 4] if @and only if [z; —

Tprs Tpr — 1'1] - [Oél,OzQ]. This gives KZB)
The functiong is concave in the intervdly; — z,/, z) — 4] if and only if [z —

Tar, Ty — 1] C (=00, aq] OF [x7 — xpr, xpr — 21] C e, 00). This gives[(2D).
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