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Abstract

In this paper, a downlink communication system, in which a Base Station (BS) equipped with M antennas
communicates with /N users each equipped with K receive antennas (K < M), is considered. It is assumed that
the receivers have perfect Channel State Information (CSI), while the BS only knows the partial CSI, provided
by the receivers via feedback. The minimum amount of feedback required at the BS, to achieve the maximum
sum-rate capacity in the asymptotic case of N — oo is studied. First, the amount of feedback is defined as the
average number of users who send information to the BS. For fixed SNR values, it is shown that with finite amount
of feedback it is not possible to achieve the maximum sum-rate. Indeed, to reduce the gap between the achieved
sum-rate and the optimum value to zero, a minimum feedback of Inlnln N is asymptotically necessary. Next, the
scenario in which the amount of feedback is defined as the average number of bits sent to the BS is considered,
assuming different ranges of Signal to Noise Ratio (SNR). In the fixed and low SNR regimes, it is demonstrated
that to achieve the maximum sum-rate, an infinite amount of feedback is required. Moreover, in order to reduce
the gap to the optimum sum-rate to zero, in the fixed SNR regime, the minimum amount of feedback scales as
O(Inlnln N), which is achievable by the Random Beam-Forming scheme proposed in [14]. In the high SNR

regime, two cases are considered; in the case of K < M, it is proved that the minimum amount of feedback bits
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to reduce the gap between the achievable sum-rate and the maximum sum-rate to zero grows logaritmically with
SNR, which is achievable by the “Generalized Random Beam-Forming” scheme, proposed in [18]. In the case
of K = M, it is shown that by using the Random Beam-Forming scheme and the total amount of feedback not

growing with SNR, the maximum sum-rate capacity is achieved.

I. INTRODUCTION

Multiple-Input Multiple-Output (MIMO) systems have proved their ability to achieve high bit rates in a
scattering wireless network. In a point-to-point scenario, it has been shown that the capacity scales linearly
with the minimum number of transmit and receive antennas, regardless of the availability of Channel State
Information (CSI) at the transmitter [1] [2]. This linear increase is so-called multiplexing gain.

In a MIMO Broadcast Channel (MIMO-BC), a BS equipped with multiple antennas communicates with
several multiple-antenna users. Recently, there has been a lot of interest in characterizing the capacity
region of this channel [3], [4], [5], [6]. In these works, it has been shown that the sum-rate capacity of
MIMO-BC grows linearly with the minimum number of transmit and receive antennas, provided that both
transmitter and receiver sides have perfect CSI. Indeed, in a network with a large number of users, the
BS can increase the throughput by selecting the best set of users to communicate with. This results in
the so-called multiuser diversity gain [7], [8].

Unlike the point-to-point scenario, in MIMO-BC it is crucial for the transmitter to have CSI. It has been
shown that MIMO-BC without CSI at the BS is degraded [9]. Moreover, for the case of single antenna
users, multiplexing gain reduces to one, and multiuser diversity gain disappears [10] [11].

Due to the weak performance of having no CSI at the BS, some authors have considered MIMO-BC
with partial CSI [10] [12] [13] [14] [15] [16] [17] [18]. In [12], the authors have proposed a user selection
strategy in a single-antenna broadcast channel, which exploits the maximum sum-rate capacity with only
one bit feedback per user. This idea has been generalized for MIMO-BC in [13], using the idea of antenna
selection.

Reference [14] proposes a downlink transmission scheme based on random beam-forming, relying on
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partial CSI at the transmitter. In this scheme, the BS randomly constructs M orthogonal beams and
transmits data to the users with the maximum Signal to Interference plus Noise Ratio (SINR) for each
beam. Therefore, only the value of maximum SINR, and the index of the beam for which the maximum
SINR is achieved, are fed back to the BS for each user. This significantly reduces the amount of feedback.
Reference [14] shows that when the number of users tends to infinity, the optimum sum-rate throughput
can be achieved.

Reference [10] considers a downlink channel where a transmitter with A/ antennas communicates with
M single-antenna receivers. It is assumed that receivers have perfect CSI, but the transmitter only has
the quantized information regarding the channel instantiation. This reference shows that assuming Zero-
Forcing Beam-Forming (ZFBF) precoding at the transmitter, the full multiplexing gain can be achieved
with partial CSI, if the quality of the CSI is increased linearly with the SNR. This result is generalized
in [15] to the case of multiple-antenna receivers, when the number of receive antennas is less than M.
In [16], the authors consider a MIMO-BC when a transmitter with two antennas transmits data to two
single-antenna receivers. They show that if the transmitter has the channel state with finite precision, the
maximum achievable multiplexing gain is upper-bounded by % ! In fact, references [10], [15], and [16]
study the performance degradation of MIMO-BC due to the imperfect CSI, at the high SNR regime. The
size of the network (the number of users) is assumed to be fixed in these references.

In [17], we have considered a downlink scheme based on ZFBF and have proved that when the number
of users, NV, tends to infinity, the maximum sum-rate capacity is achievable with the amount of feedback
scaling as [In N]™. In [18], the authors have considered a MIMO-BC with large number of users at high
SNR. They have shown that it is possible to achieve the maximum multiplexing gain with the amount of
feedback per user decreasing with V. However, it is still required that the feedback load per user grows
logaritmically with SNR. Two essential questions arise here: 1) Is it possible to achieve the maximum

sum-rate capacity with finite feedback in a large network (N — o0)? ii) If not, what is the minimum

'Tt is assumed that the transmitted signal and the channel coefficients are real.



SUBMITTED TO IEEE TRANS. ON INFORM. THEORY 4

feedback rate (in terms of N and SNR) in order to achieve the sum-rate capacity of the system?

In this paper, we aim to answer the above questions. First, we define the amount of feedback as the
average number of users who send information to the BS. In the fixed and low SNR regimes, our results
show that it is not possible to achieve the maximum sum-rate with a finite amount of feedback. Moreover,
in the fixed SNR regime, in order to reduce the gap between the achieved sum-rate and the optimum value
to zero, the amount of feedback must be greater than InInln N. In the second part, we define the amount
of feedback as the number of information bits sent to the BS. In the fixed SNR regime, our analysis
shows that the minimum amount of feedback, in order to reduce the gap to the optimum sum-rate to
zero, scales as O(Inlnln N), which can be achieved using the Random Beam-Forming scheme proposed
in [14]. However, the optimality of Random Beam-Forming only holds for the region In P ~ Q(In N). In
the regime of In P ~ Q(In N), we consider two cases. In the case of K < M, we prove that the minimum
amount of feedback bits to reduce the gap between the achievable sum-rate and the maximum sum-rate to
zero grows logaritmically with SNR, which is achievable by the “Generalized Random Beam-Forming”
scheme, proposed in [18]. In the case of K = M, we show that by using the Random Beam-Forming
scheme and the amount of feedback not growing with SNR the maximum sum-rate capacity is achievable.

In section II of this paper, we introduce the system model, while section III is devoted to the asymptotic
analysis of the amount of feedback. Section IV concludes the paper.

Throughout this paper, the norm of the vectors and the Frobenius norm of the matrices are denoted
by ||.||. The Hermitian operation is denoted by (.)¥ and the determinant and the trace operations are
denoted by |.| and Tr(.), respectively. E{.} represents the expectation, notation “In” is used for the natural
logarithm, and the rates are expressed in nats. RH(.) represents the right hand side of the equations.
Indeed, for any functions f(N) and g(N), f(N) = O(g(N)) is equivalent to limy_, ’f

(N) ‘

M>0

f(N) =o0(g(N)) is equivalent to limy_, ‘g % ‘ =0, f(N) = Q(g(N)) is equivalent to limy_ o) ,

f(N) =w(g(N)) is equivalent to limy_, ng; =00, f(N) = ©(g(N)) is equivalent to lim % =c,

where 0 < ¢ < oo, f(N) ~ g(N) is equivalent to limy_, % =1, and f(N) 2 g(N) is equivalent to
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—

limy oo L5 > 1. f(N) 2 g(N) + O(h(N)) is equivalent to f(N) = g(N) ~ Q(h(N)), where O(.)
can be any of the notations O, o, w, 2, or ©. Moreover, f(N) 2= g(N) + (O(h(NN)) is equivalent to

f(N)—=g(N)Z O(h(N)), where (-)(.) can be any of the notations O, o, w, €2, or O.

II. SYSTEM MODEL

In this work, we consider a MIMO-BC in which a BS equipped with M antennas communicates with
N users, each equipped with K antennas, where we assume that X' < M. The channel between each
user and the BS is modeled as a zero-mean circularly symmetric Gaussian matrix (Rayleigh fading). The

received vector by user k can be written as

yi = Hix +ny, (1)

CMxl (CKXM

where x € is the transmitted signal, H, € is the channel matrix from the transmitter
to the kth user, which is assumed to be perfectly known at the receiver side and partially known (or
completely unknown) at the transmitter side, and n; € CExl ~ CN (0,1f) is the noise vector at this
receiver. We assume that the transmitter has an average power constraint P, i.e. E {Tr(xxH)} < P. The
power constraint is assumed to be per frame. In other words, the power constraint is independent of the
channel realization. The channels are assumed to be quasi-static block fading, in which the channel is
drawn randomly at the start of each transmission frame and remains constant for the whole transmission
frame, and changes independently to another realization in the start of the next frame. The frame itself is
assumed to be long enough to allow communication at rates close to the capacity. Defining the sum-rate
capacity of the system in the channel realization H = {H;}Y |, when the transmitter has perfect CSI about
all users’ channels, as Ropt(H), the average sum-rate capacity, denoted as Ropt, is defined as the average
over time of Ropt(H), which is by the ergodicity of the channel, equal to Ey {Ropt(H)}. Similarly, for

any scheme S 2, R is defined as Ey {Rs(H)}, where Rs(H) denotes the achievable sum-rate of scheme

“Here, by scheme we mean the way the transmitter selects the user to communicate with, the way it allocates the power between the

users, and the way it performs precoding.
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ITI. ASYMPTOTIC ANALYSIS
A. The average number of users send feedback to the BS

In this section, we define the amount of feedback as the average number of users who send feedback to
the BS. It is assumed that the SNR (P) is fixed. In Theorems 1-3, we provide the necessary and sufficient
conditions in order to achieve limy_ ., 7573 =1 and limy_.o. Ropt — Rs = 0. Before that, we give the

pt

definition of the user selection strategy as follows:

Definition 1 The user selection strategy S is defined as the decision rule in which each user i, based on
its knowledge about its own channel 3, decides whether or not to send feedback to the BS. More precisely,
the user selection strategy S can be defined as a binary indicator variable Is(i), i = 1,--- , N, which is
equal to 1 if the user 1 sends feedback to the BS and () otherwise. Note that the user selection strategy is

assumed to be fixed during the whole transmission period.

Theorem 1 Consider a MIMO-BC with N users (N — o0), which utilizes a fixed user selection strategy
S. Let Ng be the number of users who send information to the BS in this strategy. Then, the necessary

and sufficient condition to achieve limy_, % =1 is having
P
E{Ns} ~ w(1). 2)

Proof- Necessary Condition- Let us denote Gg as the set of users who send information to the BS using
strategy S. In other words, Gs is the set of users for which Is(k) = 1. Define ps(k) as the probability
that user k belongs to Gg, i.e, Pr{ls(k) = 1}. Since we consider a homogenous network, this probability
is independent of k, and we denote it by pg. Therefore, Ng = |Gs| is a Binomial random variable with
parameters (N, ps), and we have E{Ns} = Npg.

To compute Rope and Rs, we use the basic Bayes formula. In general term, if we have a partitioning

(P, PC) of the sample space of the channel realizations 7, and for any function of the channel realizations

3Note that since the users are not aware of the other users’ channels, their decisions are solely based on their own channels.
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F(H), we have
En {F(H)} = Enpp {F(H)|H € P} Pr{H € P} + Eype {F(H)|H € P} Pr{H € P} 3)

Here, the strategy S is defined to partition the sample space to P = Ag and P¢ = AS, where Ag is the
set of all channel realizations for which 75 2 (Is(1),--- , Is(N)) = 0, in other words, the set of all
realizations that no users are sending feedback to the BS under user selection strategy .S, which occurs

with probability (1 — ps)”, and A is the complement of Ag (Fig. 1).

Given a user selection strategy S,

we partition the sample space of all channel
realizations (A) to Ag

and .Ag

Fig. 1. Definition of the events Ag and AS
Substituting F(H) by Rs(H), the achievable rate of scheme S when the channel realization is H,
using the above equation, we have
Rs = Ex{Rs(H)}
= Enag {Rs(H)|As} Pr{As} + By ug {Rs(H)|AG} Pr{AF}. )

Note that for any realization of the channels H = {H;}Y,, the maximum achievable sum-rate equals to:

N
Ropt(H) = max In |y + Y HIQ,H,|, (5)
3 Tr(Qu)=P n=1

which is derived based on the perfect CSI assumption at the BS. Therefore, for any scheme &, we have

Epgag {Rs(H)|AS} < Rs, (6)
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where

N
Iy + ) HIQ.H,
n=1

Ro = Eyyug max In ‘ AS

5 Tr(Qu)=P

Note that R, is the expected value of the maximum sum-rate (assuming perfect CSI) corresponding to
those channel realizations in Ag. Also, since conditioned on Ag, no users send feedback to the BS, there

is no CSI at the transmitter. Hence, for any scheme S, we have
Eras {Rs(H)|As} < RO, (7)

where RNCST = Epya, {REST(H)|As}, ie., the maximum expected sum-rate when the CSI is not

available at the BS, conditioned on Ag. Combining (4), (6) and (7), we obtain
Rs < Pr{AS}RiSSI + Pr{AS}R,
= (1—ps)"RO+ [1— (1 —ps)"] Ro. (8)
Moreover, if we substitute F(H) by Ropt(H) in (3), and define
R1 = Exjas {Ropi(H)|As},
noting that Ry = Eyac { Ropi(H)|AS }, we conclude
Ropt = Pr{As}R; + Pr{AS}R,. 9)
Subtracting both sides of (8) and (9), we obtain
Ropt —Rs = (1—ps)V (R — RESY. (10
It can be shown that
Ry > E {m (1 + P max |]Hj7k||2> ‘ AS} : (11)
where H, ;, denotes the jth row of Hj. The right hand side of (11) can be lower-bounded as,

Riy) > B {in (14 P P ) As e (6145), (12)
e
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where 6, is the event that max; |[H; x||? > ¢, for some chosen ¢. Hence,

Pr{As, (gt}
Pr{As}
1 — Pr{AS} — Pr{%C}
Pr{As}

_ Pr{€C}
— In(1+ P (1— Pr{AS}), (13)

RH(11) > In(1+ Pt)

> In(1+ Pt)

where € is the complement of 4;. Pr{%“} can be computed as

Pr{€C} = Pr{n}%XHHj’kH?St}

M—1 ; NK
(a) "o
<) (1 -y —e f) , (14)

where (a) comes from the fact that ||H; ||? has chi-square distribution with 2M degrees of freedom [19].

Now, assume that
E{Ns} = Nps » w(1), (15)

i.e., Nps ~ O(1). Choosing ¢ = ¥, from (14), we obtain

KVN(ln N)YM—1

Pr{G } ~ e 2 Tarnr M (16)
Indeed, noting Pr{As} = (1 — ps)" and Npg ~ O(1), we have
Pr{Ags} ~ O(1). (17)

Substituting (16) and (17) in (13) yields

P _KVN@mML
RH(ll) Z: In (1 + 5 lnN) (1 -6 (6 2M—T(27_1)! 1+ (1)]))

>~ InlnN 4 O(1). (18)

Indeed, using the fact that in a homogenous MIMO-BC (when the users’ channels have the same statistical

behavior) with no CSI at the transmitter, the maximum sum-rate is achieved by time-sharing between the
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users [9], we can write

P
RESSI = EHk|AS {hl | + MHkaH ‘ AS}
P 2
< KEg, s, ¢In|1+ MHHkH As
(a) P
< Kln <1+M]EH;€|AS{HH]€H2"AS})
(b) P Eg, {||Hx|*}
< Khn(l4 ——22"70 -
< n( TN T Pr{As)
PK
. ( + Pr{As})

where (a) comes from the concavity of In function and (b) comes from the fact that Eg, {||H|/*} >
Eny s { | Hr|[?| As} Pr{As}. Combining (11), (18), and (19), and substituting in (10), under the assump-
tion of (15), we get

( _ %)N Inln N + O(1)]

~ e °Dinin N.

Ropt — Rs

v

W nln N
I L (20)
7?’Opt 7?fOpt
As a result, noting that Rope ~ M Inln N [14], we obtain
. Rs
E{Ns} » w(1) = lim # 1. (1)

N—o0 Opt
Sufficient Condition- Let us define the strategy S as selecting M users randomly among the following

set:
Gs = {k[Amax(Hy) > t}, (22)

where Ay.x(Hy) is the maximum singular value of H,H and t is a threshold value. After selecting the
users, the BS performs ZFBF, where the coordinates are chosen as the eigenvectors, corresponding to the

maximum singular values of the selected users. In [20], it has been shown that for a K x M matrix A,



SUBMITTED TO IEEE TRANS. ON INFORM. THEORY 11

whose elements are i.i.d Gaussian, we have

tM+K726—t(1 + O(e—tt—l))

2 Pr{dmax(A) >t} = 23
Hence,
E{Ns} = Nps
M+K-2,-t(] —ty—1
_ Nt e "(1+0(e't )) (24)
D(M)T(K)
Having E{Ns} ~ w(1), yields,
t=InN+(M+K-2)lnln N —w(1). (25)
Utilizing ZFBF at the BS, and defining
* A P
R :M]E'H In 1+ 1 |g5’|ZM s
Tr { [’HH'H] }
we can write
Rs > R'Pr{|Gs| > M}, (26)

T. ) .
where H = [ggl,max| gg;,max| e |ggm,max} in which 8si,max = V/ /\maX(HSi)Vg,max’ t=1,---,m (m <
M), and Vg, 1.« is the eigenvector corresponding to maximum singular value of the ith selected user (s;),
and m = min(M, |Gg|).

ns = Pr{|Gs| > M} can be computed as follows:

Ns = 1 —Pr{|g5| < M}

Il
—
|
[
Yl
S
N————
gl
w3
—
|
s
D
i
3

—
S
Nl

(Nps)™ e~ (N—m)ps

Vv
—_
|

(27)

where (a) results from the facts that () < 2% and (1 — pg)V—™ < e=V="Ps_ Since Nps ~ w(1), we

have ng ~ 1 —o(1).
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Indeed, we can lower-bound R* as
R* > MInP— MEw{X(H)||Gs| > M}, (28)
where X (H) = In <Tr { [H"H] _1}>. In [21], Appendix E, it has been shown that
M 2
Ex{X(H)| |Gs| > M} < ln7+(M—1)ln(2M ). (29)

Using the above equation and (28) and selecting ¢ > In [V, yields,

PlnN

R*> MIn ( ) — M(M —1)In(2M?). (30)

Substituting R* and 7g in (26), and having the fact that Rop ~ M Inln N [14], yields

’ Rs
1m
N—oo ROpt

— 1. 3D

Theorem 2 For any user selection strategy S, the necessary condition to achieve limy_,o, Ropt—Rs = 0

is having
E{Ns} ZInlnln N + w(1). (32)
Proof - Assume that
E{Ns} ZInlnln N + w(1). (33)
In other words, E{Ns} = Inlnln N + O(1), or E{Ns} < Inlnln N. Similar to (10), we can write
Ropt —Rs = (1—ps)V[R1— RIS (34)

Following the same approach as in Theorem 1, under the assumption of (33), we can show that R 2=

Inln N 4+ O(1), and RES ~ O(Inlnln N). Hence,

Ropt — Rs

Y

(1—ps)Y InIn N 4+ O(InInln N)]

—
S)
N

12

e BNSHIHO@S) [In In N 4 O(InInIn N)]

—
=
=

12

e_(E{NS}—lnlnlnN) [1 + 0(1)] . (35)
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(a) comes from the facts that E{Ns} = Npg and In(1 — ps) = ps + O(p%), and (b) results from writing
Inln N as ™"V noting that eFVs}OPs) = 1 4 o(1). In the case of E{Ns} = Inlnln N + O(1), we
have RH(35) =2 e %W [1 4 0(1)]. In the case of E{Ns} < Inlnln N, we have RH(35) = T [1 + o(1)],

where T > 1. As a result,

E{Ns} ZInlnln N +w(1) = A}im Ropt — Rs # 0. (36)

Theorem 3 The sufficient condition to achieve limy_ o Ropy — Rs = 0 is having
E{Ns} = MInlnln N + w(1). (37)

Proof - Consider the Random Beam-Forming strategy, introduced in [14]. In this strategy, the BS randomly
constructs M orthogonal beams and transmits data to the users with the maximum SINR for each beam.

Assuming each user’s antenna as a separate user, we define the following set:
Ghe = (K130, SINRYY > 1}, m=1,-- M, (38)

where SINR,(:Z) is the received SINR over the ith antenna of the kth user, for the mth transmitted beam.
OrBr = U%Zl gé;g’F is the set of users who send feedback to the BS. The achievable sum-rate by this

scheme, denoted by Rgrpr, is lower-bounded as

M
RRBF > Mln1+t {ﬂ@}

> MlIn(1+1) (1 - Z Pr{@g}) , (39)
where %, is the event that ]QRBF\ > 1, and 2¢ is the complement of Z,,.

For a randomly chosen user k, we define

pi™

lI>

Pr{k € Gy

= Pr{U%,(ﬁ)}

< Zn,” : (40)
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where %,S:L) is the event that SINR\"™ > ¢ and 77,(:;‘) = Pr{%’,&?}, which is independent of k, i, m, and

X2

we denote it by 7. Indeed, p,gm) is independent of k£, m, and is denoted by p. Hence, p < K.

To evaluate the right hand side of (39), first we compute Pr{Z¢} as follows:
Pr{Z,} = (1-n)""

< (1 — %)KN. 41)

Therefore,

RH(39) > Mln(l+1) {1 M (1 . %)KN}

> Mn(1+t)[1 — Me 7). 42)

Under the condition of (37), which implies that E{Ngpr} = MNp = M Inlnln N + w(1), and knowing

e—Mt/P

the fact that n= W

[14] and writing p as p = Tn, where T tends to a constant in the interval [1, K]

as N — oo, we can write

o—Mt/P
P P
=1 = M{lnN—(M—l)ln(MlnN>—
1
InlInlnln N +In7T —w | ——— | | . 43
A w(lnlnlnN)] )

Substituting ¢ in (42) yields
P
Rrgr > MIn (1 + MlnN—l— O(lnlnN)) X
(1—Me 7). (44)
Using the above equation and having the facts that Rop = M In (14+ £ In N + O(Inln N)) [14], and

E{Nrpr} = MInlnln N + w(1), we have

MQG_(W_mmlnN) [1+ o(1)]

Inln N
Ropt — Rrer < O < )

In N
~ o1). 45)

Consequently, limy_,o Ropt — Rrpr = 0.
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B. Amount of bits fed back to the BS

In this section, we study the minimum amount of feedback required at the BS, in terms of number of
bits 4, in order to achieve the maximum sum-rate capacity. It is assumed that the SNR (P) is fixed and

the number of bits fed back by each user is an integer.

Theorem 4 The necessary and sufficient condition to achieve limy_. ., % = 1 for any user selection
P

strategy S is having
E{Fs} ~w(1), (40)
where Fg is the total number of bits fed back to the BS.

Proof- Necessary condition- The proof of the necessary condition easily follows from Theorem 1, and

the fact that the number of bits fed back by each user is an integer.

Sufficient Condition- Consider the Random Beam-Forming scheme. Given any function f(N) £
E{Ns} ~ w(1l), we set the threshold ¢ as the solution to the following equation:
—Mt/P N

(1+t)M-1 — MNT’

where 7' is a constant between 1 and K. By selecting ¢ as the above equation, using the same approach

Rs

as in the proof of Theorem 3, it can be shown that limy . -
P

= 1. Since the users in gf{g)F only need
to send the index m to the BS, the total amount of feedback bits is equal to [log,(M)]f(N) ~ w(1).

Consequently, it is possible to achieve limy_. ., % = 1, with the average number of feedback bits
P

scaling as w(1).

Theorem S The necessary and sufficient condition to achieve limy_,o Ropt — Rs = 0 is having

E{Fs} =2 O(Inlnln N) + w(1). (48)
*In fact, it is more precise to express the amount of feedback in terms of binits, as it is assumed that the users who do not send any

information to the BS do not contribute to the total amount of feedback.
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Proof- The proof follows from Theorems 2 and 3, with the same approach as that of Theorem 4.
|
Remark 1- From the above theorems, it follows that the Random Beam-forming scheme is optimum
in the fixed SNR regime, in the sense of achieving the maximum sum-rate with the minimum required
amount of feedback.
Remark 2- Using the conventional ZFBF (with the user selection algorithm as in the proof of the suffi-
cient condition in Theorem 1), assuming that the selected users quantize the eigenvectors corresponding
to their maximum singular values and feed back the quantization indices to the BS, from [22], it can be

shown that
Rzr — Rge < MIn (1 + Py(In N)2—%> , (49)

where Rzr denotes the achievable sum-rate of ZFBF when the BS has perfect CSI from all the selected
users, RgF is the achievable sum-rate when the BS only has the quantization indices of the selected users’
channels, B is the number of quantized bits for each selected user, and v is a constant depending on
the quantization method, which is shown to be lower-bounded by % [22]. From the above equation, it
follows that in order to achieve limy_. 772%1 = 1, we must have B 2= (M — 1)Inln N 4 o(Inln N),
and in order to achieve limy_.o, Ropt — R%?F = 0, the condition B 2= (M — 1)Inln N + w(1) must be
satisfied. In other words, the minimum required amount of feedback to achieve the maximum sum-rate
must scale at least as In In N. This implies that although the proposed user selection algorithm in Theorem
1, along with utilizing ZFBF, is shown to be optimal in terms of the average number of users who send

feedback to the BS, in terms of the average number of feedback bits, it is not optimal.

C. Variable SNR Scenario

In the previous section, the SNR (P) is assumed to be fixed. In this section, we study the scaling law
of the minimum amount of feedback in order to achieve the maximum sum-rate, when the SNR itself is a

function of N. To this end, we consider two special regimes of low SNR and high SNR. Since achieving
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the optimum sum-rate requires the square magnitudes of the selected coordinates to behave as In NV, the
effective SNR of the selected links scales as P In /N. Hence, low SNR and high SNR regimes are defined
by the regions of PIn N ~ o(1) and Pln N ~ w(1), respectively.

1) Low SNR Regime: In this regime, it can be shown that [23]
7zopt ~ PE{Umax}; (50)

where 7)pax £ maxy Amax(Hp). In other words, the optimum strategy requires the BS to perform beam-
forming on the eigenvector corresponding to the maximum largest eigenvalue. Having the fact that
E{Nmax} ~ In N [20], it follows that in the low SNR regime, as R,y ~ PIn N ~ o(1), the achievability

of the optimum sum-rate for a given strategy S is defined by limy_, %i =1

Theorem 6 The necessary and sufficient condition in order to achieve the optimum sum-rate throughput

in the low SNR regime is:

E{Ns} ~ w(1),

and

E{Fs} ~w(1).

Proof - Following the approach of Theorem 1 and using the equations (10), (13), (14), and (19), we have

Ropt — Rs > (1 —pg)V (Rl — RESSI) ; (51)
(1 _ ZM:Ol t_mlet>NK
R, > In(1+Pt)|1— .
1 ( ) (1 _pS)N
NK
2 P (1o ) (52)
(1—ps)V ’

and

PK
R < Kn (1 + —) . (53)
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(a) comes from the low-SNR assumption and the fact that for x < 1, In(1+x) = z. Under the assumption
of E{Ns} = Nps ~ O(1) and choosing t = =¥, we have R; ~ £2& and RIS ~ ©(P). Noting that

Ropt ~ PIn N, we can write

R, — RNCSI
ROpt ROpt
~ 1-0(1). (54)
As a result,
E{Ns} = w(l) = lim < 1. (55)
N—o0 Opt

The necessity of E{Fs} ~ w(1) directly follows from the above equation.
Sufficient condition - In this part, we prove that for any given function f(N) ~ w(1), one can achieve
the maximum sum-rate such that E{Ns} < f(N) and E{Fs} < f(N). Assume that the users in the

following set:
Gs £ {k[Amax(Hy) > t}, (56)
where
témax<lnN+(M+K—2)lnlnN—%lnf(N),lnN), (57)

quantize the eigenvector corresponding to their maximum singular value, using a quantization code book
) . VI ) ) ) .

W, which consists of L = 272 randomly selected unit vectors in the M -dimensional space (Random

Vector Quantization (RVQ)). The BS selects one of the users in Gg at random and serves this user,

performing beam-forming on the direction of its quantized eigenvector. The achievable sum-rate of this

scheme can be lower-bounded as

Rs

v

E{n (14 P4@ &) | [1- (1 - pg)"]

Q

PtE {@HEISF} [1— (1= ps)™]

—
S]
N

> PE{|97B| [1 - e Vo], (58)
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where ps = Pr{k € Gs} for a randomly chosen k, ® denotes the eigenvector corresponding to the

maximum singular value of the selected user, and @ denotes the quantized version of ®. (a) comes from

the fact that (1 — pg)"¥ < e "Ps. Using

Ps

= ¢ Nps

where (a) comes from (57). We have

From [21], Appendix C, it follows that

(23), we can write

tM+K*2€7t

= tanmm o]
@ nin ( J;\([N)’ (In N)]i\:”(_?)
~ e min( f(N),(lnN)M+K—2>

I

2 87D

= rrlcax\<I>Hcl|2.
CZEZW

the pdf of §; £ |®%¢;|? is obtained from

fo(0) =M —-1)(1-0)M2 0<6 <1

Hence,

(59)

(60)

(61)

(62)
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From the above equation, E{#} can be lower-bounded as

E{0) — /Olefg(e)de
- /1<1—F9<0>>d9

0

_ /01 (1= (-0 a0
[t

1

—
S
N

> 1-— e’L”M_ldu
0
1
w1 (L,
© 1_]\/[—1/0 wirt ety
© L CTSYSNY R
J— M—-1
> V1 /0 U U /1 e “du
1 671
= 1—-—L M1 |1
(1+37=3)
(d) RVZAC\D) eil
= 1-—2 2mM-7) l—l—M_l ) (63)

M—-1

In the above equation, (a) comes from the fact that [1 —uM _1} r < e 777 (D) results from the change

of variable u© = LuM -1 (c¢) comes from the fact that as M > 2, % < 0, and as a result, for u > 1,

2—-M VF(N)

uM-1 < 1. (d) follows from the definition of L as QT(. Combining (50), (57), (58), (59), and (63), and

the fact that E{nyax} = In N + O(Inln N) [20], yields,

Vi)
Pt {1 _ 973G (1 "

lim Rs lim "
1 _ =
N—oo ROpt N—oo0 P]E{nmax}

= 1. (64)

6_11>:| {1 _ efmin< f(N),(lnN)M+K—2>

Moreover, we have

E{Ns} = Npg

A
=
2

< f(N), (65)



SUBMITTED TO IEEE TRANS. ON INFORM. THEORY 21

and

E{Fs} = E{Ns}logy(L)

A
=
2

< f(N), (66)

which completes the proof of Theorem 6.

[ |
2) High SNR Regime: The sum-rate capacity in this regime can be written as [14],
P
Ropt = M In (MlnN + O(PlnlnN)) : (67)
Theorem 7 i) The necessary condition to achieve limy_,o. =5~ = 1 in the case of K < M, and also

7—\)fOpt

K = M and SNR regime of In P ~ O(Inln N), is having E{Ns} ~ w(1). ii) in the case of K = M, and

the regime of In P ~ w(Inln N), it is possible to achieve limy_, % = 1 without any CSI at the BS.
Proof - Proof of i): Similar to the proof of Theorem 1, we can write
Ropt —Rs > (1—ps)N(R1 — RIS™). (68)

From [20], R can be lower bounded as

Ri>E { ilog(l + %aj?) AS} : (69)
j=1
where
0]2- = rn]?X max XHH,?H;CX
s.t. xfAx =1
Efx =0, (70)
and E; 2 vy |vj_1], in which v;, i = 1,--- , j—1, is the optimizing parameter x, in the maximization

of o2. In other words, the maximizing parameter x is found in the null space of the previously selected
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coordinates. Defining %, = {ﬂM (02 > 1) }, similar to (13), we can write

j=1
Ry > Mn(l+ Pt) 1 Pr{®i’}
n E— j—
b= M PI‘{As}
(a) P M Pr{o? <t}
> Mn(l+ —t)(1- == : 71
where (a) comes from the union bound for the probability. From [20], Lemma 3, we have
N N ‘
Pric? <t}< ) < , )GK,MH(t)z 1= Groar N (72)
i=N—j+1 !
where G, ,,,(t) is defined in [20], Lemma 1.
Setting t = %, and using the result of [20], Appendix IV, on the asymptotic behavior of G, ,,(t) for

large t, we have

Pr {0? < IDTN} i:Nin (z@v) {1 e ((m N%K_j‘l)y {@ ((m N):A/%K_j_l)ri

< Ni—lg=O(VN@mN)M+K=-1)

IN

~ 0 (Nj—le—ﬁ) . (73)

Substituting in (71), we obtain

PInN o( NM—1e=VN)
Ry > Mln (1+ Wi ) <1— Pr{As] > (74)

Assuming Npg ~ w(1), noting that Pr{As} = (1 — ps)", incurs Pr{As} ~ ©(1), which yields

Pln N
> _ M-1,-VNY)
Ri1 > MiIn (1 + Wi ) (1 o(N" e )) (75)

Moreover, using (19), under the condition of Npg = w(1), we have

P
cs
RO =SKn (M) +0O(1). (76)
Substituting in (68), yields
N P
Ropt —Rs 2 (1—ps)" |(M —K)In MlnN + KlnlnN| . (77)

In the case of K < M, from the above equation and noting Rops ~ M In (% In N ), it follows that

Rs
ROpt

(1 —PS)N(M - K)
S 11— i . (78)
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Hence, having Npg ~ w(1) results in

. Rs
e A1 &

Indeed, in the case of K = M, similar to (78), we can write

Rs < 1. (1—ps)¥Inln N (80)
Ropt ™ ImP+Inln N

Therefore, for the regime of In P ~ O(Inln N), having Npg ~ w(1) incurs limy_ R%St # 1

Proof of ii): In the case of K = M and In P ~ w(Inln N), assume that no CSI is available at the BS.

In this case, the best strategy, as mentioned earlier, is time-sharing between the users. The achievable

|

Mln(%) +E{ln|HH]|}

sum-rate in this case can be written as

P
Rg = ]E{ln I+MHkaH

Q

>~ MInP+0(1). (1)
As a result,
lim Rs lim Mn P
= 1
N—oo Ropt N—oco MIn P+ M Inln N
= 1. (82)
[ |

Theorem 8 The necessary condition to achieve limy_.o. Ropt — Rs = 0 in the case of K = M is having
E{Ns} = Inlnln N + w(1), (83)

and in the case of K < M is having
E{Ns} = Inln(Pln N) + w(1), (84)

for the values of P satisfying Inln(Pln N) ~ o(N).
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Proof - The proof easily follows from (77) and the approach used in the proof of Theorem 2.
[ |
Theorem 8 implies that in the case of K = M, the average number of users sending feedback to the

BS does not need to grow with the SNR °. In the case of K < M, writing Inln(PInN) as Inlnln N +

In (14 2E-), it turns out that for the values of P such that In P ~ O(Inln N), the condition E{Ns} =
Inln(PInN) + w(1) is equivalent to E{Ns} = Inlnln N + w(1), which implies that E{Ng} does not
need to grow with SNR. Moreover, for the values of P satisfying In P ~ w(Inln V), the condition (84)
reduces to E{Ns} = Inln P + w(1), which incurs that the average number of users sending feedback to
the BS must grow at least double logarithmic with SNR.

In the previous section, we have observed that the Random Beam-forming scheme introduced in [14]
is asymptotically optimal in the sense of achieving the maximum sum-rate with the minimum order of

the required amount of feedback, in the fixed SNR regime. The question here is for what ranges of SNR

this optimality holds. The following theorem answers this question:

Theorem 9 The necessary and sufficient condition to achieve limy_,o. Rop, — Rrpr = 0 is having 6
InP » Q(InN). (85)

Proof - Necessary condition - The sum-rate throughput of Random Beam-forming scheme can be upper-

bounded as

M
Resr = E {Z In (1 + SINRI@() }

m=1

max

< Mh (1 + E{SINR(™) }) , (86)

5This statement will be made rigorous in the proof of Theorem 11.

®1t is assumed that each received antenna is treated as a separate user.
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where SINR!™) denotes the maximum received SINR over the mth transmitted beam. Defining X, =

SINR™ | for all values of t, we can write

E{Xp) — waﬁ%uuym
_ Awu—wamgwhm

< t+/ [1- Fy,. (z)]dz, t>0. (87)
t
Mz
Having the fact that Fix(z) =1 — W [14], where X £ SINRE k), we can write
. e NK
E{X }<t+/ Y (IR da (88)
=0 T+ o) |

Assuming that In P ~ Q(In N), i.e., limy_. % = ¢, where ¢ > 0, we define

LN —-1lmP], c<;
pad M (89)

P
LN, >

N

Substituting ¢ in (88) yields,

o NKe P
E{Xmax} S t+/ (1_6Xp{_#
t

1+ 7)1

¢ t+/oo NKe ¥ 140 e ¥ d
= ) W (Tt |
* NKe 7 e P
<t dz [1+0
- +/t (14 x)M-1 s ((1+t)M—1)]
(b) © NKe 7 1
~ ¢ dz |1+ 0 [ —
+ () {+ ( Nﬂ
(© ~ NKe % 1
t+/ o dx{ o(— }
t (M> N
2—M 1
< t+ NKe 7 |1+ 0 —
< o+ (5) o ()

—
IS
=

I

+
ce ke 1o ()]

LN —tmP)[1+0(&)] e<u;

< (90)
P
Fri N [14+0 ()] ¢> 1,
where (a) comes from the fact that 1 — e™® < x, Vz, (b) comes from the fact that ¢ > 5=~ In N (from
_ Mt
(89)), which incurs W < \/LN’ (c) comes from the fact that since ¢t > 2M InN, for z > t, we
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have 1 +z > 4, and (d) comes from the fact that M > 2 and as a result (%)2_]\4 < 1. Noting that

Ropt = M In (£ 4 o(1), and using (86), (88), (89), and (90), we can write

~in(1-25)+0(J5), e<t;

Ropt — Rrpr 2> 1)
@) - [1+0 (F)], e=1
Noting that in the case of ¢ > 1, g ~ o(1), it follows from the above equation that
InP ~ Q(ln N) = ]\}1—I>Ic1>o ROpt — RRBF 7£ 0. 92)
Sufficient condition - Assume that In P ~ Q(In N). Rgpr can be lower-bounded as
Repe > MIn(1+t)Pr {SINRS;;X > ¢, SINRM) > t}
M
> Mn(1+1) |1- zPr{SINRg;';L < t}]
m=1
= MIn(1+t)[1—M(@1-nN]
> Mn(1+1t) [1 = Me™N57] | (93)

Mt

where 77 £ Pr{SINR} < t} = <5 [14]. Setting t = + [In N — (M — 1)In 4 — M InIn N], it is

easy to show that n > % and hence,

P P M
Rrer > Mln(l—f—M[lnN—(M—l)lnM—MlnlnN}> <1—W>. (94)

Since In P » )(In N), it follows from the above equation that lim x_,o, Ropt—Rrer = 0.
Theorem 9 implies that the Random Beam-forming scheme is not capable of achieving the maximum sum-
rate when In P ~ Q(In N). In other words, the Random Beam-forming scheme is not efficient in the high
SNR regime. In fact, it is easy to show that the multiplexing gain of this scheme is zero. In the region of
In P ~ o(In N), following the approach of Theorem 3, it can be shown that with the number of feedback
bits scaling as M [logy, M| Inln(PIn N) + w(1), the maximum sum-rate capacity can be achieved.

The weak performance of Random Beam-Forming in the high SNR regime is due to the fact that the
interference from the other users dominates the noise term. It can be shown that in order to achieve

the maximum sum-rate, we must have limp_, [(P) = 0, where I denotes the interference term. In
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other words, the interference term must be negligible compared to the noise. The Random Beam-Forming
scheme can be considered as the quantization of the users’ channel vectors by M orthogonal code words.
Since the number of code words is fixed, the quantization error, which is translated to the interference,
grows with the SNR. This suggests that at high SNRs the channel of the users must be known at the BS
with higher precision. This can be performed by increasing the size of the quantization code book and
more efficient methods of channel quantization. Some efficient algorithms for channel quantization have

been proposed in [24] [25] [26] [27].

Theorem 10 Consider a MIMO-BC with N users (N — o0), each equipped with K receive antennas, in
which the base station communicates with M of them with the total power constraint P (P — o0). Assume
that each user quantizes its channel matrix and sends the quantization index to the transmitter. Then, for
any quantization method chosen by the users, any user selection strategy and any known precoding scheme
chosen by the transmitter, the necessary condition to achieve limy_,oc Rops — Rgpt = 0, in the case of

K < M, is having
M-K
E{Fy} 2= WmIn(PIaN)+w(l)+ Y [(M—i)ln(PInN) - N +w(1)]", (95)
and in the case of K = M is having
E{Fo} Z= Inlnln N +w(1), (96)

where Fq and Rgpt are the total number of bits fed back to the BS, and the maximum achievable sum-rate,

when the BS only has the quantized CSI, respectively, and a* = max(0, a).

Proof - In order to prove the theorem, we assume that the BS selects M users, and transmits Gaussian
signals x1, - - - , X7, with covariance matrices Q1,--- , Q,s, respectively. Since for a fixed set of transmit
covariance matrices, Dirty-Paper Coding is proved to achieve the Marton’s region [5] (which is proved
to be the highest known achievable region in BC), we consider this coding scheme for the proof of this
theorem. In Lemmas 1-3, we state the necessary conditions for the transmit covariance matrices and the

selected users, in order to achieve the maximum sum-rate capacity. Then, in Lemma 4, we associate those
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conditions with the size of quantization codebooks, utilized for the quantization of the selected users’

channel matrices. Combining the results of the lemmas, the theorem is proved.

Lemma 1 The transmit covariance matrices maximizing the sum-rate capacity, in a MIMO-BC with

N — oo users, are rank one, with probability one.

Proof - Assume that the selected users are indexed by 1 to M. Then, the sum-rate capacity can be written
as [3]
M -1
Rop. = Eq  max > In [T+ Hy) Qi HY,) <I+ H., (Z Qw(i)> Hf@> :

Z7Tr . . .
> Tr{Q,}<p =1 >

o7
where the expectation is taken over the channel matrices Hy,--- , H,;. Using the duality between the

MIMO-BC and MIMO Multiple Access Channel (MIMO-MAC), expressed in [3], the sum-rate capacity

can be written as follows:

M
I+ HIPH,, (98)

=1

Ropt = Eu, .. Hy max In

ZTr{Pi’i}gP

where P;’s are the corresponding covariance matrices in the dual MIMO-MAC. We first prove that to
achieve the maximum sum-rate capacity, P;’s must be rank one, with probability one.
Since P;’s are positive semi-definite, we can write them as Uf{ A;U,, for some unitary matrix U; and

diagonal matrix A;. Defining Z; = U;H; and writing A; = Diag(pi1, - -+ , pix ), We have

M M
n|T+> HIPH| = |+ ZFAZ
i=1 i=1
M K
= |1+ ) Y paZi(1)"Z:(1)] (99)
=1 I=1
: (a)\ M . . .
where Z;([) denotes the [th row of Z;. Having the fact that |A| < (T) for any positive semi-definite

matrix A, the right hand side of the above equation can be upper-bounded as

M K M K (7 2
I+ Z ZPizZi(Z)sz’(l) < MIn (1 + 2z ZI}WPIZHZZ(Z)H > : (100)
i=1 =1

In
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Now, assume that there exists a user k, such that py ~ O(P) and py; ~ O(P), for some 1 < [,j < K.

In other words, this matrix is asymptotically of rank at least 2. We have

1ZK DI + 1 Ze(DI* < 11Zl?

= ||Hx|*. (101)

In [14], it has been shown that |[H||?,. < In N + MK Inln N, with probability one. This incurs that at

max

least one of ||Z(1)||* and ||Zx(j)||* must be less than 2AHMERIN yyithout loss of generality, assume

that ||Z,(j)||? < 2AHMEWIN Haying p,,; allocated to the coordinate (k, j) and using (100), yields

2
< max Mlin (1 + sz‘il le; Pil||zz‘(l)||2>
(k.9)

M K
H
max  In I"’ZZPz‘lZi(Z) Z;(l)

il Pil M
(4,0)#(k.7) i=1 1=1 (i,0)#(k,j
> piu=P—pg; > piu=P—pu;
max pn 3oy S pullZi(D)]1?
(4,0)#(k.7) N N

—Mn|1+ > pu=P—pr;j

M

@ o5 P py
< J J 2
< M (1 + 2% I N+ O(lnIn N) + 1ZI2.. ), 102

where ||Z||?,.. = max;; || Z;(1)||>. (a) comes from the fact that the solution to the maximization problem

max

in the second line is to allocate the rest of the available power (P — py;) to the coordinate with the highest

norm. By a similar argument as before, we can show that ||Z]|%,. < In N+ MK Inln N, with probability

max

one. Hence, using the above equation,

_ Pkj

RH (102) < M In (1 + MT [In N + O(Inln N)]) . (103)

Having the fact that Rop = M In (£ In N + O(Inln N)), and using the above equation, we have

Pkj Inln N
— > _ )
Rop — RH (102) > Mln (1 2P> 1O ( — (104)

Hence, having py; ~ ©(P), incurs limy_.. Ropt — RH (102) > 0. In other words, in order to have
limy .00 Ropt — RH (102) = 0, for each user k, there must be at most one py,, scaling as ©(P), and the
rest must scale as o( P). In the following, we will show that with probability one, for each user exactly

one py., 1s non-zero, and the rest are zero.
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Using (100) and having the fact that S_% [|Z(4)]*> < InN + MK Inln N with probability one, it
follows that the right hand side of (100) is upper-bounded by M In (% In N ) which is proved to be the
maximum achievable sum-rate throughput in MIMO-MAC. Hence, in order to achieve the maximum sum-
rate, the inequality in (100) must be turned into the equality, which means that Zf\il Zfi ) paZi()" Z(1)
must behave like % In N(I+o(I))”. Moreover, since from each user at most one singular value can scale
as fast as In [V [21], it follows that the maximum singular values of the selected users must scale as In /V,
and their corresponding powers must scale as % + o(P).

Now, assume that there exists ¢,/ such that limy_ . ”Z ()” < 1, but p; # 0. In the above, we have

seen that p;; ~ o(P). The sum-rate can be upper-bounded as
-1

R < Ropt(P = pa) + |+ pal Zi(D6: (D) 0s(D) [T+ > pjmZi(m)"Z;(m)
(4,m
(Jﬂi#(”)
(a) pallZi(1)]? H
Opt( pl) P;j” 111N(1—|—0(1))¢() ¢()
(b)

2 Mn (P;/“ lnN(l—i—o(l))) +1In <1+ PalZOF <1>)>

P—X/[MlnN(l—i-o

Mn (%m N(1+ 0(1))> _ Mpa (1 - M) +o(2hy, (105)

—
8}
~

12

P In N P

where ¢;(1) £ %‘(l)

NOIE and Rop (P — pi;) denotes the maximum sum-rate when the power constraint is

I
P — p;i. (a) comes from the fact that achieving the maximum throughput of Ropt (P — pii) requires that
(I + Z(j,gj;zgi,l) pijj(m)HZj(m)) >~ L=pi |y N (I+ o(I)). (b) comes from the fact that Rop (P —
pa) = MIn (552410 N(1 + o(1))), and finally (c) results from the fact that p; ~ o(P), and using the
approximation In(1 + x) = z, for x < 1. Suppose that instead of allocating p;; to the coordinate (i,1), it
is allocated to the coordinate corresponding to the maximum eigenvalue of any of the selected users. Let

us denote the achievable sum-rate of the system in this case by R*. Since the maximum singular values

of the selected users scale as In [V, the second term in the last line of the above equation scales as o( %)

"A ~ o(I) means that all the singular values of A are o(1).
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and we have

R* — R = @ (1 - —”Zhi%”Q) + 0(%). (106)
As a result, if p; > 0, R* > R, which incurs that in order to achieve the maximum sum-rate p;; must
be zero with probability one. Having this and the fact that from each user at most one coordinate has
the gain scaling as fast as In N with probability one [21], it follows that to achieve the maximum sum-
rate in the dual MIMO-MAC, the transmit covariance matrices must be rank one with probability one.
Using the result of [3], the following equation holds between the covariance matrix of the user with the

encoding order j in the MIMO-BC, denoted by Q;), and the covariance matrix of the user with the

reverse decoding order j in the dual MIMO-MAC, denoted by P ;y:
H
Qi) = M) Priy Mz, (107)

where M ;) is an M x K matrix. Since P ;) is proved to be a rank one matrix with probability one,
it follows from the above equation that Q ;) is also rank one with probability one, which completes the

proof of Lemma 1.

Lemma 1 implies that the transmit covariance matrix for the jth user can be written as
Q; = p;®;®], (108)
J

where ®; is a unit vector and p; is the allocated power to the jth user.

Lemma 2 The necessary condition for achieving the maximum sum-rate is that {@j}jA/il, defined in the

above equation, form a semi-orthogonal basis for CM, i.e, (I)f ®,| ~ o(1), i # j, with probability one.
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Proof - The sum-rate can be upper-bounded as

—

a

M
R < E{Zln‘l—i—HiQiHﬂ}
'L]T;
'L]T;
_ E{Zln(l—i-piHHicI)iHZ)}

i=1

- o{En(ognronr)
= E{;M(l—i—m +Z/\l ) [vi (i if)}, (109)

where (a) comes from ignoring the interference terms, \;(¢) denotes the /th ordered singular value of

N

A (i) [vil (1)@

H,H”, and v,(i) denotes its corresponding eigenvector. Having the facts that \;(i) = In N + o(In N),

which has been proved to be the necessary condition to achieve the maximum sum-rate (in Lemma 1), and
IH,||2 = 32, Mi(i) 2 In N + o(In N), with probability one [14], it follows that S, \;(7) (i) |vi (i (I’Z-’2

o(In V). Having this and Rope = M In (£ In N + o(In N)) [14], it follows that to achieve the maximum
sum-rate we must have \;(7) |V{{(i)@i‘2 =~ InNJ[1 4 o(1)], ¥i,1 < i < M. Noting A\ (i) = InN +
O(Inln N), we conclude ‘v{{(z’){)if = 1+o0(1), V1 <i < M. In other words, the coordinate of the
transmit covariance matrix for each user is almost in the direction of the eigenvector corresponding to the

maximum singular value of that user.

The rate of the ith encoded user can be upper-bounded as

-1
Rey = EQIn I+ H.;)Q.HY, <I+H (ZQﬁ ) )

7>

jR— »
< i L E {1n‘I+H Qo HY (T4 Heyy Qe HY,) ‘} (110)

Jj=i+1
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Substituting Q;) and Q(;) from (108) yields

1
v M —i j;l {n
M (i)

@ 1 Y { ( Prti) L) 1
— () !m(e 7(4) 7(4)
M 1+ Pr (J)Iﬂ(j)

-1
L+ pri (i) @) Pt <I+Pw< Ve <J)Qwu> ‘}

)

j =i+1
1 M
= —— > E{n (14 e } +
— 1
Jj=i+1
pein) eI
E{ln (1 2@ S W Q)
1+ Pr(@)N=@) 1 + pw(])] (
9 1 SR
< M—_Z {n( +p7rz777rl)}+
Jj=1+1
priny eI
ln (1 _ E {1 ﬂ(l) 7"(1) J ﬂ(jr)r(z) |‘Il7rH(1)Q7r(J)|2}> ) (111)
+Pr@) ) 1+ priy I )
) 7r A Hw(z)q:' () A HTr(z)(I) ()
where Nr(i) = HH 7r(z)|| ) - ||H )‘I’w(y ’ ‘I’W() T He)y®rmll? )~ m (a) o

(i -1 pﬂ.(,)Iﬂ_(.)
from the facts |I + AB| = |I + BA| and (I + P )Q Qf(j)> =1- ﬁﬂwmﬂfm,
g (5

and (b) comes from the concavity of In function. From the above equation, and noting the facts that

E {ln (1 + pw(imw(i))} <In (% In N + o(In N)) and Ropy = M In (% In N + o(In N)), it follows that in

order to achieve the maximum sum-rate, the term

Petae P Iy
In{l1-E 1 ]ﬂ(i) |0 Q)|
+ Pr@)Nr@) 1 + pﬂ-(j)fﬂ_ .

Pr@)e(iy  Pr)L W(J)

1407 ()M (5) 1+p7T(J)I77:((J§

(i) $2n (j)|2} ~ o(1),

~ 1, with probability one.

must approach zero for all ¢« and j > 4, which incurs that £ {

Vi, j > i. Since pr(j) — oo (as P — 00), and 7(; ~ In N, the term %
Writing vy (7 (i) as () @i +vi(7(2)) " and @) as 1z vi(7(0)) +@ory)) Where gy £ ®H vi(n(i)),

Yoty = vi(m(i)) T @y, vi(m(i))* denotes the projection of vy(7(i)) over the null space of ®,(; and

X IW(Z:)
@, denotes the projection of ®(;) over the null space of vy(n(i)), x = E {% v, Q, j)|2}
Pr() x()
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can be written as

2
(%) H H )
v - E P Ly | Bty By Ha)) Bry)
- (i)
{ 1+ pﬂ(j)‘[w(j) nﬂ(l)lﬂ(])
( i 9
Pt [%(i)"l(ﬁ(l)) + ‘I’#(i))} H o Hei) ()
= B (@)
L+ priiy L) (i)
\
( . )
(a) Pl (‘777(1)‘ ( ( ))HH ()Hw(z)@wg) - ‘(‘I)#(Z)) HE(Z)HW(Z)(I’W(]) )
2 E 7(4) e
L+ pr(iy L) T (i)
\
2
S S 0) (o] Amas (7)) [V2 (7(0)) 1@ = A () [ @5, 11
- L+ e 1) (i)
\

(c) pw max \ 7\ ? "
> E{ (j ( 7r(z)> < ‘77r (4) ‘ ‘ Qo z)(I)W(l) + Vl( ( ))L} (I)W(j)
L+ priyl

w(j

2
ol }
2
> E { (1ol losto] [#59 @] = v (@) = @201 ) } (112)

where Apax((i)) denotes the maximum singular value of HIf, H.;. (a) comes from the fact that

la + b]* > (|a|] — |b])?. (b) results from the facts that vi(w(i)) is the eigenvector corresponding to

the maximum singular Value of Hy(;), and hence, vi(m(i))"HZ ; Hriy = Amax(7(i))v1(7(i))", and also
<l

Amax(7(7)), and finally (d) results from the facts that ] @ = = [[Hr ) ®r() H < Anax(7(2)),

7(5)

H
(@#(i» Hf(i)H,r(i)Qm Amax(7(2)). (¢) comes from the fact that 7)) = HH,T(i)fb,r(i)HQ

(i) @y + Vi (7 (D)

|| ]cbm 0| = Vi@ ], and | < 1. Since [V (w(i) @] = 1+ o(1), it follows that

anto] = ol 2 1+ 0(1) and v (m(i) ] = |4,

o(1). Hence, the necessary condition to achieve

2
~ o(1), Vi, j > i, with probability one. In other words,

the maximum sum-rate is having ’(I)ff(i)@,r(j)
P ;) and P, ;) must be semi-orthogonal to each other with probability one, which completes the proof of
Lemma 2.

Remark - It is worth to note that the right hand side of (109) achieves the maximum sum-rate of
M In (1 + ﬁln N[1+ 0(1)]) if the power is uniformly allocated to the coordinates, almost surely. In

other words, p; = L.[1 + o(1)].
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Lemma 3 Defining ¢; = v (7(i))YX;, where Y; = [@W(iﬂ)\--‘]@ﬂm], and vi(m(i)) denotes the
eigenvector corresponding to the maximum eigenvalue of the ith encoded user, assuming Dirty-paper
Coding, the necessary condition to have Rop — R — 0, in the case K < M —i+ Lis ||e]|* ~ o (51+)

and in the case K > M — i+ 1 is ||&||* ~ o(1), with probability one.

Proof - Consider the user with the encoding order i. The rate of this user can be upper-bounded as

M —1
Ray < EQIn|T+HeoQupHi, <I+ H [Z de] H%)

=141

—1
= E<In I—{—p,r(i)HTr(i)(I)ﬂ(i)‘I)TIj(i)HﬂH(i) <I—|—H [Z p,r(j ) HH( )
=i+1
(113)
Writing the SVD of Hy;) as Uz Ar )VW(Z), we have
Raiy < E{I [T+ proha (7(0)) iy By W1 (114)

where W £ (I+G)™', in which G £ Ay VH) [Z;\/[H—l Pr(j) Pr(s) P (J)} v ()AZ(i)’ and W) =

% Having the facts that v (7(i))® ) = 1 + o(1), v¥ (1))@ ~ o(1), j # 1 (Lemma 2),
1(m (2

M(m(i)) ~In N, and \j(7(i)) ~ o(In N), j # 1 (Lemma 1), we have ¥ = [1+0(1),0(1),---,0(1)]".
In other words, as N — oo, W ;) approaches to the vector [1,0,---,0]”. Using I+ AB| = [I+ BA],

we can write
Ry < E {ln (1 + Pn(i))\l(ﬁ(i»‘l’f(i)w‘llﬂ(i))}
~ E{ln(1+ peyMi(7(i)) Wi [1+0(1)]) }, (115)

where A;; denotes the (7, j)th entry of matrix A. Using the concavity of In function, and having the facts

that \;(7(7)) = In N 4 o(In N') with probability one, we have
Ray < In(1+ paiy(In N)E{Wii} [1+0(1)]). (116)

Since the necessary condition to achieve the maximum sum-rate is having R, = In(L£ In N) + o(1),

Vi, the above equation implies that the necessary condition to have limy_.. Ropt — R = 0 is having
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E{Wi;} = 1+40(1), which incurs that W1; must scale as 1+o0(1), with probability one. In the following,
we calculate W;.

G = Aﬂ(i)Vf(i) [Zjﬂiiﬂ pﬂ(j)@ﬂj)@f(j)} Vﬂ(i)AZ(Z.) can be written as
G = Zee"z (117)
. H
where Z = [ A(7(i))v AR () v (T } , and
é [\/pﬂ i+1 ¢7r(1+1 | |\/p71'( ¢7T(M]

Z© can be written as [2 T|QT} where E £ /A (7(i))vi(7(i))© and Q £ Z, 0, and Z, —[ Ao (7))o (7 (7)

Substituting in the above equation yields

IE* =07
G= . (118)
QE"T QO
As a result, Wy; can be written as
T+ QO
Wy = —/———
H 1+ G|
I+ QO
_ _ I+ 007 | (119)
(L +[[E[]?) T+ Q07|+ 505 (=1)7F1 Gy [A(Cyy))
where A(C;;) denotes the minor of C;; and C 2 G + I. |A(Cy;)| can be computed as
|A(Cyy)] Z A4 (Gyy) (120)

where A 4,(G1;) denotes a sub-matrix of A(Gy;), resulted from deleting the rows and columns correspond-
ing to the elements in A;, and A; is an arbitrary subset of {1,2,---, K'}. Note that Ay(Gy;) = A(Gy;),

where () denotes the null set. Similarly, we can write

T+ Q0" = " |AL(GYH)]. (121)
1¢A;
Substituting (120) and (121) in (119), after some manipulations, we obtain
I+ QO

Wll = I =112 K 1 ; (122)
L+ Q7| + |G|+ [[E]20 + X255 (— 1)1 Gy o,
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where 6; = 3 i |A4,(Gy)|and 6; =57 i |A4(Gy )|. Two situations can occur here:
1 i 1,5 i

Ai#D Ai#0
e Case I, K > M — i+ 1: In this case, since G is of rank at most M — i, |G| = 0 in the above

equation. We have observed that in order to achieve the maximum sum-rate p,(;; = < [1 + o(1)],
which incurs |Gy| ~ © (PfM(N)), k1 # 1, where X £ [Xo(7(4)), -+, A (7(i))], and fO(X)
denotes a function of A, with order m 8. Having this, it can be easily proved that

K

IE[P8 + ) (1Y Gyd; ~ © (PE2E|PF 52 (X)),

=2

and
1+ Q| ~ 0 (PXFE2(X)gD(N)) . (123)

Using this and (122), it follows that the necessary condition to satisfy Wy; = 1 + o(1) is having
IZ[]> ~ o (Pg™V(X)). Since g™V(A) ~ o(In N), this condition can be written as [|E[?> ~ o (PInN).

Case II; K < M —i+1: In this case, G is full-rank with probability one and with a similar argument

as in the previous part, we can show that

Gl ~ O (IEIPPEFE2(X0)g M (V).

Hence, using (122) and (123), the necessary condition to satisfy Wy; & 1 + o(1) is having || E|* ~

o(1).

Having the facts that p,(;) ~ + and A (7 (i)) ~ In N, we have ||¢]|* ~

PInN"*

=.]|2
[1Z]]

Therefore, the conditions of

|Z]|* ~ o(PInN) and ||E[|* ~ o(1) are translated into ||¢;|? ~ 0 (1) and ||&]|* ~ o (1o ), respectively,

which completes the proof of Lemma 3.

Remark - Note that since

j=i+1

it follows that for case 1,

1P = D v ((0) @iy

Vi (7(i)) @y |> ~ 0 (1), i+1<j<M,

8A function f(x1,---,xn) is said to be of order m, if it can be written as DIFEE | a:la’(j), where Y au(j) =m, Vj.
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and for case 2,

1
PInN

|v{{(7r(i))<1>ﬂ(j)|2 ~ 0 ( ) . i+1<j<M.

In other words, achieving the maximum sum-rate imposes an orthogonality constraint between the eigen-
vector corresponding to the maximum singular value of each user and the coordinates of the transmitted
signal for users with higher encoding orders. This orthogonality constraint is much more restrictive in the
second case.

In Lemmas 1-3, we have proved that, for any user selection strategy and any known precoding scheme,
in order to achieve the maximum sum-rate capacity, the following constraints must be satisfied with

probability one:

o The maximum singular values of selected users must behave as In V.

o The transmit covariance matrices must be rank one.

o The transmit coordinates must be almost orthogonal to each other. Moreover, they must be almost
in the direction of the eigenvectors corresponding to the maximum singular values of the selected
users.

o The transmit power must be allocated almost uniformly among the selected users.

Having the above constraints satisfied, depending on the number of receive antennas, an orthogonality
constraint must be satisfied between the eigenvector corresponding to the maximum singular value of each
user and the transmit coordinates of the users with higher encoding orders, with probability one. Now,
the question is that, taking the effect of quantization into account, how accurate should the BS know the
channels of the selected users such that the above constraints are satisfied. For this purpose, we focus on
I”

the last constraint and associate ||¢;||* with the size of the quantization cookbook for the ith encoded user

in the following lemma:

Lemma 4 Let L; be the size of the codebook used for the quantization of Hy ;). Then, for any quantization
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method and any value of 0, we have

N
Pr{|e|?® > 0} > [max <o, 1- 1L (M a 1) eMi)} : (124)

1—1
Proof - Since the transmitter only knows the quantized information about the channel matrices, we can
write vy (7 (7)) as Vi (m(2)) + Avy(m(i)), where v (7 (7)) is perfectly known by the transmitter and can be

considered as a deterministic vector, and Av; (7 (7)) is unknown to the transmitter. Hence, we have
& = [Vi(n(i) + Ava(w(i)]" Y
= bru) + AXr), (125)

where b = Vi (7(i))Y; is a 1 x (M —1) vector, known to the transmitter, while Ax.(;) = AvI (7(i))Y;

is an unknown 1 x (M — i) vector. We can write
leil* = min [[by + Avy' () L[, (126)

where vi(n) denotes the eigenvector corresponding to the maximum singular value of the nth user,
Avi(n) denotes the error in vi(n) due to the quantization of H,, and b, = v/(n)Y;. In fact, in the
above equation, it is assumed that all users quantize their channel matrices, and ||¢;||? is lower-bounded
by the minimum error. Since Av,(n) are i.i.d random variables, it follows that y,, £ ||b, + Ax,||?, where

Ax, = AvH (n)Y;, are independent from each other. Hence,

N
Pr{lle:[|* > 6} > ] ¢ (127)
n=1

where &, £ Pr{p, > 0}. &, can be lower-bounded as follows:

—

L;
& > 1—Pr{ ||xn—dl||2§9}

=1

=

V

®) Li
> max (o, 1= Pr{[x, —d’ < 9}) : (128)

=1
where ¢;, | = 1,---,L;, are the corresponding quantization code words for the quantization of x, =

vi(n)Y;, and d; £ ¢; — b,,. (a) comes from the fact that all the quantization bits are not necessarily
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utilized for the quantization of x,, °, and (b) results from the union bound for the probability.

Since the columns of Y;, namely {®.(;)}}Z;,,, are semi-orthogonal to each other, x, 2 vil(n)Y; can
be approximated by y,, which denotes the projection of vi(n) over the (M — i)-dimensional sub-space
spanned by {®.(;}}Z;,,. More precisely,

X, =y, [I+o(I)]. (129)
As vi(n) is an isotropically distributed unit vector in C**¥ the pdf of y,, can be computed from [28] as
(M —1)!

i—1
) = gy (L Il Dyl <1 (130)

Combining (129) and (130), Pr {||x,, — d;||* < 6} can be computed as

Pr{||xn —d|* < 9} = / p(x,)dx,
Chrr—i(dy,V0)
(129)
~ / P(¥n)dyn
Chri—i(dy,V0)
@ (M —1)!
<

7-"Miz(z - 1)! /C'Mi(dm/g)

M —1)!
— WVOI (CM—i(dla \/5))
0 (J\i/[_—ll) oM. (131)

where C,,(t,r) denotes the m-dimensional sphere (in the complex space) centered at t with radius =, and

vol(v) denotes the volume of the region v. (a) comes from the fact that that from (130), p(y,) < ﬂ]v(,%—m

and (b) results from the fact that the volume of a sphere with radios d in the m-dimensional complex

space is equal to %de. Substituting (131) in (128), we have

M—-1 ,
&, > max (o, 1— Li( 1 )eM—Z) . (132)
Substituting in (127), Lemma 4 easily follows.

°In fact, if we denote the original quantization code words, utilized for the quantization of H,,, by {el}ll‘:il, we can write ¢; = f(e;),
1 <1< L;, where f(.) is a mapping which depends on the quantization method. Since the mapping f(.) is not necessarily one-to-one, it

follows that the number of distinct elements in the set {cl}lL:"1 is at most L;.
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In Lemma 3, we have shown that in order to achieve the maximum sum-rate, in the case K < M —i+1,
we must have ||| ~ o (p1y) and in the case K > M — i+ 1, we must have ||¢|* ~ o(1), with

probability one. In other words, in the first case,

1
P 17 ~ o(1 133
il > |~ o) (133
and in the second case,
Pr{|le|®> > 1} ~ o(1). (134)

Combining the above equations with (124), it follows that for the user with the encoding order i, such

that « < M — K, we must have

M—1 R [PIn NJM™
1—-L; ~o(1 L; ~ —_— 1
( ’(@-1){13111]\[} ) o) = Li ”( N ) (133)
and for the users with the encoding order greater than M — K,
L ! (136)
iYWl = .
N
Therefore, in the case of K < M, the total amount of feedback can be written as
(@) M-K
E{Fq} = E{No}+ ) [log(Ly)]*
i=1
) M-K
= Inln(PInN)+w(1)+ Y [(M—i)(PhN)-hN+wl)]", (137)

=1

where N, denotes the number of users who send feedback to the BS. (a) comes from the fact that at least
N users send one bit and (M — K) users each send [log,(L;)]" bits to the BS, where L; is computed
from (135). (b) results from (84) and (135).

In the case of K = M, (136) does not impose any constraints on ;. Hence, the total amount of

feedback can be lower-bounded as

E{Fo} > E{Ng}

I

Inlnln N + w(1), (138)
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which completes the proof of Theorem 10.
|

Although the above theorem gives us the necessary conditions for the amount of feedback to achieve
the maximum sum-rate, the achievability of those conditions is not clear. A subsequent theorem gives the
sufficient condition for achieving the maximum sum-rate.

From the above theorem the following observations can be made:

1) In the case of K < M, for the asymptotic scenario of P — oo, the minimum amount of feedback per
user in order to achieve the maximum sum-rate grow logarithmically with SNR. This logarithmic growth
is also shown for the fixed-size networks in [10], when the BS performs ZFBF. Moreover, for the fixed
SNR scenario, this theorem implies that the minimum amount of feedback bits per user does not need to
grow with N, which agrees with the result of Theorem 5, where we showed that the maximum sum-rate
is achievable by a fixed amount of feedback per user.

ii) The more interesting observation is that, in the case of K = M, the above theorem does not impose
any constraints on the minimum amount of feedback bits per user, even for the asymptotic scenario
of P — o0. One may argue that this is not surprising as in this case, the transmitter can select the
user which maximizes the single-user capacity (with a fixed amount of feedback per user, regardless
of SNR), and communicating with that user, without knowing its channel. In [21], we have shown that
this argument is not valid, as limy_.oc Ropt — Rtpma = M In M. In other words, there is a constant
gap between the achieving sum-rate and the maximum sum-rate. In fact, the reason that this case differs
form the previous case is the “interference hiding”. Since each user has M coordinates and the number
of interfering coordinates is M — 1, the transmitter can wisely hide the interference coordinates in the
null-space of the signal coordinate, and thus the receiver does not see any interference. As a result, unlike

the previous case, the total amount of feedback does not grow with SNR.

Theorem 11 The sufficient condition for achieving the maximum sum-rate, such that limy p_..c Ropt —
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R =0, in the case of K < M is
E{Fo} =2 [M(M —1)InP — M(K —1)Inln N — o(In N)]" + w(Inln(P1n N)), (139)
and in the case of K = M is
E{Fo} = Mnlnln N +w(1). (140)

Proof - The proof is based on the two algorithms given in the following, in the cases K < M and
K = M. We show that by using these algorithms one can achieve the maximum sum-rate throughput of
the system in each case, while the total amount of feedback satisfies (139) and (140), respectively.

Case K < M:
Consider the following algorithm:

1. Set the thresholds ¢, 3, and e.

2. Define

So ={k| Amax(k) > 1},

where Ap.x(k) is the the maximum singular value of the kth user.

3. All users in §) quantize the eigenvector corresponding to the maximum singular value of their channel
matrix, denoted by v;, using the quantization code book C = {cy, - - - ,cos }, where {c;}2, are i.i.d.
unit vectors with uniform distribution (RVQ). The quantized vector of vy, denoted by Vv, is selected
as

Vi = arg max [viley|.
4. All the users in the set
S = {k € So‘ VIV* > 1 — e}

send one bit to the BS. The BS selects one user in S; at random and inform this user (s;) to feed
back its eigenvector. User s; feeds back the quantization index corresponding to its eigenvector to

the BS. The BS sends this index to all the users in the set S; — {s1}.
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5. For m = 2 to M the following steps are repeated:

— Define S,, = {k; €Sn| ViV, < 5}. All users in S,,, send one bit to the BS.

— The BS selects one user in S,,, at random and informs this user (s,,) to feed back its corresponding
eigenvector.
— User s, feeds back the quantization index corresponding to its eigenvector to the BS. The BS
sends this index to all the users in the set S, — {sp}.
6. After selecting the users and receiving their quantized eigenvectors, the BS forms the beams {®, }M_,,

such that & is in the null-space of V,,, j # m (Zero-Forcing Beam-Forming). In other words,

Sm

®l'v, =0,V #m.

7. The BS forms the transmitted signal as
M
X = Z ®, 1z, (141)
j=1

where z,;, ~ CN(0, &) is the intended signal for the user s;.

H

Sm?

8. At the receiver s,,, the received vector y, is multiplied by u; , where u,, denotes the left
. . . . _ H
eigenvector corresponding to the maximum eigenvalue of the user s,,, to form ry = ug ys,.

Then, the decoding is performed.

Defining the event Q = ﬂ%:1{|8m| # 0}, the sum-rate can be upper-bounded as

R = Pr{Q}Rgo+Pr{Q“} Roc

> Pr{Q}Re

(a) M

> |1=) Pr{|S.|=0}|Ro, (142)
m=1

where R denotes the average sum-rate conditioned on Q and (a) comes from the union bound for the

probability. To compute R, we calculate the rate of each user conditioned on Q. For this purpose, the
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received signal by the s,,th user is simplified as follows:

_ H
/rsm - usm ysm

= ugﬂ H,, x+ n, |
@ \/ )\max(sm)vix + 2z,
- V )\max(sm>vil(§smxsm + Z V >\max<5m)viq)ijsj + ZSm ) (143)

i#m
where z,, ~ CN(0,1) is AWGN and (a) comes from writing SVD for H, . In the above equation, the

first term contains the desired signal and the rest are the interference and noise terms. Hence, the rate of

this user can be written as

P A (sm) [VE @, |
R, =EL{In (14 m . : (144)
> jm i Amax(5m) [VEL @4, " +1

We can write

v, =al v, +9E, (145)

m S

A o~ ~ . . . . ~ .
where aﬂm = vgn v, and Vé‘m is the projection of v, over the sub-space perpendicular to v, . Using

m

. 2 .
the above equation, vgn <I>S],‘ can be written as

— 11—y, P (146)

where (a) comes from the fact that an (I’s]. =0, j # m, by the algorithm. Conditioned on Q, we have
Amax(Sm) > t and Wgn vsm]2 > 1 — e. Therefore, the rate of the s,,th user, conditioned on Q, can be

lower-bounded as

Pre(M—1)

v e[
mwgzln1+T—J;——. (147)
+ M
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In the Appendix, we have shown that having 3 ~ o(1) and ¢ ~ o(1) guarantees |vZ @Sm‘z =1+

o(1). Having this, it follows that choosing ¢ = InN + o(InN) and € ~ o incurs R, 10 =

Piv)
In (1 + ﬁ InN +o(InN )) Similarly, we can show that the same rate is achievable for the other selected
users. Hence, Rg = MIn(1+ £ InN +o(InN)) and as a result, limpy_.oc Ropt — Ro = 0. Using
this fact and (142), it follows that the sufficient condition to achieve limpy_oc Ropt — R = 0 is

[Z%zl Pr{|S,.| = O}] Rgo ~ o(1), which incurs Pr{|S,,| =0} ~ 0( ) Since Sy € Sp—1 C

1
In(Pln N)

.- C &y, it suffices to consider only Sj;. Defining gy £ Pr{k € Sy} for a randomly chosen user k, we

have
g = Pri{lmax(k) >t ViV, P <Bm=1- M-1|vV]>>1—¢}. (148)

Since the events A; 2 {Apax(k) > t}, Ao £ {|VIV,, P <B,m=1,--- M —1} and A3 £ {|[vi/V,]* > 1 — €}
are independent of each other, ¢, can be written as Hle Qri» Where q; = Pr{A;}. We have

. (a) o) (efttMJrKfQ) ’

(b) M—1

a2 ~ O(BY7), (149)

where (a) comes from [20], and (b) comes from [21]. Furthermore,
gy = 1-— Pr{|v,f§k|2 <1-— e}
L

L—J[Pr{lviel <1—¢}

=1
21— (1—MF

—
Q
N

_Lelﬂfl

1—e¢

Q

IN

LeM—1, (150)
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where L = 27 and (a) results from [21], Appendix C. Combining (149) and (150), we can write

Pr{|Sy| =0} ~ (1-gq)"
= (1= grgragrs)”
> [1- @ (gt LA
~ exp{—0O (Ne tME2pM-1LM1)1 (151)

Hence, in order to have Pr{|Sy/| =0} ~ o (m) it suffices to have

L~ @< (Inln(Pln N) + w(1)) (56)_(M_l)N_lett_(M+K_2)). (152)
Choosing 3 ~ o(1), t = (1 —a)In N, and € = 2, where o, § ~ o(1), and substituting in the above

equation, we obtain
L ~ @( (Inln(Pln N) + w(1)) [P In NJM=1(55)~M=D N=a[In N]*M“H))
~ @( (Inln(PIn N) + w(1)) P2 ~![In N]*(K*”(ﬁé)*(M*”N*a). (153)
Having B = [log,(L)]™, yields
B2[(M—-1)InP— (K —1)InlnN +Inlnln(PIn N) + w(1) — o(ln N)] . (154)
Using the above equation, the total amount of feedback can be written as

E{Fo} = MB+ ) E{S.l}

= MB+Y (N—m+1)Pr{k€S,}

m=1

—
S
~

1%

MB + w(lnln(PIn N))

1%

[M(M —1)InP — M(K —1)Inln N — o(ln N)]" + w(Inln(P1n N)), (155)
where (a) comes from the fact that selecting L as in (152), results in NPr{k € Sy} = Inln(PIn N)+w(1),
and hence, NPr{k € S,,} ~ NPr{k € S);}3" ™ ~ w(lnln(P1n N)).

Case K = M:

Consider the following algorithm:
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1. Set the thresholds ¢ and e.
2. Define

So ={k| Amax(k) > t},

where A« (k) is the the maximum singular value of the kth user.
3. The BS selects a unit vector ®,, at random and sends this vector to all users in Sy.
4. All the users in the set

Slz{kES()’ ‘Vg@51‘2>1—6},

where v denotes the eigenvector corresponding to the maximum eigenvalue of user k, send one bit
to the BS. The BS selects one user in &) at random indexed by s;.

5. For m = 2 to M the following steps are repeated:

— The BS selects a unit vector ®, such that it is orthogonal to the previously chosen vectors
{®,, ;”:_11, and sends it to the users in Sp.

— Define S, = {k € 80‘ VD, |2>1-— e}. All users in S, send one bit to the BS.

— The BS selects one user in S, at random indexed by s,,.

6. The BS forms the transmitted signal as

M
x=3 @, (156)
m=1

where x5, ~ CN (0, %) is the intended signal for the user s,,.

—-1/2

7. At the receiver s,,, the received vector is multiplied by Ry,,””, where

P
R, £1+) MHsmi'sj@gHgn,
Jj#Fm

to form r, = R_Ti/ 2ysm. Then, the decoding is performed.

As can be observed, this algorithm is very similar to the previous algorithm, with the difference in the
quantization code book and decoding. In this algorithm, the quantization code book contains only one

code word at each step, which is variable and decided by the BS, while in the previous algorithm the
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quantization code book is fixed and the number of code words grow with SNR. Moreover, the receiver uses
all coordinates for decoding the signal, while in the previous algorithm the decoding is only performed in
one coordinate. In fact, in the case of K < M, using all the coordinates does not provide any gain, while
in the case of K = M, it does. In the case of K = M, if any of the sets S,,, m = 1,--- , M, is empty, the
BS selects any user at random and communicates with that user, setting the transmit covariance matrix
equal to ﬁl. This provides a rate scaling as M In P, without requiring any amount of feedback.

Defining the event Q 2 NM_ {[S,,| # 0}, similar to (142), we can write

R = Pr{Q}Rq +[1 - Pr{Q}| R

C

= Ro-[1-Pr{Q}][Ro— RE|
M
> Ro-— (Z Pr{|S,| = 0}> [RQ ~ R } , (157)
m=1
where RI%SC denotes the achievable rate, when the BS selects one user at random and communicates with

that user, conditioned on QC. It is easy to show that R%SC >~ MnP+ O(1).

The rate of the user s,,, conditioned on Q, can be computed as

P
I+—H, &, &' H R’

Rsm|Q = E{ln Vi

‘ Q} . (158)
For ¢ ~ 0(1) and ¢ ~ In N, and using the equations (115) and (122), it follows that
P
Rsm|Q Z E {111 (1 + —t(]. - 6)W11> }
M
P
= In (1 + —InN[l+ 0(1)]) , (159)
M
where W = R . Hence,
P
Ro=MIn (1 + N1+ 0(1)]> : (160)

and as a result, Ropt — Ro ~ o(1). Therefore, having the fact that Rg — R%SC ~ MInln N, we can show

that 1, = Pr{|S,,| # 0} ~ o (=), Vm, guarantees Rop — R ~ o(1). n,, can be written as (1 — g,,)",
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where ¢,, £ Pr{k € S,,}, for a randomly chosen user k. ¢,, can be computed as

Gm = Pr{lmax(k) > t}Pr{|[vi®, | >1—¢}
e—ttM-i-K—?

(a)
T T(M)I(K)

M1, (161)

where (a) comes from [20] and [21]. Consequently,

—tyM+K—2 N
e 't M

mo~ 1= e
! T(M)I(K)
_ N MR g
~ e T(M)T(K) . (162)

Choosing e = v and t =In N+ (K —1)Inln N —InInInln N = InI'(M)T'(K) — w (=) results in
Nm ~ O (ﬁ) and hence, having limy p_..c Ropt — R = 0. The amount of feedback can be computed

from

E{Fo} = E {Z |Sm|}

I

=
WE
T

5
7
£
SL

I

Mnlnln N +w(1), (163)

where (a) comes from the fact that 7, = (1 — g,,)" ~ e N,
|
Remark 1- Comparing the necessary and sufficient conditions on the minimum amount of feedback
for achieving the maximum sum-rate, it turns out that the proposed algorithm in the case of K < M is
asymptotically optimal by a constant multiplicative factor, in terms of the required amount of feedback,
in the region In P ~ w(In N). Moreover, in the case K = M, the proposed algorithm is optimal by a
constant multiplicative factor, in terms of the required amount of feedback, for all ranges of SNR.
Remark 2- Comparing the two cases K < M and K = M, it follows that the minimum amount of
feedback in the first case grows logarithmically with SNR while in the second case it does not grow with

SNR.
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Remark 3- In the case of K < M, when In P ~ Q(In N), it is possible to achieve the maximum sum-
rate by using a finite-size quantization code book for all the users (Random Beam-Forming). However, in
the case of In P ~ w(In N), the size of the quantization code book must grow polynomially with SNR.
In the case of K = M, it is possible to achieve the maximum sum-rate with finite rate quantization for
all ranges of SNR. In other words, Random Beam-Forming is always optimal in this case. Note that,
however, the decoding must be performed in all the coordinates.

Remark 4- The first algorithm can be considered as the generalization of Random Beam-Forming, when
the number of beams vary with SNR. This algorithm is very similar to the algorithm proposed in [18],
with the difference in limiting the number of candidate users and thus reducing the amount of feedback

furthermore.

IV. CONCLUSION

In this paper, the minimum required amount of feedback in order to achieve the maximum sum-rate
capacity in a MIMO-BC with large number of users and different ranges of SNR is studied. In the fixed
SNR and low SNR regimes, we have proved that to achieve the maximum sum-rate the total amount
of feedback from the users to the BS must be infinity. Moreover, in the fixed SNR regime, in order to
reduce the gap to the sum-rate capacity to zero, the amount of feedback must scale at least as Inlnln NV,
which is achievable by the Random Beam-Forming scheme introduced in [14]. Indeed, it is shown that
the optimality of Random Beam-Forming scheme only holds for the region In P ~ Q(In N). In the regime
of In P ~ Q(N), we consider two cases. In the case of K < M, we prove that the minimum amount
of feedback in order to reduce the gap between the achievable sum-rate and the maximum sum-rate to
zero grows logaritmically with SNR, which is achievable by the “Generalized Random Beam-Forming”
scheme proposed in [18]. In the case of K = M, we show that by using the Random Beam-Forming
scheme with the total amount of feedback not growing with SNR, the maximum sum-rate capacity is

achieved, provided that the decoding is performed in all the received coordinates.
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APPENDIX

To evaluate Vgn ®, ., we define P, as the sub-space defined by the vectors {Vsi},;?gm. We can write

where v I

Vo =Vl vl (164)

sm 18 the projection of v, over P,,, and vjm is the projection of v, over ’P#I, and ’P; denotes

the sub-space perpendicular to P,,. Since ®,, is perpendicular to all the vectors in the set {Vy, }izm, it

belongs to ’Pi, and we have

H 2
|V5m ¢Sm |

A
Ve

—~
~
-

(9)
>

o, i) e, |

Sm

@ v, |’
v, II*
1= vl 17
1— Z ‘vf Vs, 2
m—1 M
1—Zﬁ— Z |V§n%z ?
=1 i=m+1
M " 9
1-— (m — 1)5 — Z ‘(O&LQSM + Qj‘m) <’VZHVSZ‘ + Vi)
1=m-+1
M 2
L—(m—=1)—= > (¥ v |+ VeIl +Ivil)
1=m-+1
M 2
L=m=18- Y (VB+ vitm+ Vi)
1=m-+1
M
L—(m=1)8=3 > (B4 pm+ )
1=m+1
1—BM —-2m—1)8—6(M —m)e. (165)

In the above equation, (a) follows from the fact that {V, },.,, form an semi-orthogonal basis for P;. To

see this, we evaluate |9§I Vs,

2 .. S . P . .
,1,J # m, for ¢ > j. For this purpose, we write V,, as 7, v, —i—Vi‘i, in which
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. . ~ . A ~
vsii denotes the projection of v, over the subspace perpendicular to v,,, and fyZH = Vg v,,. Then, we have

2

|§7\HV.|2 = ‘(7”V —|—VL>HVv

S; © Sj 1 S Si Sj
(W Vi, |+ [vi)"

< (VB+Ivil)
(Vi+ve)

~ o(l), (166)

where the first inequality results from the fact that |a + b|> < (|a| + |b|)?, Va,b, the second inequality

follows from the facts that ] ‘ <1, < |lvi], the

13,,| < /B (by the algorithm), and “VsﬂHQsj

third inequality results from the fact that ||v, ||> = 1— ‘vg Vs, !2, which is by the algorithm upper-bounded
by ¢, and finally, the last line follows from the assumptions of € ~ o(1) and (5 ~ o(1).

The inequality (b) in (165) comes from the fact that }vg Vs, 2

< [ for @« < m by the algorithm. The

equality (c) results from writing v, as oc,ulvsm + V5 and V,, as %”Vs + v, with the assumption of

vl v} =0, and vv, = 0. Hence, it follows that ol =98 ' Vs A= vH N Ve IP=1- ‘a','n ? and
vl =1- ’71“2. Inequality (d) follows from the fact that ‘7 | <1, | <1, || and

VAL | < ||vE |- Inequality (e) comes from the fact that |vZ v, ‘2 < (3 for i > m by the algorithm, and

and p; 2 HVjZHQ =1- ‘ngsﬁ- Inequality (f) comes from the

defining j,, = HGSmH =1-|vIlv,,
fact that Va, b, ¢, (a+b+c)? < 3(a® +b*+c?), and finally, (g) results from the fact that |vZ v, ‘2 >1—e¢
for all 1 < m < M. From the above equation, it can be observed that having 5 ~ o(1) and € ~ o(1)

yields ’vi}bsmf ~1—o(1).
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