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Abstract

In this paper, a single-antenna broadcast channel witle Igxg number of users is considered. It is assumed
that all users have a hard delay constrdintWe propose a scheduling algorithm for maximizing the tigrqaut
of the system, while satisfying the delay constraint forusiérs. It is proved that by using the proposed algorithm,
it is possible to achieve the maximum throughput and maxinfainmess in the network, simultaneously, in the
asymptotic case of{ — oo. We introduce a new performance metric in the network, dalMinimum Average
Throughput”, and prove that the proposed algorithm is clpabmaximizing theminimum average throughpir
a broadcast channel. Finally, the proposed algorithm iigdized for MIMO Broadcast Channels (MIMO-BC),

and shown to achieve the maximum throughput and fairnessiltsineously, in the asymptotic case &§f— oc.

. INTRODUCTION

With the development of personal communication serviceg, of the major concerns in supporting
data applications is providing quality of service (QoS) &tirsubscribers. In most real-time applications,
high data rates and small transmission delays are desiredt tata-scheduling schemes proposed for
current systems have concentrated on the system throudpypakploiting multiuser diversity [1]-[5].
In cellular networks, by applying multiuser diversity, thiene-varying nature of the fading channel is
exploited to increase the spectral efficiency of the systéms. shown that transmitting to the user with
the highest signal to noise ratio (SNR) provides the systeth maximum sum-rate throughput [6]. The
opportunistic transmission is proposed in Qualcomm’s Higita Rate (HDR) system [2].

Although applying multiuser diversity through the schem¢6] achieves the maximum system through-
put, QoS demands, including fairness and delay constrgrmisoke designing more appropriate schedul-
ing schemes. The schemes that consider delay constraiaés deen studied extensively ir?][ [1],
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[7]1-[21]. In [7], the authors propose an algorithm which ntains a balance between the throughput
maximization, delay, and outage probability in a multipteess fading channel. The tradeoff between
the average delay and the average transmit power in fadimgoements is analyzed in [8]. In [9],
[10], authors propose scheduling metrics that combineiosdt diversity gain with the delay constraints.
In [11], the scheduling scheme is designed based on maxigittie effective capacity [22] which is
characterized by data rate, delay bound, and delay-bouridtian probability triplet. The throughput-
delay tradeoff of the multicast channel is analyzed foredéht schemes in a single cell system [12]. This
trade-off has been obtained for more general network tapesoin [13]. In the static random network with
n nodes, the results of [13] show that the optimal tradeofiveen throughput;,, and delayD,, is given
by D, = ©(nT,). They also show that the same result is achieved in randomilenoétworks, when
T, = O(1/y/nlogn). The first studies on achieving a high throughput and lowyd&laad-hoc wireless
networks are framed in [4], [14], and [15]. This line of work further expanded in [13], [16], [17] by
using different mobility models such as the random walk dred Brownian mobility models. Neely and
Modiano [17] consider the delay-throughput tradeoff ordy mobile ad-hoc networks. They investigate
the delay characteristics by using the redundant packatsrrission through multiple paths. In [18], the
authors have proposed and compared different schedulimgnaes based on the users’ channel qualities
and their remaining job times, in the downlink of a MIMO wiesk cellular packet data system in fast and
slow channel variation scenarios. In [19], the authors hanadytically characterized the scheduling gain
achieved by opportunistic schedulers with both single-asel multi-user multiplexing, and showed that
the average delay grow double-exponentially with the di/émeoughput, with any opportunistic (single-
user time-sharing or multi-user multiplexing) schedulihg[20], the authors consider a wireless downlink
communication system, where the channels are charaadrizérequency-selective fading, modeled as a
set of M parallel block-fading channels, and a frequency-flat distadependent path loss. They compare
delay-limited systems (which impose hard fairness) withalde-rate systems (which impose proportional
fairness), in terms of the achieved system spectral effigi€n (bit/s/Hz) versusE, /Ny, and find simple
iterative resource allocation algorithms that convergiaéooptimal delay-limited throughput for orthogonal
(FDMA/TDMA) and optimal (superposition/interference catiation) signaling. In the limit of large<
and finite M, the authors find closed-form expressions foras a function ofE, /N, and show that in
this limit, the optimal allocation policy consists of leftj each user transmit on its best subchannel only.

In [21], the delay is defined as the minimum number of chanmsglsuthat guarantees all users
successfully receiver packets. Reference [21] studies the statistical propeofigbe underlaying delay
function. However, the delay constraint is assumed tgdie meaning that this scheme aims to minimize
the totalaveragenetwork delay and there is not any delay constraints for mldévidual users.

In this paper, we considerteard delay constrainD for each user, which is enforced by the application



or physical limitations (e.g. buffer size). We define a diagpevent as the event that there exists a user
who does not meet the desired delay constraint. We proposhedsling scheme for maximizing the
throughput of the system, while satisfying the delay caastrfor all users. The proposed scheduling
algorithm works based on setting a threshold on the charaiel@f the users and among the users with
channel gains above the threshold, the user with the minirRaoket Expiry Countdoven(PED), which

is defined as the remaining time to the expiration of thatsigeacket, is served. By doing asymptotic
analysis, it is proved that by selecting the threshold lgrelperly, the proposed scheduling algorithm
achieves the maximum throughput, maximum fairness, andmaim delay in the network, simultaneously,
in the asymptotic case df — oo. The analysis is based on characterizing the probabilitgsnfianction

of PED in terms ofK, D , and the threshold value, and evaluating the network drgpprobability
accordingly. It is also demonstrated that the Round-Robin (RR¢duling, which focuses on maximizing
the fairness and minimizing the delay in the network, andtMuser Diversity (MUD) scheduling, which
focuses on maximizing the throughput in the system, are ieme cases of the proposed algorithm,
where the former suffers from the weak performance in terfmbiroughput and the latter increases the
network delay by a factor adfog K. Moreover, we have introduced a new notion of performancthén
network, called “Average Throughput”, which is defined as gnoduct of the packet arrival rate and the
amount of information per channel use in each packet, aneedrthat the proposed algorithm maximizes
the Minimum Average Throughpuih a broadcast channel. Finally, it is demonstrated thatpitogposed
scheduling outperforms the conventional multiuser dierscheduling and Round-Robin scheduling in
terms of theMinimum Average Throughpuby factorslog K andloglog K, respectively. The proposed
algorithm is also generalized to MIMO Broadcast Channels (RHEC) by modifying the Random Beam-
Forming scheme proposed in [24]. It is shown that the prap@dgorithm is capable of achieving the
maximum throughput, maximum fairness, and minimum delegyukaneously, in the asymptotic case of
K — oo. Moreover, it maximizes th&linimum Average Throughpuh a MIMO-BC.

The rest of the paper is organized as follows. In sectionhé system model is introduced and
the proposed algorithm is described. Section Il is devdtethe asymptotic analysis of the proposed
algorithm. Section IV describes the generalization of theppsed algorithm for MIMO-BC, and finally,
section V concludes the paper.

Throughout this paper, the norm of the vectors are denoted|pyhe Hermitian operation is denoted by
(). Notation “log” is used for the natural logarithm, and the rates are expteBsnats RH(.) represents
the right hand side of the equations. For any given functi6f®) and g(N), f(N) = O(g(N)) is

|

equivalent tolimNﬂm‘%’ < 00, f(N) = o(g9(N)) is equivalent tothHoo‘f =0, f(N) =
Q(g(N)) is equivalent tolimy o, L5 > 0, f(N) = w(g(N)) is equivalent tolimy ., L& = oo, and
f(N)=0(g(N)) is equivalent tdlmN_m % = ¢, where0 < ¢ < oo. Also, f(N) ~ g(N) is equivalent



to limy oo I3 = 1, f is equivalent tolimy ... £53 > 1, f(N) = g(N) + O(h(N)) is

N)), where ®(.) can be any of the notation®, o, w, 2, or ©.

(N) 2 9(N)
equivalent tof(N) — g(N) ~ ©(h(
Moreover, f(N) 2= g(N) + ®(h(N)) is equivalent tof(N) — g(N) = ®(h(N)), where®(.) can be
any of the notation®), o, w, 2, or ©. Finally, f(N) =~ g(N) means thaff (N) is approximately equal to
g(N), i.e., if we replacef(N) by g(N) in the equations, the results still hold.

[1. SYSTEM MODEL AND PROPOSEDALGORITHM
A. System Model, Assumptions, and Definitions

In this paper, a downlink environment in which a single-ang Base Station (BS) communicates with
a large numberK) single-antenna users, is considered. We assume a honmgenetwork, where the
channel between each user and the BS is modelled as a zeroemegtex Gaussian random variable

(Rayleigh fading). The received signal at thih terminal can be written as
Yr = hxx + ng, (1)

where x denotes the transmitted signal by the BS, which is assumecd tGdussian with the power
constraintP, i.e., E{|z|’} < P 1, hy ~ CN(0,1) denotes the channel coefficient between the BS and
the kth terminal, andu;, ~ CN (0, 1) is AWGN. We assume that block coding for error free transrarssi
is performed over frames, where the information content dfame is called packet. In addition, we
assume that the frame length is constant (unit of time), evtlie information content of a frame can
potentially vary depending on the capacity of the corredpamnchannel realization. As we will see later,
the proposed method results in almost equal informationecarfpacket length in bits) for all the frames.
It is also assumed thainly one useris served during each frame. The channel coefficients areress
to be constant for the duration of a frame, and change indkgely at the start of the next frame (block
fading model). The frame itself is assumed to be long enoogdllbow communication at rates close to
the capacity. This model is also used in [21] and [24].

It is assumed that the users have delay constrairih other words, the delay between two consecutive
received packets should not be greater than the duratidn fshmes. Otherwise, the transmitted packet
will be dropped. Thenetwork dropping eventlenoted by#, is defined as the event that dropping occurs
for any user in the network. We define a parametéor each user, which denotes tegpiry countdown
of that user’s packet, i.e., the remaining time to the exjinaof the packetv is expressed in terms of
an integer multiple of the frame length. At the end of eacmizatheexpiry countdowrof each user
is decremented by one, except for the user which is servedgitimat frame. For this user, thexpiry

countdownis set toD at the start of the next frame. Therefore, for all userst D (Fig. 1). Since

INote that the power constraint hereger frame i.e, is independent of the channel realizations.



t=j+1 palED wiE+1) . .. (it

—oo < w(j) < D, Vk, j

Vi, ve(j) # vi(j), for i # k
Vi, ue(i +1) = ve(§) — 1, for k # s, vs(j +1) = D,

where s is the user which is serviced during the jth frame

Fig. 1. A Schematic figure for thexpiry countdown

the channel model is independent block fading, and the mi&ttapology and the proposed scheduling
algorithm are symmetric with respect to the users, it cands#lyeshown that there exists a steady state
for the system (no matter what the initial state is), in whiblh statistical behavior of the users’ expiry
countdowns is independent of the time index. In the steaalle ssince in each frame only one user is
served by the transmitter, the expiry countdown of the useesdistinct in each time. All the results
derived in this paper are based on the assumption that thensys in the steady state.

In this paper, we are interested in maximizing theoughputand fairnessin the network. First, we
give the definitions othroughputandfairness

Definition 1 The throughput is defined as the average sum-rate of the system, when thegavera
computed over all the channel realizations.

Definition 2 Consider a scheduling”. Then, theFairness Factor (F-) for this scheduling is defines as

FF(#) 2 Dm“Tm (2)

where D,,;, () denotes the minimum value 6f such that Pf#} — 0, using scheduling”.

Definition 3 A scheduling is said to achieve the maximum fairnessFif(7) =1 2.

2This definition is motivated by the fact that for Round-Robin schedulingigvis known to be the most fair schedulin@)umin = K.



B. Proposed Scheduling Algorithm

The proposed scheduling algorithm is described as follows:
Algorithm 1:

1) The BS chooses a threshalj and sends it to all users.

2) Let us define

S = {k| |m]* > ©}. 3)
All users inS send a confirmation message to the BS.

3) Among the users i, the BS serves the one with the minimunm{expiry countdowh

In the proposed algorithm, the thresh@ds set to trade-off the throughput vs. the fairness in theéesys
If © is chosen to be very large, then the scheduling tends to neithe throughput. I1® is chosen to

be very small, the algorithm tends to maximize the fairnesthe network.

[11. A SYMPTOTIC ANALYSIS

In this section, we analyze the network dropping probahbitienoted as R4}, in terms of the number
of usersk, and the delay constrairi?, for the proposed scheduling. We consider the asymptosie o&
K — oo and derive the condition fob such that Pf%#} — 0. To this end, the probability mass function
(pmf) of v, denoted ag,(v), is characterized in terms dp, K, and©. First, we consider two special

cases of the proposed algorithm:

A. Special Case 19 = 0:

In this case, the user with the minimumis served. In other words, the quality of channel does not
play any role in the scheduling. The sgtwhich is defined in (3) is simply the set of all users.

Theorem 1 For © =0, f,(v) can be obtained as follows:

fov) = (4)

L D-K+1<v<D
0 v<D-K

Proof - Let us definevy,, (t) £ minges v (t), wherey,(t) denotes thexpiry countdowrfor the kth user

at timet. We have
K
Pr{vmin(t) = 1} 2 S PHu(t) = Lui(t) > 1,i # k}
k=1

= KPr{Vl(t) = l,l/g(t) >0, 7l/K(t) > l}
= KPHuv(t) = PH{uwa(t) > 1, -+ Jug(t) >l (t) =1}, (5)



where(a) follows from the fact that as in each channel use only one isseerved, the random variables
v;(t)’s are distinct in each time slat and (b) results from the symmetry between the users. We have
PHue(t) > 1, -+ ,ui(t) > 1l|wn(t) =1} =0, for [ >D—K+1, (6)

which results from the fact that fdr> D — K + 1, there are at mosk’ — 2 possible choices for each of
vi(t), i = 2,--- , K, and sincey;(t) are distinct, the assignment problem has no solution. M@reave
can write,

Priv,(t) =1 -1} = Pr{u(t—1)=12°t-1)}, (7)

where 2.(t — 1) represents the event that useis served during thét — 1)th frame, and2;“ (t — 1)
denotes the complement ¢t (¢t — 1). Since we are studying the behavior of the system in its gtead
state condition, it follows that the statistical propestaf v, (¢) and 2% (t — 1) are independent of the time

index. Hence, we can drop the time index in the above equatiahwrite
Priv,=1—1} = Pr{y, =1, 2°}
= Py, =1} (1 — P{Zklve =1})

= Py =1} (1 — PHvmm = vy =1}). (8)
Combining (5) and (8), and noting that{®r = [} = f,() and P{vmm = llvy = I} = Pr{rn >
l,-- ,vg > 1y =1} (by the symmetry), we have
foll = 1) = £, (1) = fo(OPHva > 1 e > Uy = 1}, ()
Substituting (6) in (9), we get
L) =f(1—=1),for D—-K+2<I1<D. (10)

Since during each frame, exactly one user is served, thele/égs/s one user witkxpiry countdowrequal
to D in the system. In other words,

Pr{@(yk = D)} =1. (11)

k=1
Since the events, = D, k= 1,--- , K, are mutually exclusive, it follows that
K
> Py, =D} = 1
k=1
(@ 1
= (D) = —, 12
D) 2 & (12)

where(a) comes from the fact that Pr, = D} is the same for alk, and is equal tof, (D). Combining
(10) and (12), we have

f)=—=, D—-K+1<I1<D. (13)

=[ =



Since>>" __ f,(I) =1, from the above equation it follows that

which completes the proof of Theorem 1.

[ |
The above theorem implies that the pmfiwofis a step function which is only non-zero in the interval
[D — K + 1, D]. Since the probability of dropping for any given user can keressed agfz_oo 1.(D),
it follows from the above equation that fd» > K, the dropping probability for each user is zero and as
a result, the network dropping probability is zero.

This scheduling is exactly the Round-Robin scheduling, when users are served based on a pre-
determined order. One can observe that this schedulingeisnibst fair schedulingHF' = 1), as all the
users have the same opportunity for being served, regardietheir channel quality. However, due to
disregarding the effect of channel quality in the schedylihe achievable throughput is not good. More
precisely, it can be easily shown that the achievable tHrpugof this scheduling scales &g1).

B. Special case 1O = max;, |hy|?:

In this scheduling|S| = 1. In other words, the user with the best channel quality iseskrduring
each frame. This results in the conventional schedulingkpdoé the multiuser diversity and achieves the

maximum sume-rate throughput in the system [23].

Theorem 2 For the Special Case lIf,(v) is equal to

) = = (1 - %) T up ), (15)

wherew(.) denotes the unit step function.

Proof - Similar to (8), we can write

=1 = £, 1 —-P{Zily =1})
Y R0 (1 - P2
Y (1-%). (16)

where (a) comes from the fact that the selection of users is perfornegdrdless of the value of their
expiry countdown(b) results from the fact that the fading process is block-wis#ependent, and as a
result, the probability that the channel norm of any usets highest during a frame is. From the
above equation, the pmf of can be written as

1

D—-1
=10 (1-%) L t=p a7)



From (16) and noting thaElD}oo f.(1) =1, we havef,(D) = % Hence,

1 1\
=5 (1-%)  wo-o, 18)

wherew(.) denotes the unit step function. Hence, the pmi-dbllows the exponential distribution with
the parametet — .

Theorem 3 For K — oo, the necessary and sufficient condition to havé®} — 0 for the special case
Il'is

D= Klog K + w(K). (29)

Proof - Sufficient ConditionUsing (18), the dropping probability for a usky denoted as R, }, can
be written as

~ e K. (20)

The network dropping probability (P#}) can be written as I{Uf;l Ay }. Using the union bound for
the probability, we have

P{#} < iPr{%’k}

(23) Ke’%

_D-KlogK

= o REE (1)

Hence, havingD = K log K + w(K) guarantees R} — 0.

Necessary ConditiorWWe can write

P{%} = 1—Pr{ﬂ%’,§}. (22)
k=1
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The dropping event for thkth user,%;, is equivalent ta/, < 0. Hence, the above equation can be written

as
P{#} = 1-Pr{v;>0,---,vx >0}

K
= 1—Pr{1/1>O}HPr{yk>0|1/1>0,V2>0,---,l/k_1>0}
k=2
K Z(alr" k1) fl/lf-- Wk—1 (alv e 7&16*1)
= 1-Pr{n>0}]] ( =D X
k=2

Pr{v; >0,--- ;11 >0}

Pr{Vk >0y =ay, s =ag, -+ Vg1 = ak—l}) (23)

K Z(al,--- Jak—1) fl/l,“- V-1 (ala R a’k—l)
= 1-Pn>0}]] < =D
k=2

P{v; >0,--+ ,1p_1 >0}

—
S]
N

PH{v, > 0|y, ¢ {a1,az,- - ,ak_l}}>

K Z(ai% 762651) fl/1,"' V-1 (al? T ak_l)
= 1—Prr; >0 == x
{11 }g< Pr{vy >0, , 04y >0}
k_
Py > 0} = S i, (ax) (24)
1-— Zf;ll fl/k (al)

®) s
> 1-]]P{u >0}
k=1

K
E P A
B K
< ~K(1-4)"
> 1—e K (25)

where (a) follows from the fact that the only dependency amané is that they are distinct random
APrve>0} -5 £, (as
Y (@)

that(1—x)" < e ", Vn > 0,z < 1. It follows from the above equation that in order to havé B} — 0,

) < Pr{v; > 0}, and(c) results from the fact

variables,(b) results from the fact th

D
we must have K(1-%)" _ 1, which incursK (1 — %)D — 0. Since K — oo, we can write

1 b D1 1
K(l—E) = KePlel-%)

~ Ke-20+o(/K)

~ e TTRES(1H0(/K)) (26)

Hence, K (1— +)” — 0 is equivalent to2=EleX _ o which incursD = Klog K + w(K). This

completes the proof of Theorem 3.
[
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The above theorem states that the minimum delay constraiotder to have small dropping probability
in the network must scale as fast &Slog K. Compared to the Round-Robin scheduling (Case 1), we
have a factor ofog K increase in the Fairness Factor (or equivalently, a fackdb@K increase in the

network delay), which is due to ignoringin the scheduling

C. Proposed Algorithm; The general case:

In the previous sections, we have studied our proposed stihgdalgorithm in two extreme cases,
where one extreme focuses on achieving the maximum fairreess the other extreme on achieving
the maximum sum-rate throughput. In general, it is possibldave a trade-off between the fairness
and throughput, by adjusting the threshold value. Now, thestion is, whether or not, it is possible to
simultaneously achieve the maximum throughput and the maxi fairness of the system. The following
theorem shows this is indeed possible in the asymptotic chgé — oo.

Theorem 4 Consider the proposed algorithm in the asymptotic cas& 6f> co. Then, for the values of
O satisfying

log K — 2loglog K < © <log K — 1.5loglog K, (27)

one can simultaneously achieve:

I- Maximum Throughput:

lim Copn — R = 0, (28)

K—oo
in which C,,,, denotes the maximum achievable sum-rate in the broadcastneth andR denotes the
achievable sum-rate of the proposed algorithm, and

[I- Maximum Fairness:

D
lim T 1, while Pr{#A} — 0 (or equivalently, I%im FF =1). (29)

K—oo

Proof - The steps of the proof are as follows: in Lemma 1, we study #teabior of f, (/) and derive
a difference equation satisfied k(7). In Lemma 2, we derive an explicit solution for this diffecen
equation. Based on this solution, in Lemma 3, we present acwuificondition such that the conditions
limg o % — 1 and P{#A} — 0 are satisfied simultaneously. Finally, the theorem is pidwe deriving
a lower-bound on the achievable sum-rate, based on thehtiidelevel given in (27).

Lemma 1 Defining Dy = D — v/Kng(ny — 1), wheren, = 3(log K)?, for Dy < I < D, we have
fu(l) ~ % [1 —o(1/K)], and forl < D, f,(l) satisfies the following difference equation:
L) = f0=1) = nf 1 -pE O |1+ 00/VE)|, (30)

31t should be noted that this schedulinglsmg-term fair, i.e., all the users are equally served over a long period of time. Hawesith

our definition of fairness (which can be callsdort-termfairness), this scheduling is away from the maximum fairness by a fatfog K.
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wherep = ¢~®, 1 £ {2, and F,(.) denotes the CDF of.
Proof - Similar to (8), we have
Jol=1) = fu(l) 1 = P = I,k € S|yp = 1}), (31)
wherev,,;, = ming{r|k € S}. Having the fact that
pE2PHkeS}=e°, (32)

which is resulted from the exponential distribution fdr,|> (as a result of the Complex Gaussian
distribution for /), and the independence between the users’ channels,awflihat|S| is a Binomial
random variable with parametef#’, p). As a result, we have

K

P{vmin =Lk €Sl =1} = Y PHvin =1,k € 8,|S| = |y, =1}
n=1
K

= P{|S|=n.k €S | = }PH{vmin =y =1, |S| =n,k € S}
1

K
' NTPHIS| = 0,k € SYPHvn = l| vy = L|S| = n,k € S}

n=1
K
— Z(f:;)pn(l_p)KnPI’{l/min_l’Vk_l, |S| =n,k € S}
n=1
K
K—-1
et n 1_ K—n
Py, > 1,i € S,i# k|lv. =1,|S| =n,k € S}, (33)

where(a) comes from the fact that the eventy = n andk € S are independent of the event(t) = L.
In fact, the event,(t) = [ is a function of{h,(j)}£ ,, 7 < t, while the eventdS(t)| = n andk € S(t)
are functions of{ i, (t)}X_,, and because of the independent block fading assumptierindependent of
{h.(j)},, 7 < t, and consequently independent.qft) = I.
To evaluate the right hand side of the above equation, we twe&dd the following probability:
Py, > 1,i € S,i# klv, =1,|S| =n,k € S}, (34)

which is, by symmetry, equal to

P{vy > 1, vp g >1|v, =1}, (35)
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noting thatv,(t) and i (t) are independent random variables. An upper-bound on tbisapility can be

given as bellow:

Py, > 1, vpy >, =1} = Py >y, =1} x
n—1
[[Pivi>tvi >0 v > 1L, =1} (36)
=2
() n—1
< [P{y; > v, =1}]
®» [ G.() r_
2T 37
where(a) follows from (24), in which we have shown that{Rf > l|vy > 1, - ,v;_1 > I} < PH{y; > 1},
and by following the same approach we can sho\wpPr l|vy > 1+ v, > Ly, =1} < Pr{y; >

l|v, = 1}, and (b) results from the fact that the only dependency betweeand v, is that they are
distinct, and hencé¢y; > | v, = [) is equivalent to(v; > [| v; # 1), with the probability off;—%, where
G, (1) =1-F,).

In order to lower-bound Ry; > l|vy > 1,--- 1,1 > [,v, =}, we need to derive an upper-bound on

f.(1). Since f, (1) is an increasing function df (from (31)), it follows that

fo(l) < fu(D), VL. (38)

However, unlike the previous case§,(D) # % This results from the fact that using the proposed
algorithm in the general case, it is probable that no usesrigesl. Defining the even® (1) 2 i, Zi(t)
as the event of serving at least one user in framee have

P{2 (t)} = Pr{|S(t)| >0}
= 1-[]Pd{iml* <o}

- 1-(1-¢9)". (39)

(log K)?

Noting thatlog K — 2loglog K < © < log K — 1.5loglog K, we have 252 o o6 o (os!

hence, (1 — e—e)K < e~ (02 K)* “Moreover, P{2(t)} in terms of f,(D) can be written as

, and

P{2 (1)} = ) PHult+1)=D}
— Kf(D), (40)

where the first line comes from the distinction gfs and the second line follows from the symmetry
between the users and dropping the time index. Combining 868)(40) yields,

f.(D) = % 1[0 (etessor)

| (41)
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which is less than}?. Combining (38) with the above equation yields
1
o) < 7= Vi 42
L) < 0 ¥ (42)
Similar to (23) and (24), we can write

Z(al,w ,ai—1) fy1,~~- ,Vi_l,l/n(a’lﬂ e, A1, l)

l
Plv, >l > 1, via > Ly, =1} = ;,fl{k,iD>l... vioy > Ly, =1} X
) y 1= » Y T
Pr{VZ‘ >l’l/1 =ai, ",V :aiflayn:l}

Z(al,m ,ai—1) fu1,--- Wi_1,Vn (ala HRP ¢ 7 3 l)

I<ap<D

B Pr{y_1>l7'”7l/i—1>lvyn:l} *
Pri{v, > l|lv; ¢ {a1, - ,a;_1,1}}
Z(a1,~~ ai—1) fl/17"' WVi—1,Vn (al’ T @i l)
l<ap<D
= X
Priv, >1,--- v, > Ly, =1}
Py, > 1} — 22;11 Ju(ax)
I 2;11 fl/i(ak) - fVi(l)
Z(m,--- 1ai—1) fzq,"- Wi—1,Vn (ala T Gie1, l)
I<ap<D X
= Pr{v, > I, - ~1/11>an=1}
(Pr{uz > 1} — nyz ay )

A
Ve

Gy (

(43)

where(a) follows from the fact thatf,, (a;) < &, Vay (equation (42)). From the above equation and (36),

P{v; >1,--- ,v,—1 > l|v, = [} can be lower-bounded as
Py > - vy > vy =1} > 11 <G,,(l) - ?) (44)

Using the above equation, and defining= 3(log K)? and Dy £ D — v/Kng(no — 1), a lower-bound on

P{vy, >1,--- vy > l|v, =1} is given as,
P{vy > 1, Jvpy > v, =1} > g(n,l), (45)
where
sol) 2 1§ s (Gy(l) - %’) | < Dy andn < ng 5)
0 Otherwise.

As we will see later, the form in (46) is more convenient torgayut our subsequent derivations.
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From (33), (35), (36), and (37), an upper-bound okiRr, = [,k € S|y, = [} can be obtained as

follows:
K__ll)p"(l _p)Kn (1?—]%)”_1

IN
(1~
Y
3

P vnin = 1, k € S|uj, = 1}

(e ()

R () v

0
G, (1 K=
P_UH_p)

Do)
n(1—pF,0)~! (1 + K(ip—G;]gV)(l)OKl

n(1=pF M) (1 + —ff}f Z(Q)) _

2p Gy ()

n(l—pF,1)" e e

n(1—pF,0) " [1+0(p), (47)

= Il

33 33
RS

3 —_

Q|

AN

—~ ~

= =
R N

+

(0)

2

—
3}
~

Il

wheren £ -5+ (a) comes from the facts thatl, f, (1) < ~ (equation (42)), and for sufficiently small,
—— < 14 2z, (b) results fromF,(I) < 1, and(c) follows from the fact that sincég K — 2loglog K <

O <log K —1.5loglog K, we havelsf)2 ), — =6 < (=% "\which implies thaty ~ o(1).
Moreover, from (33), (35), and (45), a lower-bound oR:Rf, = [, k € S|, = [}, for I < Dy, is given
as follows:
K -1
Pr{l/min = l, ke S‘V}C = l} > ; <n B 1>pn(1 —p)K—ng<n7 l)
no K . n—2 i
— (] — K—n . N — —
> (e (6 - )
(K -1 n2 i
— nil— K—n . l n—1 .
n:1<n—1>p( pred f!( ")
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By repeated application of (31) and using (47) to upper-bdRA@d,;, = [, k € S|y, = [}, we obtain
D

fu(D) = f,(Do) < > nf() (1 =pF,(1)" 1+ 0()]
=Dy
@ (D —Dy+1) D — Do\ ¥
< _
< T L—p+p—p [1+O(p)]
< n(D —[1()0 + 1)6—(K71)P(1—D}D0)[1 L o). (49)
where (a) comes from the fact thaf, (/) < - and as a resulf,(I) > 1 — £=L, which implies that
F,(l) > 1— £=Le for | > D,. Having the facts thaD — D, ~ 9v'K (log K)* andlog K — 2loglog K <
O < log K — 1.5loglog K, which results inl252 -, o (02K " angy, — 2 the right hand side
of the above equation can be upper-bounded as
9 IOgK 6 _(lo 1.5
Substituting in (49) and using (41), noting that’sX)"” ~ o(1/K), we obtain
1
fulDo) = —[1+0(1/K)]. (51)

Since f, (1) is an increasing function df it follows from the above equation that

full)= [+ 0(U/K)], WDy <1< D, 52

The above equation incurs that fox Dy, G, (1) 2 2520 = "0(\’}%{*”. As a result] ]~ (1 — m) in

(48) can be lower-bounded as

ng—2

ﬁ(l_K(ju(l)) 11_! (1_ \/fno(ino—l)>

1=

—
S}
~

Vv

ng—2
H e \/7n0(n0 1)

7(”0 1)(ng—2)
— e 2\/?n0(n0—1)

= 1+0(1/VEK), (53)

where (a) follows from the fact that. < ng, and (b) results from the fact that as< n, m <

—~
=
=

Q

. . . i _ —# L. . A
1, which implies thatl — TRy ~ € VEno(no-1) . Moreover, similar to (47), we can writ¢ =

S (B Npr(1 = p)ErGL ()7 as

v nja-na) = X (e pera
SR ICE 0 D D S P i

(54)

NE
3
—
|
3
3
0
|
O
=
N——
[ I
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where (a) results from the Gaussian approximation for a Binomial dtigtron with parametergn, p),

whennp — oo. Noting ny = 3[log K] andp < KX it follows thatn, > 3(K — 1)p. Substituting in

the above equation, and having the fact tQdt) ~ ﬁ e~**/2 for large enoughe, the right hand side

of the above equation can be lower-bounded as
RH (54) > 5 |(1—pF,0)* " - e—2<K—1>p} . (55)
Having the facts thatl — pF, (1)) " ~ e-(K-DpF() > ~(K-1)p RH (55) can be lower-bounded as

RH (55) > n(1—pF,(1)" ™" [1—e K717

—
=

= n(1-pR0)) 1+ O01/K)], (56)

where(a) follows from the fact that ap > M we havee=(5=VP ~ O(1/K). Combining (48), (53),
(54), (55), and (56), we have

PH v = Lk € Slup =1} >= 5(1—pF,0)*" [1 +0 (1/@)} , (57)

for I < Dy. Combining (47) and (57), noting that~ o(1/vK), yields

Pr{umin =Lk € Sl =1} = n(1-pF)" " [1+0 (/VE)], (58)
for [ < Dy. Substituting in (31), we have
10 = fl = 1) Znfo() (1= R 140 (YVE)], 1< Dy, (59)
Moreover, forD, < ! < D, from (52), we havef,({) = + [1 + o(1/K)], which completes the proof of
Lemma 1.
[
Lemma 2 The solution to the difference equation (30), in the asytipt@ase of K — oo, is
%G(K—l)pew(l—Do)
full) ~ =2 [ < Dy, (60)

1 -+ e(K*l)peW(l*DO)
I 1
for someyp =~ 7 [1 +0 (T{ﬂ :

Proof - Rewriting (30), we have

I

L= f0=1) = a0 -pE) [1+0 (VE)]
nh, (e KOO0l 1 4 0 (1/VE) |

nf (e EEO [ o(Kp?)] 140 (1/VE)]

—
S
N

I

I

—
o
=

I

nf, (e~ (E=DpR0 [1+0<1/\/_)] | < D, (61)
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where(a) comes from the fact thatl 4 2)" ~ e*!+0@) for 1 ~ o(1), and(b) results from the fact that
< 2K and as a resultip? ~ o (1/@).
Now, consider the following differential equation:

2 (u) = gpx(u)e_(K_l)pX(“) u < Dy, (62)

with the boundary conditions:(—oo) = X (—c0) = 0, andX (D) = 1—2220, in whichw is a continuous
variable, andX (u) = [* z(t)dt, andy = [1 +0 (#H . Writing the Taylor series for:(u— 1) about
u, we have

o n+1 (n)
z(u) —zx(u—1) = +Z 2" (u) (63)
n=2
For the second derivative of (62), we have
I//(U) — @x/<u>€f(K71)pX(u) _ QO(K _ 1>px<u>267(K71)pX(u)
=/ (w)e” TP — (K = 1)pa’(u)a(w) (64)

From the above equation, noting that with the given boundanyditions for the differential equation
in (62), we havee=(K—1rX(w) < 1 (which follows from the facts that’(u) > 0 and z(u) > 0, which

incurs X (u) > 0), andz(u) < + (which follows from solving (62) with the boundary conditid (D) =

1— 2=y it is easy to see that” (u)| < o[z’ (v)|. Similarly, we can show that:™ (u)] < 271"z’ (u)|.
Substituting in (63), noting thap ~ 1 ~ p < lEEE yields

P (@)1 + 0]

pr(u)e” TP L4+ 0 (p)]

na(u)e” K-DpX(u [14—0(1/\/_)] u < Dy, (65)

I

x(u) —x(u—1)

—
S
=

12

—~
=
=~

I

where(a) comes from (62) andb) follows from the facts thap = 7 [1 +0 (#)} andy ~ O(1/VK).
We also have

u

Xw) @ Y [X(v) - X(v-1)]

- (=12 (v
- 2_: “HX;( (77),—1-1)!( >]
DY ) [1+0(9)], (66)

where(a) results from the fact thak'(—oo) = 0, (b) follows from writing the Tailor series foX (v — 1)
aboutv, and(c) comes from the the fact that'(v)| < o (v), Yo (62), and alsdz™ (v)| < 271" |2/ (v)],
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u
V=—00

nx(u)e” K-DpX W) [1 + 0O (1/@)]
n(u)e~ E-DpZ@H+0() [1 L0 (1 /\/Eﬂ

nr(w)e” K20 [1 4 O(Kp?)] [1 +0 (l/ﬁﬂ

demonstrated earlier. Defining(u) = > x(v) and using the above equation and (65), we have

I

x(u) —x(u—1)

I

—
S
N

I

—~
=
=~

Il

na(u)e”E-DpZw [1 +0 (1/\/?)} , (67)

where(a) results from the fact thap ~ p, and(b) follows from the fact thap < % and as a result,
Kp? ~o (1/\/F> (similar to(b) in (61)). The above equation incurs that the solution of @8p satisfies
(61). More precisely, for any value of | < Dy, there exists & such thaty = g [1 +0 (#)] and
f.(1) ~ z(l), wheref, (1) is the solution of (61) and(l) is the solution of (62) at. = [. This suggests us

to solve the differential equation (62), instead of theat#ince equation (61), assuming the same boundary
conditions. The boundary conditions aré-oo) = f,(—o0) = 0 and X (Dy) = F,(Dy) = 1 — 2= The
second condition comes from the fact thfatl) ~ +, for [ > D

By taking the integral from both sides of (62), we obtain
_ ¥ —(K—1)pX (u)
r(u) = ———¢€ +c. 68
Noting thatX (—oco) = z(~00) = 0, ¢ = 5. Substitutinge = (X ~1pX(w) py j;((z)) from (62), we come
up with the following differential equation:

=1, (69)
p(u) |1 — E ey ()
which can be solved as follows:
a:’((u)) N %Ix)/(u) -
z(u 1-— %x(u)
= In z(u) = pu+b, (70)

K-1
1— E-Dp - )px(u)
whereb is the constant of the integration, to be determined by therdboundary condition. Solving the

above equationg(u) can be written as

B Ae#®
1 + A(Kgl)pegpu7

o(u) (72)

where A = ¢’. Using (68) and (71), we have

X(u) = ﬁ log (1 + Me“"“) : (72)
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3.5

25

f(l)

= = = Threshold=3, simulation

Threshold=3, Computation
0.5

Threshold=2, Computation | -
= € = Threshold=2, simulation

¢ v 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Fig. 2. f.(1) for the proposed method with = 2,3; D = 500, K = 300, comparison between simulation and computation.

Applying the conditionX (Dy) = 1 — 2222 yields

¥ K—1)p(1—2=Lo —wD
A:_[e< p(1-2722) _ 1] o—¢Do
(K —1)p

T f 1)pe(K_1)p_¢D0, (73)
where the second line comes from the facts that— 1)p > 1 (sincep > logK (log K" andp(D — Dy) <« 1
(sincep < 125 and D — Dy ~ 9v/K (log K)*). SubstitutingA in (71), we have

¢ o(K=1)pop(u—Do)

(K-1)p
w(u) 1 + e(E=Dpep(u—Do) *

Q

(74)

One can easily check tha{D,) ~ +, which is consistent with (51). Combining (74) with the fabat
fu (1) ~ z(l), Lemma 2 easily follows.
[

Although the derived analytical pmf in (74) is valid in theyagptotic regime ofK' — oo, figure 2 shows
that the analytical expression in (74) indeed works for dimiumber of users. In this figurg, (I) is
depicted for the proposed scheduling algorithm with theghold values of 2 and 3, assumiAg= 300
and D = 500. As can be observed, the curves derived by simulation alfiodistv the curves derived by
computation off, (1) from (74).

Figure 3 shows the plots gf, (/) for different values of threshol®. The plots off, (/) for the Round-
Robing scheduling and the maximum-throughput schedulisgaso given for comparison. It is observed
that as the value of threshold decreasgg/) merges to that of Round-Robin scheduling, while by

increasing the threshold value, it merges to that of the mami-throughput scheduling.

H log K ~ ;
Lemma 3 SettingD, = £ (K — 1)+ =5=, for somey such thaty = 7 [1 +0 (\/LFH yields Pk #} —
0, while satisfyinglimy_... 2 = 1.
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x10™

3.5

(1)

Maximum-Throughput Scheduling
Round-Robin Scheduling
Proposed Scheduling, Theta=4

E Proposed Scheduling, Theta=5
e n--- Proposed Scheduling, Theta=6

- i i

i P j
0 1000 2000 3000 4000 5000

Fig. 3. Comparison of, () for the proposed method wit® = 4, 5, 6, the Round-Robin schedulin@®(= 0), and the maximum throughput
scheduling;D = 5000, K = 3000.

Proof - We have seen earlier that the dropping probability for eas##r is equal taF,(0). Using the
union bound for the probability, it follows that having,(0) ~ o(+) guarantees R4} — 0. Using (72)
and (73), we have

E,(0) ~ X(0) = ﬁ log (1 + B —Dr=ebo) (75)
for someyp = [1 +0 (\%)] From the above equation, the conditiBn(0) ~ o () can be equivalently
written as

eE=1p=¢Do o(p).

It can be easily verified that having, = Z(K — 1) + %, results ine(®~Vre=#Do = L 'which satisfies

the above condition (sinc% ~ o(p)). Furthermore, sinc® < log K — 1.5loglog K, it follows that

[10 K]1‘5 . . oo K K . . . . o
o~~~ > gT which incurs thaﬂgT < ToeR Combining this with the facts thaﬂmKWg =1

and D = D, + 9v/K [log K]* (which follows from the definition ofD,), we havelims .o, 2 = 1. This

completes the proof of Lemma 3.
[
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The achievable sum-rate of the proposed algorithm can bertbaunded as follows:

R = RyPH{Z}+RycP{2¢}
> RoPH{Z}
Y og(1 + POIPH2}
Y 1og(1+ PO) 1= o (e )] (76)

whereR ,- andR 5« denote the achievable sum-rate conditionedZnand 2°¢, respectively, and2
(complement of2") is defined as the event thif| = 0. In the above equatioria) follows from the fact
that conditioned onZ”, the channel gain of the selected user is greater &haand hence, the achievable
sum-rate is lower-bounded Hlyg(1 + PO).

From the above equation and noting the facts that, ~ log(1 + Plog K + O(loglog K)) [24], and
O > log K — 2loglog K, we have

Co R < O (loglogK)
log K

= lim Cym—R = O. (77)

K—oo
Combining the above equation with Lemma 3 completes the prbdheorem 4.
[

Remark 1-Since D = K is the smallest delay constraint in order not to have any mingpin the
network, the above theorem simply implies that the propssbeduling algorithm is capable of achieving
the maximum throughput and minimum network delay, simdtarsly.

Remark 2-Assume that the information data delivered to the users arengpackets which are stored
in the transmitter buffer and each packet is mapped to a cbdete, consisting of. channel uses, and
transmitted over the channel (Fig. 4). Assume that the Ratkeval Rate (PAR) for usek to be fixed
and equal to-, (measured as the number of arrived packets per unit time,one frame duration) and
the amount of information in each packet of that user to:®.. In order to have arbitrary small outage
probability, R, £k = 1,--- , K, must be inside the capacity region of the underlying braatdchannel,

which implies thatR, < C,um, Vk. Moreover, in order to have arbitrarily small dropping pabbity in the

network, the vector consisting of the PAR of the users, dahbtyr = (r1,--- ,rx), must be inside the
stability regionof the network [25]. More specifically, far; = r, = --- = rx = r, this condition reduces
tor < % 4. From this discussion, it follows that the maximunand R, k£ = 1,--- , K, in order not to

have any dropping or outage in the network scale}gaand Csum, respectively. The above theorem states
that the proposed scheduling is capable of achieving thermem values ofr and R, k =1,--- | K,
simultaneously. In other words, the proposed algorithnchiea the boundary of theapacity regionand

“Note that this is based on the assumption that at each frame, only onis sgseved.
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Transmitter Buffer

B <« B B User1

Coded frame for user k

n Channel uses
Total Rate = nRy,

Packet for|user k Packet for user 1~ Packet f(‘r user k

K ® Each data packet is transmitted by a coded frame

_ 1
Dy = ‘
® The time unit is equal to the duration of each coded frame

® The total information in each packet of user k is nRy,

B .- O O Juser K ® The Packet Arrival Rate (PAR) for user & is equal to rj,

® The latency between any consequative packet of user & is Dy,

Fig. 4. A Schematic figure for the transmission of data packets over talbast channel

stability regionof the network, simultaneously. The following corollariugtrates this fact from a different

perspective:

Corollary 1 Consider a Broadcast system illustrated in Fig. 4, where ta@gmitter has the buffer size
of one packet for each user and the Packet Arrival Rate (PAR}He kth user isr, and the amount
of information in each packet for usér is nR;. Let us define the “average throughput” of usér

(normalized per channel use) as
% é T’kRk. (78)

Then, for any scheduling scheme, any rate veRet (R4, - , Rx) supported by the channel (decoding
error approaches zero), and for any PAR veatot (rq,--- ,rg), the necessary condition for P#} — 0
is having

log log K

==, (79)

grnin é rnkin qu 5
which is achievable by the proposed algorithm.

Proof - Necessary ConditionGonsider a long interval of tim&. Defining.A,(¢) as the indicator variable
taking one when the uséris served during the framg and taking zero otherwise, we have

K
> AR < Comy VELSEST (80)

k=1
The above equation comes from the fact that the réf&s- - - , R ) must be supported by the channel.

Taking the summation with respect tpwe can write
T K
D) ARy < Com T (81)
t=1 k=1

5This definition is motivated by the fact that there is a time delayr%co&)etween two consecutive packets of useland as a result, the

average amount of information per channel use delivered tokgeequal tor,Ry.
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Since P{#} — 0, the arrival rate of the packets must be less than or equéleio $ervice rate, over a
long period of time, almost surely. In other wordgtT:1 Ai(t) 2 Try, Vk,1 < k < K. Substituting in

the above equation yields

W log(Plog K), (82)

where (a) comes from [24]. Combining (78) and (82), yields

> i T
K
log log K n log P

K K
log log K

K
Sufficient Condition Consider the proposed algorithm, with the condition of Tkeo#, i.e.,log K —

y min

IA

AN

2

(83)

2loglog K < © < log K —1.5loglog K. It is realized from Lemma 3 that selecting = % for all users,
where D is obtained as follows:

log K
D=Lk -1)+ 252 4 9V/K[log K],

¥
guarantees R4} — 0. Furthermore, the channel can support the rate

Ry = log[l + P(log K — 2loglog K)] ,

with probability P{.2"} (which is almost equal ta from (39)), for all users. Hence,

log [1 + P(log K — 2loglog K)]

r?min D

loglog K
%. (84)
[

In the above corollary, theninimum average throughputlenoted by.%,;,, is defined as the measure
of performance. The average throughput itself can be ireéed as the average amount of information
(per channel use) delivered to a user over a long period @&.tirhis measure is suitable for the real-time
applications, where the packets have certain amount ofrirdbon and certain arrival rates. Note that in
the above corollary, we have assumed that the users havelffiee &ize of one, which is a very restrictive
assumption in wireless networks. For the realistic scesarthis constraint is more relaxed. However,
since we have shown the optimality of our proposed scheglditinthis assumption, it easily follows that

this optimality holds for more relaxed assumptions, as .well
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Fig. 5. Minimum average throughputs. the threshold valugs = 3000, P = 0dB.

Computing.7,,;, for the two special cases of the proposed algorithm, i.eximmam-throughput schedul-
ing (ZMT) and Round-Robin schedulingZ[%s), yields,
log log K
MT
i KlogK'’

1
gﬁR ~
min K

Therefore, the proposed algorithm outperforms these ctioreal scheduling algorithms by a factor of

(85)

log K andloglog K, respectively.

The above corollary states that the proposed schedulingnsghmaximizes theninimum average
throughputof the system while making the network dropping probabditigitrarily small in the asymptotic
regime of K — oo, for all the threshold values in the intenjidg K — 2log log K, log K — 1.5log log K|.
However, for finite number of users, it is not possible to dtameously maximize theninimum average
throughputand make the network dropping probability zero. In fact,dajiven constraint on the dropping
probability, theminimum average throughputill be a function of the threshold value, which is desired to
be maximized. Figure 5 shows the plots of tinenimum average throughpwersus the threshold value,
for different assumptions on the link and network droppingbabilities. The number of users is set to
3000 and the SNR valué’ is set to0 dB. As can be observed, for each plot, there is an optimum tbresh
value for which theminimum average throughpuig maximized. Moreover, by making the constraint on
the dropping probability more restrictive, the optimumettinold value decreases.
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IV. EXTENSION TO THEMIMO-BC

So far, we have assumed that the transmitter and the reseaverall equipped with single antennas.
In this section, we assume that the transmitter hagsntennas, while the receivers have single antennas.
The main difference between this case and the previous sag®t for SISO-BC, serving one user at
each time (TDMA) is optimal in terms of achieving the maximtimoughput of the system [23], while
in the MIMO-BC, this is not the case. Therefore, we must appimeanodifications to our proposed

algorithm, to make it suitable for MIMO-BC.

A. System Model and Proposed Algorithm

The channel model for thith user is assumed to be
Y = th + N, (86)

where x € CM*! is the transmitted signal with the power constraitftx’’x} < P, h, € C>M ~
CN(0,1) is the channel vectorn, ~ CN(0,1) is AWGN, andy; is the received signal by thith user.
Algorithm 2:
1) Set the threshold'.
2) The BS selects\/ orthogonal unit vectors, denoted I8, --- , ®,,, randomly, and sends it to all
users.
3) Among each of the following sets:

Sp={kl SINR™ >7T} m=1--- M, (87)

the BS serves the user with the minimwRrpiry countdownIn the above equation, Sll\i’ﬁ) =
+7 1 @H |2
Y i 27 B @ T2

beam, by thetth user.

Is the received Signal to Interference plus Noise Ratio (SIdiRhemth transmitted

As can be observed, this algorithm is a variant of Random-BEamiing scheme proposed in [24], where

the expiry countdowris considered in the scheduling.

B. Asymptotic Analysis

In this section, we analyze the performance of the propokgatithm in the asymptotic case & —
oo. Similar to the SISO case, it is interesting to investigdie possibility of achieving the maximum

throughput and fairness of the system, simultaneouslychvis performed in the following theorem:

Theorem 5 Using Algorithm 2, for the values of satisfying

P P
i log K — (M +1)loglog K] < T < 7 log K — (M +0.5) loglog K], (88)
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we havelimy .o Coum — R = 0, andlimy ... 22 = 1, while satisfying P{#} — 0.

Proof - Using the same approach as in the proof of Theorem 4, we firsted¢, (v) in terms of K,

D, andY. Consider the following sets:
S;né{k‘keAm, S|NR,§m>>T}, m=1,-- .M, (89)

where A,, £ {k| [, ®Z*> > |h, @2, Vj # m}. For simplicity of analysis, we assume that the step
3 of Algorithm 2 works based o/ instead ofS,,. It is obvious thatS), C S,,. However, since
M @22 = ||hy)? < log K + O(loglog K), with probability one [24], it follows that having
SINR™ > T, whereT ~ 3£ log K and 8 > 1, yields k € A,,. This implies that for the values 6f
satisfying (88), we have! = S,,, with probability one. Rewriting (8), we have

fl=1)=f,(1) 1 —PH{Zk|v =1}). (90)
Pr{ Z;|v, = [} can be written as follows:

P2l =1} 2 PHZ keS8 v =1}

M
> P2k € S =1, T }PH Ty, = 1}
m=1

—
=

M
= Y P{Zi, k€S n=1,7,}P{F,}

m=1

—
O
~

M
1
= o > P2k €S, | =1,n}

m=1

@ P2 ke S =1, T}, (91)

whereS’ & |JM_ S8, and .%,, £ {k € A,}. In the above equatior(a) results from the fact that
Zr C (k€ 8'), in order words, the necessary condition for uséo be served is being in any of the sets
S,

the fact that conditioned og,,, i.e.k € A,,, k € S"incursk € S/, and also the fact that P#,,} = %
(d) follows from the symmetry between the terms i,k € S/ |v, =1, Fn}, m=1,--- M.

s=1,---,M. (b) results from the independence of the events= [ and.%,, °. (c) follows from

We have

—
S
N

K K
P{ 2. k€S v =1,Fn} Y P2k €S, IS, =n, |Anl =5 | v =1,.7,}

n=1 s=n
®) K K
= > N PH|AL = 5[ ZPr{k €S, IS0 =n | |An] =5, Fn}
n=1 s=n
x PH{Zivk=1,|S,| =n,|An| =5,k €S} (92)
®In fact, Z,.(t) is a function of{hy (¢)}+_,, while the event,(¢) = [ is a function of{h(j)}i—,, j < t. Since the channel model is

assumed to be independent block fading, the independenegg -6fl and.%,,, easily follows.
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In the above equatiora) follows from the fact thatS/, C A,,, and hences > n. (b) results from the
facts that the events4,,| = s andk € S), are independent aof, = [ (As explained in the footnote), and
k € S, is a subset of%#,,.

Pr{|A,.| = s|-#,.} can be computed as

P Am| = s,k € An}
Pk € A}

K—1\/ 1\ /M—-1\""
() Ge) (5) 9
where (a) follows from the facts that Rk € A,,} = +;, and |A,,| is a Binomial random variable

with parameter§ K, 1;). In order to compute Fk € S,,,[S,,| = n||A,| = s, %, }, we first compute
q 2 Pr{kecS |%.} as follows:

PH{|Am| = s[-Fm}

—
S}
~

Pk e S ke A}
Pr{k € A}
Pr{k € Sp,k € Ay}
Pr{k € A}
MpPHk € Apnlk € Sp}, (94)

—
S
N

ILI’I‘

wherep 2 Pr{k € S,,} = W [24]. In the above equatioria) results from the fact thatc € S!)) =
(k€ Sin)(k € A,,). Note that as Rik € A,k € S,,.} = 1, it follows thatq =~ Mp. Having ¢ from the
above equation, we can write

-1
Prik € 8., |Sh] = n|[Au| = 5, F} = (Z - 1) 71— g (95)

Substituting Pf|A,| = s|#,} and P{k € S,,|S,,| =n|[An| = s, Z,} from (94) and (95), and
noting that conditioned oS/, | = n, 2} is independent ofA,,| = s, RH (92) can be written as

o = S5 () (5 (oo

n=1 s=n

Pr{%k\yk = l, "Sr,n| =n, ke 81/71}

M—1 S K-1 9 ! / /
B M( M > Z(n—l) (1_q) P{ Zilvi = 1|8, =n.k € S} x

n=1

S (0 (L)

S=n

M1 'S A -1 _4 ! / /
- M< M > ;(n—l) (1—q) P Zilvs = 1,18 = n.k € 5}

(] K-n ’ /
<_ 1__) PH{Zilvi = LIS, =nk €S} (96)
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As can be observed, the above equation is very similar tg €8) by a similar argument we can show
that

Py, >li=1,--- ni#klye=01S,|=nkeS, } <P{Z | v=1]S,|=nkeS,}
<Py, >lLi=1,--- ni#k|v=10|S|=nkeS } (97)

In the above equation, the first inequality results from taet that having; > [, ¢« # k, implies that
the kth user has the minimuraxpiry countdowramongs,,, and hence, will be selected. The second
inequality follows from the fact that théth user must have the minimum expiry countdowndf) in
order to be selected, i.e., no userdf) should have a smallezxpiry countdownNoting the symmetry
of the problem with respect to the users and the fact that\hetsy; > [ (or v; > [) are independent of
|S/.| = n andk € S/, the upper bound can be written ag{RAr>1,--- ,v,_1 > l|v, = [}, which is by

the chain rule equal to

Pl >0, v 2y, =1 = Py >y, =1} X
n—1
[IPivi=tn >0, vy > L, =13 (98)
=2

Consider the following probability:

Py, = li|v; =1}, i# ] (99)
For [, = 5, the above probability can be upper-bounded as

Py, = lilv; =L} < f.(lh). (100)

The above inequality comes from the fact tha{iPr= [,,v; = I} < PP{y; = I} = f2(1), which is
shown in Appendix A. A brief explanation of this would be, theare M (M — 1) possibilities for the
usersi andj to be selected in the same frame (since thereMarpossibilities for assigning each of them
to any of the beams and they can not be assigned to the samg, velaite in the term Pr{v; = [} all
the M? possibilities are encountered.

Also, for [; # I, we have

fu(ll)

(L) <PHy; =Ly =1} < ——————. 101
f ( 1) — I’{y 1|V] 2} 1 _fy(l2) ( )
To prove the above equation, first we note that the rg{%%le?} is the same for all; # 5. In other

words, the condition; = [, scales the probabilities of the outcomes= [; by the same value fdj # [,
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in the conditional sample space. To establish (101), letarotds £ W’ll # l5. We have

Z Pl‘{yi = U‘V] = ZQ} + Pr{Vi = l2|VJ' = lz} = 1.

u#lo
= Z fl,(U)l' + Pr{Vi = l2|Vj = lz} =1
u#ls
1-— Pr{l/l' = lg|l/j = lg}
= 7ull) (102)
Therefore,
Pr{Vi = l1|Vj = lg} = fy(ll)l'

fV(ll) []' — Pr{yi = lzll/j = 12]} (103)

1 - fV<l2)
Using (100) and the fact that fr, = l;|v; = o} > 0, (101) easily follows.
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Using (100) and (101), the upper-bound in (98) can be furtipgrer-bounded as

fl/l,m,ui,l (ala T >ai—1|l/n = l)
Py, >l > 1, v,y > Lv, =1} = (ah;i_l) T e y
I<a1<D, l<a;—1<D
Pr{l/i > [ ’ V1 =0Q1, Vi1 = Q;j—1,Vp = l}
— Z fVl,"',Vi—1(a1v e 7ai—1|Vn = l) y
P{vy > 1, v > v, =1}

(a1, ,a:-1)
l<a1<D,,l<a;—1<D

[P{v; > 1,% | 2} + Pr{y; > |, 2° | 2}]
Z fVlf",ViA (ala T 7ai71|Vn = l) y
B PI’{I/1 Zl, yVic1 lel/n:l}

(a1, ,ai—1)
I<a1<D,,l<a;—1<D

[Pr{@/ | 2VPHy, > 1|, 2} +

P | 2}Pry, > 1| %, 2}]
Z fyh.“?,,l.fl(al, e ,ai_1|1/n = l)

<
B ( o ) Pr{Vlzl, 7Vi712l|l/n:l} %
I<ay <D I<a; <D
[Pr{gf | 2} + Pr{y, > 1| %°, g}]
(a) f,, Ui (al, s ai_1|l/n = l)
< 1, WVi—1 Y
= Z | P>, i > lom =1
I<ar <D I<a; <D
i—1
[Z Py, = ar} + Py, =1} + Py, > 1| @C, Q}]
k=1
(%) Z ful,---,w,1<a1> T 7ai71|Vn = l) %
( — ) Pr{l/l Zl, ,Viq lel/n:l}
I<ay <D I1<a; 1 <D
i—1 1—1
PrViZl_ :fl/a _fyl
[Z faw) + 1) + P20 = Fol) — £ >]
1 1= fulaw) = fu(1)
©  Ms
< 72 G- 1). (104)
where% 2 ' {v; = uijU{vi = vy and 2 2 {vy =ay, - ,v, 1 = a;_1,v, = [}. In the above

equation, (a) results from (100), which incurs that £¥|2} < S 7' Pr{y; = ax} + Py, = 1} =

! fulax) + £,(1), (b) results from (101), noting that conditioned &°, 2, the pointsay, - - - ,a; 1,1
are excluded from the sample space. results from: (i) upper-bounding,(ax), £ =1,--- ,i — 1, and
f,(1) by %, which is due to the facts that,(!) < f,(D) and f,(D) = P{2;} < %, where P{.2}} is

the probability that usek is being selected in a frane and (ii) upper-boundingF)r{T_Zgi,lZﬁ1 ’;)( J’j)(l)f”(”
k=1Jv k)= Jv

"In fact, P{ 2%} < % follows from the union bound on the probability. More precisely, denoﬁﬁﬁ“) as the event that uséris assigned
to beamm, using the same argument as in the SISO case, one can show{tl%jj’P)r} < £, and hence, B2} = P{U_, e%”,fm} <X
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by Py, > 1} =G, (1 —1).
Using the above equation and (98), the upper bound in (97peampper-bounded as

n—1 .
Mz
Pr{Vl > la L Upo1 2 llyn = l} < ]‘__‘|1: (Gu(l - 1) + ?) : (105)
Moreover, to lower-bound the lower bound in (97), we first ésoound Pfv; > l|vy > 1, 11 >

l,v, =1} as follows:

o (@, - aizi|v, =1
Pr{V'L > l‘l/l > l7 e 7Vi71 > l) Vn = l} 2 Z Pr{lyl > l(- .1. y<71 >1l|’y _ l)} X
<arsB i) <
Pr{l/i > ’ Vi =0Qa1, Vi1 = Q;—1,Vp = l}
- Z fl’lf‘"l’ifl(alv e 7ai71’7/n = l) X
(a1, 1) Pr{Vl > l, s Vi > l|Vn = l}
l<a1§D1:"':lé:1171§D
[Pr{@ | 2YPr{v, > 1| %, 2} +
P | 2YPHu: > 1| #C, g}]
Z fVl,"‘yVifl (alv T 7ai—l|1/n = l) %
- (a1, i) Pr{Vl > l, cee Vi1 > l|Vn = l}
l<ar<Do 1<ai 1<D
P& | 2YPr{y; > 1| #°, 2}
(g) Z fl/l,---,w,l (ala e >ai71’Vn = l) 5
(a1 i) Pr{u1 > l, s Vi > l|Vn = l}
I<ar <D lcas 1<D
PH{Z Y| 2}Pr{y; > I}
Ly ool
(a1 mi1) Pr{V1 > l, cee Vi1 > ”Vn = l}
l<ar<Do 1<ai 1<D
(1-PH{Z | 2}) PH{y; > 1}
(Zb) Z ful,m,ui,l(ab T 70%—1’1/11 = l) y
(a1, i) Pr{Vl > l, cee Vi1 > l|Vn = l}
l<ar<Do 1<ai 1<D
i—1
<1 - Zf,,(ak) — fl,(l)) Py, > 1}
k=1
() Mi
> G, () — —, 106
> Gl - (106)

where(a) results from (101) which implies that fr, > 1| #¢ 2} > Pr{v; > [}, (b) follows from (100),
which incurs that Ri# |2} < 3", f.(a) + £.(1). Finally, (c) results from the fact thaf, (v) < 3,

and writing P{v; > I} asG,(l).
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Using the above equation, the lower-bound in (97) can bendeanded as
ot Mi
Pr{Vl > l’ cee VUpo1 > Z|Vn = l} > g (Gu(l) — ?) . (107)

Similar to the approach used in the SISO case, by defining 3(log K)? and Dy = D — v/ Kng(ng—1),
first we show that forD, <[ < D, we havef,(l) ~ % For this purpose, by repeated application of (90),
and using (91), (92), (96), (97), and (105), we have

fo(D) = fu(Do) < > W, (108)

where W, £ MY X (KD (g (1— ) "5 (Go(1— 1) + 2. In Appendix B, it has been
shown thatVV, is upper-bounded as/ (2250 ~(02 K)"* \hich implies that
log K)? 15
£,(D) = f.(Do) < (D—DO)M%e‘UOgK)

(10\8;5)66—(1% K)L5
K
~ 0 (e_(logK)1'5> . (109)

~ 9M

Moreover, f, (D) can be written as Ri2;} 8, which denotes the probability that uskiis selected in a
frame. This probability can be expressed a§ PY_, %(m)}, where%k(m) denotes the event that tiigh
user is assigned to theth beam. Defining2 (™ 2 | JX  2,(™ which is the probability that thenth

beam is assigned to some user, we have
P{2 ™} = 1-Pr{|S,|=0}
1—-(1-P{kes D~

21 )

1 — e KaM

—
s)
N

1%

o
=

1 — ¢ (osK)? (110)

v

where (a) follows from the definition ofg in (94), and(b) results from the fact thaf; ~ p > %

Having the fact that the event@”k(m), k =1,---, K are mutually exclusive, i.e., beams can not be

assigned to multiple users simultaneously, we have

K
P2 ™} =3 P2} > 1-e (el
k=1

= PH{2™) > % (1 . e*ﬂogK)”) , (111)

8More precisely,f,, () (D) = Pr{2%(t — 1)}, where the the time index are removed due to the steady state condition.
k(1)



34

where the second line results from the symmetry between skesuMoreover, since the sef§, m =
1,---, M are disjoint, it follows that the event%”,c(m), m =1,---, M are mutually exclusive. Therefore,

using the above equation,

M
M
_ (m) > __—(log K)'-5
PH{Z:} m§1 P{Z, "} > — (1 e ) . (112)
Combining the above equation with (109), it follows that
M 1.5
~ —(log K) <<
£ (D) [1 +o (Ke )] , Dy <1<D. (113)

In other words, in the intervdlD,, D], f,(l) is almost constant.
In the regionl < D,, by defining the following functions:

n—1 i M
G-+ n<
gu(n7 l) _ H’LZl ( ( ) + K ) n Un) : (114)
1 n > ng
and
n—1 iM
; Gl/ l) — == ) S
gl(n, l) _ H’LZI ( ( ) K ) n Un) : (115)
0 n > ng
wheren, = 3(log K)?, using the equations (97), (105), and (107), it follows that
gl(n,l) < Pr{%}clyk = la |Sr,n| =n, ke S,:n} < gu(nyl)a (116)

where P 2 |ve, = 1,|S)| = n,k € S} is the probability we need to find in order to computé R, |y, =
[} in (96). From the above equation,{P%;|v; = [} can be upper-bounded as follows:

P il =1} < Mi({j_‘f) (L) (1= 1) gutm

no+1
(K —1 q\" q \E-n - 1M
_ LN (1 - —) G- TT (1
"nzg( n )(M) ( M ( )1,11<+1:(Gy(z—1)>+
K-1
K —1 q\" q K—n
L ( n )(M) (=37 (1)
no+1
wheren = 4. In the above equatior{a) results from taking the term§_f‘%—i outside the summation
M M

and make a change of variabbke— 1 to n. Sincef,(I) ~ % for Dy <1 < D, it follows that G, (Dy) ~
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M(D-Do) _ M”O\%‘”, which implies that@, (I — 1) > % for D, < I < D. Therefore, the term

[ (1 + KG’—%) can be written as

(i) = lf[<””0@‘”)

=1 =1

1+Z\/_n0 0—1)
n(n+ 1)
2\/?710(710—1)

1
9 110 (\/_E) | (118)

;< 1, and(b) follows from n < ny. Having the

1+

—~
=

where(a) results from the fact that as< n,, T (n

above equation, RH (117) can be written as

RH (117) =~ ni (K;1>

IA
33
M7
VN
=
S
—_
N————
/N
=)=
N—
3
/N
—_
|
=)=
N—
=
4
Q
|
=
—_
+
Q
VN
5=
N——
_|_

(@) K-1 | no — (K — 1)%
~ n[l—%ﬂ,(l—l)] {1+O<—>]+77Q o K- Dy
K V=D (=)
2 e E-DHIEO-£.0) {HO(L }Jrne 2K-1)4
- VK
© |
& E-DERO (K1)
= ne 1+0 | —= ) +e M
” 1o (g) v
(@ |
& —E-DERO
~ e EDHRO 1o )], 119
" 1+o(x) 9

In the above equatioria) follows from approximating the tale of the Binomial randonrighle with the
GaussiarQ(.) function. In deriving(b), we first approximate1 — L F, (I — 1)}K_1 by e~ (KD (i-1) —
e~ =D F (=101 which follows fromg < 1. Using the fact that ag: [log K — (M + 1) loglog K] <
T < £ [log K — (M +0.5)loglog K, we haved < (X7 ‘which implies thatr, > 3(K — 1), and
also the fact that for: > 1, Q(z) < e /2, Zw

s is upper-bounded as 2K-117, (¢)
results from the facts that: (i) af (/) < %, we haveeE Vit =~ 1+ O(q) 2 1+ 0 (#) and
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i) since F,(I) < 1, e E-DHR0 > o~ (K-D37 and as a resulg 2KE-D37 < e=(K-Dage2K-D5i R0,

Finally, (d) follows from the fact that=(X-D1ir ~ o (#) which is due to the fact that > M%.

Similar to (117) and (119), a lower-bound for{P#} |, = [} can be given as follows:

P2l =1} > Mi(fj_‘f) (L) (1= )" gutm)

= () G 0 T (0 - )

1
= pemE-DHLO 1140 (—)} . 120
ne [ Nice (120)
Comparing (119) and (120), it follows that

PH{ 2 |ve = 1} = pe” KD 0 {1 +0 (\/%)] : (121)

Substituting in (91), we reach the following difference ation in the region < Dj:

1

(1) = £, (1—=1) ~nf,(1)e”EDFHO {1 +0 <—>} : 122
fo(l) = f(L=1) ~nf,(l)e TR (122)

Comparing the above equation with (30), it is realized thatabove difference equation is the same as
the difference equation obtained in the SISO case, with iffiereince in replacing<’ by % andp by q.
Therefore, all the results stated in Lemmas 2-4 are validferMIMO case, by substitutingd by %
which completes the proof of Theorem 5.
[ |

In fact, algorithm 2 basically separates the MIMO-BC intb “virtual” SISO-BCs by assigning the
users to the beam for which the maximum SINR is attained. &fbeg, the analysis of, (/) is similar
to the case of SISO-BC, discussed in the previous section. Yowthere are two main differences: i)
In SISO-BC, all the users are always served by the same traagmithile in MIMO-BC the users are
switched independently between the virtual transmittéan frame to frame. This causes, - - , vk
(The packet expiry countdown of the users) not to be nedgssiastinct. However, we have shown in the
proof of Theorem 5 that this does not affect the analysisThi¢ sizes of the virtual SISO-BC4gA(,) are
A
Gaussian approximation for the Binomial distribution, we eaite

not fixed. In fact,

,m=1,---, M, are Binomial random variables with parametéf§ --). Using

K K K
Pr{M(l—e)<1Am!<M(1+e)}z1—2Q S A (123)
11— 37)
Settinge £ w and using the approximatiofi(z) =~ ﬁe‘é for x > 1, the above equation

can be written as

Pr{% (1 — \/2(M _[?logK> < |Anl < % <1+ \/2(M _I?IOgK)} ~1l-o (%) :

(124)
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log K
K

above discussions, MIMO-BC can be considered\agarallel SISO-BCs, each serving approximately

Therefore, with probability one, the size of the segts scales as% 1-0 . Following the

% users. The network dropping even®) can be considered as the union of the dropping events for the
SISO sub-channels, denoted B,,, m = 1,--- , M. From the union bound for the probability, we have

P{#} < Y P{%.}
_ P, (125)

where the second line comes from the symmetry between thesev®,. Following the steps of proof
for Theorem 4, and settindX1> < ) < LKl ang p — LX + K 4 9V/Klog K]*, guarantees

]\if'r
Pr{#,,} — 0,and hence, R} — 0. Note that ap ~ <= [24], the condltlonM <p< “OgK]Q
incurs that
P P
i log K — (M +1)loglog K] < T < i log K — (M + 0.5) loglog K] . (126)

Noting thatCyu, ~ M log(1 + +-log K + O(loglog K)) [24], it follows thatlimy ... Coum — R = 0.
[
Theorem 5 implies that the proposed scheduling algorithoagable of achieving the maximum sum-
rate throughput, while guaranteeitign .. % = 1, where D,,;, IS the minimum value ofD such
that P{#} — 0. Noting that[£] is the minimum value ofD in MIMO-BC to have P{#} — 0,
(using Round-Robin scheduling, assuming thatusers are served during each frame), it follows that the
proposed scheme achieves the maximum sum-rate and maxiawmass in the network, simultaneously.
Defining theminimum average throughpas in (79), it is straightforward to show that for the propgbse
algorithm,
M loglog K
K
which is asymptotically the maximum achievable value in NONBC.

T ~ (127)

V. CONCLUSION

In this paper, a single-antenna broadcast channel witle I@&g number of users is considered. It has
been assumed that all users have hard delay consttainle have proposed a scheduling algorithm
for maximizing the throughput of the system, while satisfyithe delay constraint for all users. By
characterizing the network dropping probability, in terofig<, D, and the threshold value in the algorithm,
it has been shown that by using the proposed algorithm, ibssiple to achieve the maximum throughput
and maximum fairness in the network, simultaneously, in degmptotic case o — oo. Moreover,
we have introduced a performance measure in the netwoilkdcainimum Average Throughput”, and

proved that the proposed algorithm maximizes the maximuimmum average throughput a broadcast
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channel. Finally, the proposed algorithm is generalized MiIMO-BC), and shown to be optimum in the
sense of achieving the maximum throughput and maximumdagnn the network, simultaneously, in

the asymptotic case dk — oc.

APPENDIXA; PROOF OF(100)

From the definition ofy;(¢), we have

Pr{v;(t) = l1,v;(t) = 11}

—
S)
N

Pr{yi(w) =D,

Pr{%@—n,%(w—m

Pr{Zi(¢— 1)}

ol
1=
N

Pr {
1=y

Pr{Zi(y — 1)}

Pr {ﬁ 2
I=4

Pr { RE20)
I=¢

t

vi() =D, (2. %f(l)}
=y =1
220, %ﬁ(l)}
1=y 1=y
Pr{Z;(y—1)| Zi(¢ — 1)} x

%W - 1)? ‘%/](w - 1)} X
Zi(y -

Pr{Z;(¥— 1| Zi(¢—1)

e%(lﬁ - 1)’ %J(w - 1>’ ﬂ ’%C(l)}
I=¢

Privi(t) = L }Pr{Z;(¥ — [ Zi(¢ — 1)} x

Pr {h 22
1=y

2 = 1), 250 = 1), () %«%)} . (128)
=1

wherey £ t—D+1;. In the above equatioria) comes from the fact that the evem$y) = D and .2 (¢ —
1) are equivalenf. (b) results from the fact that conditioned o#y; () — 1), ﬂfzw Z:(1) is independent
of Z;(x» — 1) *°. Finally, (¢) follows from writing Pr{Z;(v — 1)} Pr{ﬂ};w %C(l)‘ Zi( — 1)} as
Pr{v;(t) = I,}. For computings £ Pr{ﬂ};w 20 ‘ 2= 1), Z;(¢ —1),Nizy %C(Z)}, we have

Pr {ﬁ 2
I=¢

2w - 1), %C(Z)} =op+ 0" (1—p),
1=

(129)

°In fact, if we haveZ;(y — 1), i.e., the usei is served in they — 1)th frame, in the next frame its expiry countdown will be setllo

In other words,Z; (¢ — 1) results inv; () = D. By a similar argument one can conclude that)) = D results in2;(¢ — 1). Therefore,

this two events are equivalent.

01n fact, since in each fram#/ users are served with probability one, conditioned®i(x) — 1), there areM — 1 other users which are

served in the same frame. Since the rest of users are all the same fith tser (because of the homogeneity of the network), it follows

that the conditionZ’; () — 1) does not change the conditional probability{Frr]j:w 22 ‘ Zi(yp — 1)}.
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whereo £ Pr{N_, 2,°() | Zi(v = 1).Ni_y, 2:°0)} and

t
p= Pr{%(w -1 | 2500 - 1), %C(l)} :
I=¢
From the above equation, can be written as

Pr{ni_, 2°0) | 2306 —1.N, 20} = (1= wo*
"
Pr{nL, 20| Ziw -1} - (1 - o’

INE

=

Pr{NL 20| 23w -1} - (- wPr{NL, 20| 2w -1, %)
U

2 — 1)} : (130)

(b

=

—
Q
~

t

~ Pr {ﬂ %C(Z)

1=
where Z; denotes the event that usgris excluded from the network, and hence is never seryep.
comes from the fact that the eveﬂﬁ:w Z2.°(1) reduces Pr{ﬂfzdj ZE(1) ‘ 2 — 1)}. (b) results from
the fact thato* > Pr{r];: . 3@30(1)‘ 2 - 1), 5/:3}, which is due to the fact that excluding theh
user from the network, increases the chance of uderbe served during each frame and as a result,
reduces the conditional probability I%ﬂf:w 20 ) Zi(p —1), ﬂf:w_l %C(l)}. (c) follows from the
fact that ask' — oo, the effect of excluding the usegrfrom the network on the conditional probability

Pr {ﬂfzw 2L (1) ‘ 2 — 1)} is negligible. In other words,
t t
Pr{ﬂ 27| 250 - 1), ﬁ‘;} R Pr{ﬂ 20| 254~ 1)} :
=y =y
Substitutinge from the above equation in the right hand side of (128) yields

Pr{vi(t) = b, wy(t) =1} < Pru(t) = LIPH{Z;(0 — 1)| 236 — 1)} x
Pr{ﬂ%f(w %W—n}
1=y

= Pr{y(t) = L }Pr{y;(t) = ll}Pr%éﬁ;;w _% i()zi -

Pr{v(1) = L}PHy,(0) = 1}

where (a) follows from the fact that P{.2;(¢ — 1)} Pr{ﬂfzw 2°(1) ’ Zi( — 1)} = Pru(t) = 11},
and (b) results from the fact that P2 (v — 1)} ~ % (which we have shown earlier in the paper in (112))

and also P§2Z;(v — 1) | Z;(¢ — 1)} ~ 2=1. The latter is due to the fact that conditioned (¢ — 1),
the network can be considered a$fa — 1)-user broadcast channel, in whi¢h/ — 1) beams are to be

—
S
N

—
=
=

Q

(131)

assigned ta M — 1) users. Hence, the probability of assigning a beam to a ralydeetected user is
— ~ Y=L From (131), (100) easily follows.

-1

S

=
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APPENDIX B

For upper-bounding the right hand side of (108), we use thetfeat
M(D—-1+1)
K )

which follows from the fact tha, (1) < 2, vi, and consequentlyy, (I — 1) = >0, f,(v) < XD,

G,(I-1) < (132)

Having the above equation, RH (108) can be upper-boundedllasv$:

aos) < S (10 () ()T (M )

3RO RN (T
a3 () G 0T () T 1+ )
Cas (N G0 () T
S () ) (Y ey

—
QU
~

q
< n{l—-+7
M/ [1—(D—1+ 1)y
q K
K
wheren = 4. In the above equatioria) follows from the fact thatD — 7 +1 > 1 (sincel < D). (b)
M

follows from writing (% ') as - #=1*; and canceling out! by (n + 1)!, which leaves the term + 1
in the numerator(c) results from the fact tha{% =(K-1)(K-2)---(K—n) < K", which
leads to havingzz—2; < 1. (d) follows from upper-bounding the sudt," ' (n + 1) [(D — 1 + 1)n]"
by an infinite sum)_ > (n+ 1) [(D — [ + 1)5]" which equals tom, noting that sinceD — [ <
D — Dy < 9VK(log K)* andn ~ g ~ Mp < 1K 11 e have(D — I + 1)5 < 1. Finally, (¢) results
from upper-bounding; ~ Mp by M“"TW which is explained in the footnote, and also approximating

YAs it is shown in the paper, sincé (log K — (M + 1)loglog K) < YT < £ (logK — (M +0.5)loglog K), we havep =

e—MY/P (log K)2
M—1 .
(1+J\/§j'r) K
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— )" by e=% ~ e K7 which is upper-bounded by~(°:%)"", which is due to the fact that as
< L2 (log K — (M +05)loglog K), p = —<00_  (ogk)"

(1+A££)M*1 K
P
REFERENCES

P. Viswanath, D.N.C. Tse, R. Laroia, “Opportunistic beamformisgng dumb antennadEEE Trans. Inform. Theorwol. 48, pp. 1277—
1294, June 2002.

P. Bender, P. Black, M. Grob, R. Padovani, N. Sindhushayame A. Viterbi, “CDMA/HDR: A bandwidth efficient high-speed wireless
data service for nomadic user$EEE Communications Magazinpp. 70-77, July 2000.

A. Jalali, R. Padovani, and R. Pankaj , “Data throughput of CDMBR A high efficiency, high data rate personal wireless system,”
in Proc. IEEE Vehicular Tech. Conferenoml. 3, pp. 1854-1858, May 2000.

X. Liu, E. K. Chong, and N. B. Shroff, “Opportunistic transmissiecheduling with resource-sharing constraints in wireless networks,”
IEEE JSAC vol. 19, pp. 2053-2064, Oct. 2001.

S. Borst, “User-level performance of channel-aware sclieglalgorithms in wireless data networkdEEE/ACM Trans. Networking
vol. 13, pp. 636-647, June 2005.

R. Knopp and P. A. Humblet, “Information capacity and power colnin single-cell multiuser communicationdEEE ICC'95, vol. 1,

pp. 331-335, June 1995.

I. Bettesh and S. Shamai, “A low delay algorithm for the multiple accésmiel with Rayleigh fading,in Proc. IEEE Personal,
Indoor and Mobile Radio Commuynvol. 3, pp. 1367-1372, Sept. 1998.

R. A. Berry and R. G. Gallager, “Communication over fading chdamwith delay constraints/[EEE Trans. Inform. Theoryol. 48,

pp. 1135-1149, May 2002.

M. Andrews, K. Kumaran, K. Ramanan, A.L. Stoylar, R. Vijayakar and P. Whiting, “Providing quality of service over a shared
wireless link,”IEEE Commun. Mag.vol. 39, pp. 150-154, Feb. 2001.

R. Srinivasan and J. S. Baras, “Understanding the tradeedffden multiuser diversity gain and delay - an analytical approdeRE
Vehicular Technology Conferenceol. 5, pp. 2543-2547, May 2004.

D. Wu and R. Negi , “Utilizing multiuser diversity for efficient supp®f quality of service over a fading channelEEE Trans.
Vehicular Techn.vol. 54, pp. 1198-1206, May 2005.

P.K. Gopala and H. El Gamal, “On the throughput-delay tradeodkitular multicast,”International Conference on Wireless Networks,
Communications and Mobile Computingpl. 2, pp. 1401-1406, June 2005.

A. El Gamal, J. Mammen, B. Prabhakar, and D. Shah, “Optimaudhput-delay scaling in wireless networks - part I: The fluid
model,” IEEE Trans. on Information Theoryol. 52, no. 6, pp. 2568-2592, June 2006.

N. Bansal and Z. Liu, “Capacity, delay and mobility in wireless ad-hetworks,”in Proc. IEEE INFOCOM April 2003, pp. 1553-1563.
S. Toumpis and A. J. Goldsmith, “Large wireless networks unddinfy, mobility, and delay constraintsjh Proc. IEEE INFOCOM
March 2004, pp. 609-619.

G. Sharma L. Xiaojun, R. R. Mazumdar, and N. B. Shroff, “Begrate delay-capacity tradeoffs in ad-hoc networks with brownian
mobility,” IEEE Trans. on Information Theoryol. 52, no. 6, pp. 2777-2784, June 2006.

M. J. Neely and E. Modiano, “Capacity and delay tradeoffs fohad mobile networks,JEEE Trans. on Information Theoryol. 51,

no. 6, pp. 1917-1937, June 2005.

M. Airy, S. Shakkottai and R. Heath, “Limiting queuing models foheduling in multi-user MIMO systems,JASTED Conference
on Communications, Internet and Information Techno)dggottsdale, AZ, November 17-19, 2003.

Manish Airy, Sanjay Shakkottai and Robert W. Heath Jr, “Schieduor the MIMO Broadcast Channel: Delay-Capacity Tradeoff,”
Preprint.

Giuseppe Caire, Ralf R. Muller and Raymond Knopp, “Hard Faisngersus Proportional Fairness in Wireless Communications: The
Single-Cell Case,IEEE Trans. on Information Theoryol. 53, no. 4, pp. 1366—-1385, April 2007.

Masoud sharif and Babak Hassibi , “A delay analysis for oppustic transmission in fading broadcast channels,Pioc. IEEE,
INFOCOM, vol. 4, pp. 2720-2730, March 2005.



42

[22] D. Wu and R. Negi, “Effective capacity: a wireless link model fapport of quality of service,IEEE Trans. Wireless Commun.
vol. 2, pp. 630-643, July 2003.

[23] D. Tse, “Optimal power allocation over parallel Gaussian brostdchannels.” Unpublished.

[24] M. Sharif and B. Hassibi, “On the capacity of MIMO broadcastrute with partial side infonnationJEEE Trans. on Inform. Theory
vol. 51, pp. 506-522, Feb. 2005.

[25] D. Bertsekas and R. Gallagh®@ata NetworksPrentice Hall, Englewood Cliffs, NJ, 2nd edition, 1991.



