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Abstract

Battail [1989] shows that an appropriate criterion for tresign of long block codes is the closeness of
the normalized weight distribution to Gaussian. A subsatiwerk by Biglieri and Volski [1994] shows that
iterated product of single parity check codes satisfies ¢higrion. Motivated by these works, in the current
article, we study the performance of turbo codes for largelblengths,N — oo. We show that for a parallel
concatenated code that consists of two component code$/ fer oo, the normalized weight of the systematic
sequences; = w—\/iﬁ and the parity check sequencés = % andws = % become jointly Gaussian for the
typical values ofw;,: = 1,2, 3, where the typical values of weight are deﬁ”ethEloo % #0,1fori=1,2,3.

To optimize the turbo code performance in the waterfallaagivhich is dominated by high-weight codewords,
it is desirable to reduce the correlation coefficients betwe; andw;, p;;, ¢ # j = 1,2,3. We show that:
(i) pij >0,4,5=1,2,3, (ii) p12,p13 — 0 asN — oo, and (iii) p23 — 0 as N — oo for “almost” any random
interleaver. This indicates that fdv¥ — oo, the optimization of the interleaver has a diminishing etffen the
distribution of high-weight error events, and consequemth the error performance in the waterfall region. We

show that for the typical weights, the Gaussian weight ithistion approaches the average spectrum defined by

Poltyrev [1994]. We also apply the tangential sphere bour#B) on Gaussian distribution and show that the
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code performs very close to the capacity for lower code ratfesalso study the statistical properties of the low-
weight codeword structures. We prove that for large blocigiks, the number of low-weight codewords of these
structures are some Poisson random variables. These ravatiaibles can be used to evaluate the asymptotic
probability mass function of the minimum distance of thebtucode among all the possible interleavers. We
show that the number of indecomposable low-weight codesvofdlifferent types tend to a set of independent
Poisson random variables. We find the mean and the varianite afnion bound in the error floor region over
the interleaver ensemble and study the effect of expurg#tin-weight codewords on the performance. We show
that the weight distribution in the transition region beéwePoisson and Gaussian follows a negative binomial
distribution. We also calculate the interleaver gain forltireomponent turbo codes based on these Poisson
random variables, and we show that the asymptotic erroopaence for multi-component codes in different
weight regions converges to zero either exponentially Ifgn Gaussian region) or polynomially (in the Poisson
and negative binomial regions) with respect to the bloclgilenwith the code-rate and energy values close to

the channel capacity.

Keywords: Turbo codes, asymptotic performance, weight distribyt@@aussian distribution, waterfall

region, error floor, TSB.

. INTRODUCTION

The advent of turbo codes [4] is one of the most important ldgveents in coding theory in many
years. These codes can achieve a near Shannon-limit emectng performance with a relatively
simple decoding method. Turbo codes consist of two or mocarsé/e convolutional codes (RCCs)
which are concatenated in parallel or serially via psewdwom interleavers. Since the RCCs and also
the interleaver have the linearity propéttshe resulting code is linear. Consequently, the group gntgp
and the distance invariance property hold.

Figure 1 presents a rate 1/3 turbo code with two RCCs. Thedcbids are obtained by multiplexing
the systematic bits, (), i = 1,2,..., N, and parity check bit$,(z), b3(i). The weight of the code in

1The effect of interleaving is equivalent to multiplying tieput sequence by a permutation matrix which corresponda limear

operation.



Figure 1 is equal to the sum of the weights of sequerées, {b.} and {bs}, over a block, denoted

by wy, wy, andws, respectively.

by (i) b1 (4)

RCC = b2(d)

Interleaver

RCC = b3 (7')

Fig. 1. Basic structure of the turbo encoder.

A typical error performance of a turbo code consists of twgials as illustrated in Figure 2. In the
waterfall region, the error performance is determined lghkhweight codewords, whereas in the error

floor region, the performance is determined by low-weiglhdexords.

Waterfall

Frame Error Rate (FER)

Error Floor

SNR

Fig. 2. Typical error performance of a turbo code over an AWETdnnel.



Weight distribution plays an important role in assessirgphrformance of the code using maximum
likelihood (ML) decoding. While ML decoding is not computatally feasible for turbo codes, it
provides insight into the potential performance of thestesoBecause of the existence of the interleaver,
the analysis based on the actual weight distribution besoragy complicated. Benedetto and Montorsi
introduce “uniform interleaving” technique and evaludte taverage weight distribution” of the code,
which is defined as the average weight distribution amongadles generated with various possible
interleavers [5].

In [6], the asymptotic average weight distribution is cédted for large block lengths. In [7], according
to the average weight spectrum, a simple approximation efperformance of parallel concatenated
turbo codes is obtained. Based on the concept of averagehiaiggribution, Jin and McEliece in [8]
prove that for a uniformly interleaved turbo code and for soragion of signal to noise ratio, the
asymptotic performance of serial and parallel concatehtatdo codes approaches zero, at least as fast
as N9, whereg is called the “interleaver gain” [5]. They also show thatiwitniform interleaving an
interleaver gain of/ — 2 — ¢ is obtained for a parallel concatenated code consisting odbmponent
codes.

In [9], [10], it is shown that turbo codes belong to the clagsveakly random-like codes; although
their frame error rate (FER) performance is poor, the bibrerate (BER) remains low up to the code
rates within the vicinity of the channel capacity. Shulmaovides techniques to apply the channel
coding theorem and the error exponent, which was origirdggiyved for random block-code ensembles,
to the ensembles of codes with fewer restrictive randomnegsirements [11]. Based on the weight
distribution of turbo codes and by using Gallager boundeahnique [12] and tangential sphere bound
(TSB) [13], some upper bounds on the performance of turbesade derived in [14]-[16]. In particular,
it is shown that TSB is the tightest bound derived by Galldgaunding technique and the TSB error
exponent for a code with “average spectrum” is very closehtorandom coding exponent, especially

for low-rate codes [13].



It is known that using a pseudo-random interleaver in turbdes guarantees an excellent BER
performance, but a certain number of low-weight codewordsgganerated, resulting in a small minimum
distance and the appearance of an error floor. The strucndetl®e number of such low-weight
codewords are studied in [17] and [18], where it is reporteat asymptotically probable low-weight
codewords consist of one or more short error eveatsd each such event is due to an information
sequence of weight two. The effect of the interleaver stmgcon the minimum distance of the code is
studied in [19]. Breiling proves that the minimum Hammingtdnce of turbo codes cannot asymptoti-
cally grow at a rate higher thaf(log V) [20]. In [21], the variance of the error floor over all possibl
interleavers for a turbo code with a finite block length islesged and it is shown that the variation
(the standard deviation divided by the mean) of the error fiooreases with signal to noise ratio and
decreases with the block length.

Battail shows that an appropriate criterion for the desifjfame block codes is the closeness of the
normalized weight distribution to Gaussian rather thanidga large minimum distance [22]. Biglieri
and \olski substantiate this by showing that iterated-pobccodes have a weight distribution that is
approximately Gaussian [23]. This line of work is followeg[24] which shows that for codes with rates
approaching one, the weight distribution is asymptotyc@hussian as the block length increases. For
codes with lower code rates, if the minimum distance of thal dode tends to infinity, the cumulative
weight distribution asymptotically tends to that of a Gaaiss This provides a sufficient condition on
the systematic parity-check matrix of the code in order teeha Gaussian distribution. Note that this
condition is rather restrictive and it cannot be appliedhe turbo code structure shown in Figure 1.

In this paper, we address the weight distribution of turbdesoand show that the weight distribution
can be classified into three different regions. The numb#rehigh-weight codewords follow a Gaussian
distribution, the number of the low-weight codewords formsed of Poisson random variables and the

transition region from low-weight to high-weight codewsrtas a negative binomial distribution. We

2A short error event is defined by leaving the all zero state r@taining to it after a few information bits.



prove that for high-weight codeowrds, the weights of theteysitic and parity streams tend to a set
of uncorrelated, and hence, independent, Gaussian randoabkes for a randomly chosen interleaver
and for any nontrivial recursive convolutional code. Wewhbat with probability one, in the waterfall
region, a randomly chosen interleaver performs as well@bdst interleaver. The performance of a code
with average spectrum is very close to that of a capacityeaoity random code with binary phase shift
keying (BPSK) signaling over an AWGN channel [13]. We appig tangential sphere bound (TSB) on
the frame error rate of turbo codes assuming a Gaussian wdigghibution and find the signal-to-noise
ratio (SNR) region for which the error exponent is positivel dence, the error probability converges
to zero as the block length increases. We show that the pame#ng achievable rate is very close
to the capacity for code rates of interest. Note that sinte dtudy is based on weight spectrum, the
performance analysis in this paper is valid for maximumliil@d (ML) decoding of the code.

We also investigate the effect of the interleaver optimdarabn the error floor region. It is known
that the low-weight codewords do not follow the Gaussiarrithstion and they are more important in
determining the performance of the code in the error flooiore¢at high SNR). Therefore, unlike in the
waterfall region, the optimization of the component coded the interleaver affect the performance in
the error floor region. In [17], it is reported that as the Bltength increases, the low-weight codewords
of a few special structures remain probable, and the exgeutenber of low-weight codewords of
each such structure remains finite as the block length temdsfinity. In this paper, we show that
the asymptotic probability mass function of the number af-leeight codewords of each structure
is a Poisson random variable. We also show that indecomfso$ab-weight codewords constitute a
set of independent Poisson random variables. After thiskwegas completed [3], we became aware
of [25] which studies the asymptotic behavior of minimald@eomposable) low-weight codewords,
based on detour generating function of convolutional cokbethis work, however, we study the statistical
properties based on asymptotically possible low-weightewords and then, we derive the mean (and

the variance) of the number of decomposable and indecorblgogav-weight codewords. We show



that with Maximal Length Sequence (MLS) component codes,Rbisson parameters of these random
variables are only functions of the number of memory eles@neach component code. By means of
these random variables, the probability mass function®tdainbo code minimum distance, and the mean
and the variance of the union bound in the error floor regiom exaluated and it is shown that the error
probability converges to zero for multi-component codesvas-> co. Furthermore, we show that in the
transition region between Poisson (for finite weight codelspand Gaussian (for typical codewords), the
weight spectrum has a negative binomial distribution. Timergprobability corresponding to codewords
in this region tends to zero as the block length increases.tfitee different weight regions and the
corresponding weight distributions are shown in Figure Bemgw ~ o(/N) denotes weights where

lim w = oo and lim — = 0, andw ~ O(N) denotes weights linearly increasing with.

N—oo N—oo

Poisson Negative Binomial Gaussian
0 | | = Weight

Finite o(N) O(N)

Fig. 3. The weight distribution for different regions of \gét.

In [26], it is indicated that using/ > 2 component codes improves the distance properties of turbo
codes. In this paper, we show that for a turbo code witcomponent codes and randomly chosen
interleavers, the interleaver gain i&— 2 which is the same as for the uniformly interleaved code
reported in [8]. As a result, foy > 2, the error floor asymptotically tends to zero, with probi&pibne.

Our results show that the overall performance of multi-corgnt turbo codes is very close to the
capacity for BPSK signalling over an AWGN channel, becaigethe error probability due to high-
weight codewords exponentially tends to zero for SNR valas rates close to the capacity, and (ii)
the low-weight codewords result in an error floor which dases polynomially as the block length
increases. Finally, observing that the number of low-weagidewords is small, we discuss a method to

expurgate the low-weight codewords following the methamoiduced in [27], [28], and show that the



interleaver gain can be increased for multi-componenttedzes by expurgating low-weight codewords.
This article is organized as follows. In Section Il, we stutig asymptotic weight distribution of
turbo codes for their typical weights and examine the eféédhe interleaver optimization to improve
the waterfall region when the block length is large. Sectibiis concerned with asymptotic behavior
of turbo code and its weight distribution in the error floogin. We also find the asymptotic statistical
properties of the low-weight codewords and the asymptagttalvior of the error floor for large block

turbo codes. Section IV concludes the article.

[I. ASYMPTOTIC PERFORMANCE OFTURBO CODES IN THE WATERFALL REGION®
A. Parallel concatenated turbo code structure

Consider a turbo code with two RCCs and let the transfer fone(d) = N(d)/D(d). The impulse
response of7(d) is periodic with periodP < 2" — 1, wherer is the memory length of the constituent
code [29]. The main interest is in the group structure of théecbook, and also the periodicity property
of the impulse response @f(d). In this respect, we limit our attention to the structure/&fd). This
does not result in any loss of generality, because the grouptsre and also the periodicity property
of the impulse response ¢f(d) is not affected by the choice df(d). Although we consider a parallel
concatenated code with three output streams as shown imeFiguhe discussions can be generalized
to other configurations.

In general, it is desirable to have the period of the imputsponse of7(d) as large as possible. If
the period is equal t@" — 1, the impulse response is called a maximum length sequent&)Mror
the rest of the paper, we assume that all the RCCs are MLS. Ulee to determine all the possible
configurations ofD(d) to obtain a maximum length sequence of perisd—- 1 (for a givenr) are
provided in [29]. It can be shown that any MLS satisfies theehpostulates of randomness [29]. One
consequence of this property is that in any period of an MIh®, number of ones i8"~!, and the

number of zeros i€ ' — 1. @

SResults in subsections A and B have been presented in pareig€anadian Workshop on Information Theory (CWIT’99)
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If the impulse response dd(d) is considered to be a periodic sequence (starting from miirfinsty),
we obtainP = 2"—1 non-zero sequences which are time shifts of each other. &&aplence corresponds
to a specific positioning of the impulse within the periode$b sequences are referred to as different
phases of the periodic signal. We assume that the diffefemsgs are labeled by integer numbers, say
1,..., P, where the label of a phase corresponds to the relativeipogf the corresponding impulse
within the period. It can be shown that the set of phases ofxamuan length sequence (plus the all-zero
sequence) constitutes a group under binary addition [28¢ drder of each element in this group is
equal to two, indicating that the sum of each phase withfiteslults in the all-zero sequence (denoted
by the zero phase). Using the group property of phases, welwm that the role of the numerator of
G(d) is to replace each phase with a linear combination of somer pitrases. This function is equivalent
to a permutation (relabelling) of phases and does not plgyrale in the following discussions.

For bit positionk, k = 1,..., N, within the i output stream, we denote by;(k), i = 1,2, 3, the
set of systematic bit positionigj|j < k} for which an impulse at positiop results in a nonzero parity
bit in position b;(k). Obviously, R, (k) = {k}. If the bit positionk is located in theL" period, i.e.,

L = [k/P], where[-] denotes the ceiling function, then the number of positicel®ging toR,;(k),

i = 2,3, within each of the periods, ..., L — 1 is equal to2"~! [29]. The number of positions within
the L'" period (the period containing itself) depends on the relative position/ofvithin the L™ period
and also on the numerator 6f(d). We are mainly interested in large valuesiof(i.e., for parity bits
far from the boundaries resulting i > 1) for which the effect of the elements within tHé" period
itself is negligible. Thus|R,(k)| = |Rs(k)| =~ [k/P]2"~!, where| - | denotes the cardinality of the
corresponding set.

The notationb;(k), k = 1,..., N, refers to thek™ bit within the i" output stream for = 1,2, 3.

Assuming equally likely transmitted bits, i.&{b,(k) = 1} = P{b,(k) = 0} = % we haveb, (k) =

b2(k) = 1/2. On the other hand, with equiprobable input sequenceg¥giossible combinations within

the three streams are equiprobable, and consequently,ittivalbes within each of the three output
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streams are independently and identically distributed) @ernoulli random variables with parameter

1/2. As a resultp;(k) = b?(k) = 1/2, i =2,3.

B. Analysis of weight distribution and asymptotical penfi@nce

To investigate the asymptotic weight distribution of turbades, we first show that the normalized

ﬂ, i = 1,2,3, have a Gaussian distribution for their typitahlues whenV is large,

VN

since the bit values within each of the three output strearasid Bernoulli random variables with

weights,w; =

parameteil /2. Using the Central Limit Theorem, we conclude tligt @, andws, which are sum ofV
iid random variables normalized by N, have a Gaussian distribution with megflV/2 and variance
1/4 for large values ofV. This approximation is most accurate for normalized weiugdr /N /2.
in”order to have a set of jointly Gaussian weight distribagioboth the marginal and the conditional
distributions of the weights shall be Gaussian. When theesayatic weightw, is known, the parity
bits are no longer independent from each other, because (g\@)yout of 2 codewords represent a
systematic weight ofv;, and hence, remain probable. Under these circumstancegaitity bits in
each stream tend to be am-dependensequence and the Central Limit Theorem can still be applied.
In the following, using the properties of-dependent random variables, we show that the conditional
weight distributions ofd, andws givenw, are Gaussian for the typical values«f. Since the marginal
distributions are Gaussianj;, w, andws constitute a set of jointly Gaussian random variables.
Definition: m-dependent sequeng80]: A sequenceX, X,,... of random variables is callegh-
dependent if and only if X, ., X, yi1,..., X} and { Xy, Xp41, ..., Xpis} are independent sets of
variables whemh — a > m; that is, anm-dependent sequence is a sequence of dependent random
variables for which the dependency lasts, at mostpioglements.
Theorem 1: Central Limit Theorem for the sum of dependendoanvariableqg30]: If X, X5, ...
is a sequence af.-dependent, uniformly bounded random variables apd= X; + X5 + - - + Xy,

with the standard deviatiofry. Then, if Viy/N'/3 — oo as N — oo, Gy(z) — ®(z) for all

“Typical weights are weights which are far from the boundariee.limy ..o w; /N # 0, 1.
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r, as N — oo, whereGy is the cumulative distribution function (CDF) dfSy — E(Sy)}/Vy and
O(z) = \/% /_; e P24t

As indicated by the theorem, if the standard deviation of shen of N consecutive elements of
a stream ofm-dependent random variables grows faster than the thirtd abav, the Central Limit
Theorem can still be applied. In order to apply this theorenthe conditional weight distributions, we
prove the following proposition.

Proposition 1: Given that the systematic weightig, each parity stream is an-dependent sequence,

and the variance of its weight is given by

N 2(1 — 2w \(P+1)/2
oz, =V (1 2023 . (1)
1 4 1— (1 _ %)(P+1)/2

Proof: See the appendix%] [ |
With this proposition and Theorem 1, the conditional pawsight distributions given the normalized
systematic weighto,, asymptotically become Gaussian. A similar approach igl\far the conditional
weight distribution ofws, givenw,; andw,. As a result,w;, w, andws are jointly Gaussian random
variables, since their marginal and conditional distiifmg are Gaussian.
A set of jointly Gaussian random variables can be compledelycribed by their mean vector and
covariance matrix. The mean and the variancebpfire v/N /2 and1/4, respectively, fori = 1, 2, 3.

The correlation coefficients betweei andw; denoted byp;;, 7,57 = 1,2, 3, can be written as

il =i by [ N
Pij = o0, =4 [wzwj 4} ) (2)
and

— 1 ————

where the expectation is taken over &l possible input combinations. The total normalized weight o

the output sequence is equaldo= w; + wy + w3 which has a Gaussian distribution with mean,

szs%ﬁ, @)
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and variance,

b2 — 3+ 2p12 + 2p13 + 2p23
w 4 °

(5)

Noting that sequences with a smaller weight result in higivebabilities of error, we conclude that
the main objective in the code design (as far as the wateggibn is concerned) is to sharpen the peak
of the pdf of the normalized Hamming weigtitwhich is equivalent to minimizing the variance of the
normalized weight. This is equivalent to minimizing theretation coefficient;;. In the following, we
first show thatp,; > 0; therefore, the minimum value for the correlation coeffities zero. When the
block length increases;;, j = 2,3 become zero for any nontrivial RCC. Alsp,; tends to zero with
probability one for a randomly chosen interleaver. Consetly, the asymptotic weight distribution by
using a randomly chosen interleaver is optimum (in the viateregion) with probability one.

Theorem 2:p;; > 0 fori,7 =1,2,3.

Proof: Any of the pairsb;(m), b;(n) fori,j =1,2,3 andm,n =1,..., N, can take four different
values,{00,01,10,11}. The set of the input sequences that result in the valu® dbrm a sub-group
of all the possible2?" input combinations. This is a direct consequence of theatineand the group
property of the code. Due to the group property of the set afesponding coset leaders, two situations
can occur. There is either only one coset with the coset teddehich means the two bits are identical,
or there are three cosets with the coset leadérsi0 and 11, which means with equiprobable input
sequences, these two bits are independent. The importanttipdhat in both of these cases, the
sub-group and its cosets contain the same number of inpuesegs. Therefore, for the probability of
the pairb;(m), b;(n), the following two cases exist:

Case | b;(m),b;(n) take the values0, 11, each with probabilityl /2, resulting inb;(m)b;(n) = 1/2,

so that

b(m)b; () — bi(m) by (n) = % (6)

Case It b;(m), b;j(n) take the value80, 01, 10, 11, each with probabilityl /4, resulting inb;(m)b;(n) =
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1/4, so that

b (m)by(n) — bi(m) b;(n) = 0. (7)
In both cases, we have

bi(m)bj(n) — bi(m) bj(n) = 0. 8

This indicates that the correlation coefficiepts, 7, j = 1,2, 3 are always nonnegative. [ |

Theorem 3:p19, p13 — 0 @as N — oo.

Proof: As indicated in Theorem 2, for linear binary codes, if theuhgequences is a set of
independent Bernoulli random variables with probabili\2, every pair of bits (systematic or parity)
are either identical or independent. Positive cross-tatio;m between Hamming weights of_djfferent
streams occurs only for identical pairs. A parity bit can lo@ad to a systematic bit if it is triggered
only by that systematic bit. WithitV' bits in each parity stream, the number of bits which are &igd
by only one systematic bit is upper bounded By Therefore,p;» andp;3, are upper bounded by/N
and tend td) as N — oo. [ |

Theorem 4:py3 — 0 for N — oo with probability one (for almost any random interleaver).

Proof: With the same approach, we are looking for parity bits in the parity streams which are

always identical. This happens for parity bits which arggered by exactly the same set of systematic

bits. If Ro(m) differs from R3(n), even by one bit position, thel(m) andbs;(n) are independent of

each other. This results i (m)bs(n) = ba(m) bs(n) = 1/4. This is the case, unless fon —n| < P,
and the elements oR,(m) and R3(n) contain the same input bits (before and after interleaving)
Consequently, the corresponding interleaver has a réstrion the mapping of the many bit positions.
Givenm andm — P < n < m+ P, the probability that a randomly chosen interleaver mRp&n) to

Rs (n) is
1
—
(1Ratm)))

if |Ro(m)| = |Rs(n)| and is0, otherwise. The number dfn,n) pairs sa%ingmg(mﬂ = |Rs(n)|

9)

is upper bounded bgNP. For m > P, (9) goes to0 faster thanN~—("+972 while the number of
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pairs grows only linearly withV and hence, such identical pairs are negligible comparetidddtal
number of pairs of parity bits Therefore, for any randomly chosen interleayes, — 0 as N — oo
with probability 1. [ |

As a result, the typical weight distribution of turbo codssnbt a function of the chosen RCC and
interleaver (for nontrivial MLS RCCs and interleavers)damence, the interleaver optimization has a
diminishing effect on the asymptotic ML performance of thiebb code in its waterfall region. Note
that although the RCC optimization does not improve the gggtic weight distribution of the code and
hence the performance in the waterfall region with ML dengdit may affect the performance of the
iterative decoding algorithm because different constitwades result in different extrinsic information

transfer (EXIT) charts [31]-[33].

C. Tangential sphere bound for Gaussian spectrum

Poltyrev shows that for codes with average spectrum, tarsjesphere bounding provides an error
exponent which is very close to that of capacity-achieviagdom coding [13]. Average spectrum is

defined as [13]

B on(h(w)=h(a))+o(n) 1 — > an
. | (10)
0 w=wn < an

wheren = N/R is the code length and < o < % is the root to the following equation
R=1—-h(a)=1+alogy(a)+ (1 —a)log,(1 — a). (11)
The Gaussian distribution, described by

nR 2
A, = 2 exp | —2n (w — 1)
WV 2

is slightly different from the average spectrum given by)(Ithe Gaussian weight distribution predicts

, (12)

a nonzero number of codewords in the regibrc w < an. Here, we apply the TSB on the error

®This is true neglecting a few parity bits at the be%Jlnghﬁ two streams which have negligible impact on the overaflopmance.
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probability for the Gaussian distribution to predict thefpemance of the code in the waterfall region
where the dominant codewords are in the typical region. énrntéxt section, we show that the weight
distribution for low weights does not follow the Gaussiastdbution and then, we evaluate the effect
of the low weight codewords on the overall performance ofdbée.

The Gallager region in TSB is a cone whose apex is locatedeabrilyin and its axis denoted by the
Z axis connects the origin to the all-zero codeword. We nameahe space by dividing each axes by
v/n. Note that with BPSK signalling, the all-zero codeword isdted at(@, @, e @) ,
where Ey is the energy per channel use. This cone is produced byngt#ie liner = z tan # about
the Z axis, wherer is the distance to the axis in the polar coordinates. Note that all codewords
are on the surface of amdimensional sphere with radiugEy. The Euclidean distance between two

waEn

codewords in the normalized spacei , Wherew, is the Hamming distance between the two

codewords.

We use TSB to determine the error exponent for the Gaussiaghivgpectrum. To that end we need
the following lemma&.

Lemma 1:For large even integet, if Y is a chi-squared random variable with meaandn degrees
of freedom, then for, = Gn > n,

P{Y >y} < ge_y/z(%//j)): "o <exp {—g(ﬁ —1—log ﬁ)}) . (13)

Proof: See Appendix A. [ ]
Theorem 5:The probability of error for a code of ratR of lengthn and N = nR information bits

whose weight distribution is given by (12) approaches zerdVa— oo, if

1\? 1 2w E
By = min 2<w——) ~ “log (1——“’—N) — Rlog?2 >0, (14)
O<w< v No/2

VEN+V/No/2
where Ey is the energy per channel use aig is the one-sided noise spectrum.

A similar result without proof can be found in [34].
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Proof: Consider a thin disk of radius= /E tan § and height — 0 around the all-zero codeword
as shown in Figure 4. Note that the surface of the disk is anl dimensional sphere perpendicular to

the Z axis. This disk is the portion of the cone which is confined\py — % < Z <+ Eyn+ %

A

7 axis

Fig. 4. Gallager region used for TSB.

Each dimension is normalized kyn. Therefore, the noise component on each dimension is asymp-
totically zero. Hence, the probability that the receivedtuefalls inside the disk given that the all-zero
codeword is transmitted is equivalent to the probabilitattit falls inside the entire cone. In other
words, the cone and the disk around the all-zero codewortharesame im — 1 dimensions and differ
in only one dimension and the noise component along thatmbiog is zero with probability one.

If the thin disk is used as the Gallager region, assuming tthatall-zero codeword is transmitted,

we obtain the Gallager upper bound as

P.<P{r¢R}+> P{reR|r—c <|r—cl}, (15)
i#0
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wherefR is the Gallager region (i.e., the thin dislkg, is the all-zero codeword; = cq + n is the
received vectorif is the noise vector) and the summation is over all nonzerewodlsc, whose
median planes with the all-zero codeword intersect with @adlager region. In the following, we
find an upper bound for each summand in the error probabibiynd in (15) and its associated error
exponent. The probability of error converges to zeraVas- oc if all error exponents are positive.
The probability that the received vector is outside the &l region, given that the all-zero codeword

is transmitted, is upper bounded by

P{r ¢ R} < P{|ln]> \/56/2}+P{%in? > 02}

I 2 o
< P{\n1|>\/ﬁe/2}+P{E;ni>c}, (16)

wheren; = ny is the noise component along th axis, > n? is the total noise energy in all

n dimensions and is the radius of the thin disk. The noise component alongAhaxis is a zero

mean Gaussian random variable with variangg2, where N, is the one-sided noise power spectrum.

P{|n1] > v/ne/2} = 2Q <\ / ;—;Z) < exp (—Z—;jo) , fore>0. (17)

This indicates a positive exponent &f = ¢2 /4N, for ¢ > 0.

Therefore,

On the other hand, the total noise energy chasquaredrandom variable witln degrees of freedom
and meamN, /2. Using Lemma 1, the error exponent for the second summantbincan be obtained

as

1 2 2
B = - 11 f N /2. 18
} 2<N0/2 OgN0/2>’ or ¢ > /No/ (18)

Next, we find an upper bound on the second summand in (15)hwhiequal to

limZP{rE%,|r—ci|<|r—c0|}:/ A P{re R, |r —c,| < |r—co|}dw,  (19)
n—»ooi?éo 0
c tan 6

VEN +c " 1+tand’
median planes between the all-zero codeword and codewbnasight 0 < w < nwya.x = n

where c,, is a codeword of weightv = wn and wy,.x = because only the

C

VvVEN +c
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intersect with the Gallager region as shown in Figures 5 ardioée thatP{r € R, |r —c,| < |r —co|}
represents the probability that the received vector fallshie shaded area in Figure 5 given that the

all-zero codeword is transmitted. Since, the disc is vemy (he., e ~ 0), the distance from the all-zero

codeword to the the intersection of the Gallager region &edntedian plane i ;}—N
A
The Z axis The cone
The median plan
(@
- — \L 12w _ _ =
Co (—"—"F——
RN C
N
V (.UEN
VEN codeword of weight w
0
Origin

Fig. 5. The median plane between the all-zero codeword aratieword of weightw = wn (side view).

If ¢ is chosen to ba/Ny/2 + ¢, ¢ — 0, the error exponent defined by (18) is positive or- 0.
On the other hand, if we omit the height of the thin disk and bese component along with thg
axis,nyz, the disk transforms to the — 1 dimensional noise sphere. For largethen — 1 dimensional
normalized white Gaussian noise is uniformly distributedhin a sphere with radiua/m [35].

(n—1)/2
The volume of the noise sphere (noted 8y in Figure 6) is%

2
No/2 + €, ¢ — 0, the cone approaches thme— 1 dimensional noise sphere and becomes tangent

(No/2)"~Y/2. Note that for

to it. The intersection of the median plane between the eib-zodeword and a codeword of weight

w = wn With then — 1 dimensional noise sphere confines a cap (the shaded&reda, Figure 6 noted
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The median plan
|f=—"

The cone
No _  JwEN
2 1—w

l—4~ =

|

i o
| 2 1—w
|
|
|
|

Fig. 6. The intersection of the median plane and the Gallaggion (top view).

by S,) with radius % — %EN and heighty/ % —/ ] d Ey. If the received vector given that
— W — W

the all-zero codeword is transmitted falls inside this cap,error occurs. The volume of this cap is

upper bounded by the volume ofra— 1 dimensional sphere with radi No _w

2 l—w
7'(‘(”_1)/2 (NO w

(n—1)/2
— ——Fyn . Note that this upper bound is tight since the sphere cap laad t
reEy\z 1-w

The noise sphere
Si

En, which is

sphere of radiui/% — %EN differ in only one dimension. Comparing the volume of theeggh
— W

cap and the noise sphere, for a codewoeradf weight w = wn,

A=0/2 /N w N
vol{S,} ' (") 2 1- WEN 2 Bx)T
P{reR,r—cif <|r—cof} = vol{S,} < ; r(n=1)/2 1 (1 ) ’

whose exponent is
—=log(l — ———). (21)

. . o . . No/2
Using the weight distribution described by (12) for codesdgpf weight) < w < nm, we
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finally arrive at the exponent for the second summand in (15)

1\N? 1 2 Ey

E, = ' 2(w—=) —Zlog(1- =)V _ Rioe2. 22

i 0<w<7ml\’nNO/2 { (w 2) 2 Og( 1_WN0)} o8 (2)
VEN+V/No/2

Sine the error exponent in (18) is positive fox \/W+e, then the overall error exponent is positive
if the error exponent in (22) is positive. [ |

Figure 7 shows the minimum signal to noise ratio for whichTi&8B error exponent for the Gaussian
weight spectrum given in (22) is positive and compares ihai bf the average spectrum. It also shows
the capacity of BPSK signalling over an AWGN channel. Theiaable rates predicted by the TSB
for the Gaussian spectrum and for the average spectrum greclese to the BPSK capacity for code
rates less than 1/2. Note that Figure 7 only shows a lower dawnthe achievable rates. For higher
SNR values, where the TSB achievable rates deviate fromdpacity of BPSK signalling, a tighter
upper or lower bound is required to determine the actualexalie rates and to answer whether turbo
codes are capacity-achievirg-eedes.

Figure 8 shows the dominant weightn on the error exponent in (22) for different SNR values:

2
wc:arg0<w< mi/rﬁ {2 (w—%) —%log (1—%%)}. (23)
VEN+VNo2

As the SNR increases, the error exponent is dominated byrtbe grobability due to the codewords

of lower weights. ForEy /N, > 2 (=3 dB), the dominant weight in (22) becomes zero as shown in
Figure 8 and the Gaussian approximation is no longer vaiithé Appendix C, we use the union bound
to evaluate the cutoff rate for a Gaussian weight spectrusnpaovide more insight to the region where
the Gaussian assumption is acceptable.

The derivations in this section remain valid for paralleincatenated turbo codes with > 2
component codes as all the systematic and parity weight$&atssian and each parity stream is an
m-dependent sequence conditioned on the weight of the sgtiteand the other parity streams. If one
punctures one or more of the parity streams to increase ttle e, the Central Limit Theorem is

still applicable, if the puncturing leaves an infinite numbé parity bits whenN — oc.
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The Gaussian weight distribution approximation is validtfee typical values of the Hamming weight.
As the SNR increases, the ML error performance is dominayettido codewords of lower weights. The
number of low-weight codewords cannot be approximated byrdirtuous distribution. As we will see
in Section I, low-weight codewords appear only in certatnuctures. We next study the statistical

properties of low weight codewords and their effect on therall performance.

[1l. ASYMPTOTIC PERFORMANCE OFTURBO CODES IN THE ERROR FLOOR REGION
A. Asymptotic statistics of low-weight codewords

Consider the turbo code shown in Figure 1 with two componedes. Lemma 1 in [17] proves that
in an asymptotically large turbo code, the probable lowgheicodewords consist of some short single
error eventéwith the systematic weight of two in both RCCs. It shows tihat &verage number of low
weight codewords of other structures tend$ tas the block length increases. Each of these short error
events is caused by two nonzero systematic bits that aregatedaby an integer multiple of the RCC
impulse response period. In other words, an asymptotigatpable codeword has an even systematic
weight of w; = 2M, M € IN. Each RCC leaves the all-zero staté times and returns to it after an
integer multiple of P transitions. This is equal to %]eam repetitions of the RCC impulse response
in each encoder. This phenomenon produ§é£;+—1) nonzero parity bits, wher& > 2M is the total
number of RCC impulse response repetitions in the paritgklsequences. Such a structure is denoted
by type (M, K) where K > 2M. For a code consisting of constituent codewords, the low-weight
codeword of type M, K') consists ofM short error events in each parity stream. The systemagarstr

and all itsJ — 1 interleaved versions in a code withcomponent codes contaivi pairs of ones, where

each pa@parated by an integer multiplefoas shown in Figure 9.

To calculate the mean and the variance of the error floor, fteisessary to compute the statistical

K-1

properties of each low-weight structure. One can show thatet are(zM_1

) ways to chooseM

A single error event means leaving the zero-state and fietuivack to it for the first time a;er a few trellis transitin
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ki, P K1m P ki P
<---- <---- <----
N N N N N N
After first Interleaver
ko1 P kom P ko P
<---- <---- <<----
N N N N N
After InterleaverJ — 1
<--- - - -~ <----
/)
N\ N\ N\ N\ N\

J M
> km =K

j=1m=1

Systematic stream consisting 8f pairs of ones (ones are shown by circles, zeros elsewhere)

Fig. 9. The structure of low-weight codewords of tyQ¥, K).

positive intig%ers whose sum K. Equivalently, the structure of typéM, K') can be divided into

(K ‘1) substructures. The number of codewords of each substeubts the same statistical properti%j

2M—1

as the number of codewords of typ#/,2M ), when N — oo.

Theorem 6:The number of codewords of tygé/, K') is a Poisson random variable with parameter

A7 = (I (5, where superscript2) is used to denote the presence of two component codes.

M ) \2M—1

Proof: We first calculate the statistical properties of the numidecanlewords of typg M, 2M)

and then generalize the result to the other structures.eTaer asymptoticalﬁ/(ﬁ) systematic input

- M(P+1)

%The exact number of such combinationsqéw M

P + 1 bit positions, and for largeV, I\}im (N N Nﬁp + 1)) = <N)

) as the first systematic bits of th&/ pairs should be separated by

M
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combinations consisting of/ pairs of ones, each pair witi® — 1 zeroes in between. This can be
verified by determining the place of the first element of eaain. @he overlapping pairs are neglected,
becauseV > M. Such a structure generatés( + 1)/2 parity bits in the first convolutional encoder.
There are the same number of parity bits in the second cotwo&l encoder, if the interleaver maps
that systematic stream to another stream of the same sweudthere are(;]vw) ways to interleave a
stream of weigh2)/. However, among them, only asymptotica(l%) result in M pairs of ones, each
pair with P — 1 zeroes in between; that is, the Bernoulli event that a lowtyareight generating
stream changes to another one occurs with probabz‘i@%%. The number of these Bernoulli events is
(™). These Bernoulli events are asymptotically indé]gendenadm occupying a bit position in the
interleaved stream by a certain information bit does notrgetgtically affect the probability for the other
bits. As a result, the number of low-weight codewords of typé 21/) is asymptotically a Poisson

random variable with parameter

V) (N

)‘551),2M = % ( M) (24)

For N — oo, (24) converges to
)‘SVQI)QM = (2]\]\44) (25)
Finally, the Poisson parameter for the structure of type K') is computed by multiplyingngj)w

by (i), which is

Ao = (2]\]\; ) <2[]\(4 __11). (26)
[

B. Asymptotic statistics of indecomposable low-weightewaands

In a linear binary codebodk the binary addition of two or more low-weight codewordsutes
in another low-weight codeword. The new codeword is decaaple when the original low-weight
codewords do not have common nonzero bit positions. Deceaippe codewords can be ignored,

94 codebook-is-defined-as-the-set-ef-al-pessible-codewords.
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because: (i) the decomposable codewords do not contributteet walls of the Voronoi region of the
all-zero codeword, and (ii) if each of the original low-wbktgcodewords is expurgated, the associated
decomposable codewords no longer exist.

The Poisson parameters calculated by (26) include bothndeosable and indecomposable low-
weight codewords. These Poisson random variables are depémdent. For example, the number of
codewords of typdM; + M, K; + K5) depends on the number of codewords of typkg, K;) and
(Mo, Ks).

Theorem 7:The number of indecomposable codewords of tyjpe K') is a Poisson random variable

. 22M K]
with parameter)\f}’ K =51 <2 M 1).

Proof: Again, we begin with codewords of typé/, 2M). A codeword of typg(M, 2M) consists
of 2/ systematic bits. There are asymptoticgly,) ways to choos@)M bits out of theN systematic
bits. Consider these bits as th&/ nodes of a graph. These bits forhh pairs before and/ pairs after
interleaving. We denote each pair before interleaving bgdaadge and each pair after interleaving by
a blue edge. A graph with two edges for each node consistseobomore loops. Each loop represents
an indecomposable codeword. We have one and only one ingesainle codeword of typ@\/, 2M),
if and only if there is only one loop in the graph. There &@/ — 1)! ways to form only one loop
with 2/ nodes in such a way that each node has one blue edge and onegeeder each edge in
the graph, the probability that the corresponding systentsts are separated by trellis positions
is 2/N. Since the relative position of bits in different pairs asymptotically independent, all pairs

2M
are separated by before and after interleaving with probabili( ) . The number of low-weight

N
codewords of typd M, 2M) is the summation of many Bernoulli events with a low probgbilvhich

is a Poisson random variable. Noting the above statemdr@gdarameter of this random variable is

2M
A onr = (;}\D (2M —1)! (%) . 27)

For largeN, (27) can be written as
5\(2) 221\/]

M2M T a5 (28)
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The Poisson parameter for the number of indecomposablevienght codewords of typé)M, K) is the

multiplication of A, by (;5,):

2M—-1/"

R 22]\/] K —1
DY . 29
ME 9N (2M — 1) (29)

[
The Poisson random variables describing the number of lewght codewords of different structures
are asymptotically independent. To show this independameyuse the following theorem.
Theorem 8:For m € IN (N is the set of positive natural numbers), et ..., u,, be non-negative
numbers. For eaclV € IN, let (X;(N), ..., X,,(IV)) be a vector of non-negative integer-valued random

variables defined on the same space. If for(afl ..., r,) € N™

Jim E{(Xi(N)), -+ (KN} = [ (30)

where (z), = xz(z — 1)---(z — r + 1), then the random vectofX;(n),...,X,,(n)) converges in
distribution to a vector of independent Poisson randomabées with meariy, . . . , 11, ) [36]
Theorem 9:Poisson random variables described by (29) are independent
Proof: Now, we apply Theorem 8 to the Poisson random variables ibestcin Theorem 7. Suppose
that X, ..., X,, representm random variables describing the number of codewordsnoflifferent
structures of typé(M,, K1), ..., (M,,, K,,)). For thei"" structure X; = >, vi, Wherew; is the Bernoulli
event of a particular finite subgraph in Theorem 7 making a\eight codeword. For such random

variables, (30) can be written as

Jim E{(Xi(N))y, - (Xn(N)),, } = lim B {H > v } . (31)
For N — oo, different finite subgraphs form low-weight codewords ipeledent from each other. This
is because as the block length increases, the number ofdittqs occupied by other pairs is negligible

with respect to the block length. As a result,

lim E{(X1(N))y, - (Xp(N)),, } = hmH > Efvy}-E{v,}. (32)

N—oo
i=1 {Zl ----- 'r}
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Note thatv;;, j =1,...,r are iid random variables and as previously shown,

Y E{v} == ks (33)

where u; = AE@)K is the corresponding Poisson parameter in (29) for the tstref type (M, K;).
Therefore,

Jim B {(X0(N))r, -+ (Xu(N)), } = Jim Huz , (34)

an henceXy, ..., X,, form a set of independent Poisson random variables. [ |

Using Poisson parameters in (29), we can evaluate the astyimptobability mass function of the
minimum distance over all possible interleavers. Note thatset-ef-the-struetdre with the lowest weight
and a nonzero cardinality determines the minimum distanoather words, if these structures are sorted
in the ascending order of their weights (i.@;,< w;,1, i = 1,2,...) andY; is the number of low-weight

codewords of the!" structure, then the minimum distance of the code,isf
Y;=0, j=12,....i—1 and Y;#0. (35)
The probability of this event can be obtained as
Plwmin = wi} = P{Y1=0,Y,=0,...,Y,_1 =0,Y; # 0}. (36)

Since the number of indecomposable codewords of diffengmés are independent Poisson random

variables,

P{wmin = w;} :P{Y;;«EO}I:[P{Yj =0} :exp{— Y )‘j} (1 —exp{—Ai}), (37)

J=1 Jj=1

where \; denotes the Poisson parameter of random varigbl@able | and Figure 10 show the pmf of
the minimum distance of a large block turbo code with the 2y 3 snemory elements in each RCC

among all possible interleavers.
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TABLE |

ASYMPTOTIC PMF OF THE TURBO CODE MINIMUM DISTANCE ASN — oo

P=3 P=T P=15

Wmin Pr Wmin Pr Wmin Pr

6 8.64e-001| 10 | 8.64e-001| 18 8.64e-001

8 1.32e-001| 14 | 1.32e-001| 26 | 1.32e-001

10 | 2.46e-003| 18 | 2.47e-003| 34 | 2.47e-003

12 | 6.14e-006| 20 | 6.03e-006| 36 6.03e-006

14 | 3.77e-011| 22 | 1.12e-007| 42 1.12e-007

16 | 1.92e-022| 24 | 3.77e-011| 44 | 3.77e-011

18 | 5.03e-045| 26 | 4.24e-018| 50 | 4.24e-018

20 | 1.76e-090| 28 | 1.92e-022| 52 | 1.92e-022

22 | 5.02e-186| 30 | 8.19e-040| 54 | 8.19e-040

C. Error floor for large block size turbo codes

Using the results of the previous section, we can calculaentean and the variance of the union
bound on the error floor. Suppose that we sort the probahletstes in the ascending order of their
weights. Obviously, the minimum weight belongs to codewoad type (1,2). The weight of such
codewords i + 2(P +1)/2 = P + 3. Suppose that the number of codewords of fhetructure isY;
which is determined by a Poisson distribution with paramateWith the union bound, the error floor

can be bounded as

PeSPu:ZY*ipia (38)

2ENw; \ . .
wherep; = Q ( ]Q\[w ) is the corresponding error for any codeword of iflestructure, where?y
0

is the energy per channel use. The mean of this upper bountecdetermined by

BIP] =3 Aipi (39)

As mentioned earlier, the upper bound becomes tighter iy amdecomposable codewords are con-

sidered. On the other hand, since the Poisson random \esiabkresponding to the number of inde-
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Fig. 10. Asymptotic pmf of the turbo code minimum distanceNas— co.

composable low-weight codewords are asymptotically iedeent, the variance d?, can be evaluated
by
oh = > Al (40)

In section IlI-D, we will study the convergence rate of (3@da40) with respect to the block length.
Figure 11 shows the mean and the standard deviation of thenbound on the error floor with
ML decoding, by using the Poisson parameters in (26). As @ege both the mean and the standard
deviation decrease when the SNR increases. As the SNR &eethe ratio between them converges
to /2. This is because for this region of signal to noise ratio @ajwnly the codewords of the lowest

weight structure, i.e., type (1,2), remain effective ane Boisson parameter for this type is two.
As mentioned above, we can obtain a tighter upper bound wieerestrict the evaluation of the error
performance to the indecomposable codewords only. In Eigdr the union bound on the average error

floor using the Poisson distribution of the indecomposatleweight codewords in (29) for a code with
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Fig. 11. The mean and standard deviation of the union bountherrror floor forP = 3,7 and 15.

S

P = 3 is compared to the union bound evaluated by using Poiss@meders in (26) corresponding to
all low-weight codewords.

The mean and the standard deviation of the performance ofba tode of length 10000 and rate
1/3 consisting of two component codes each having four mgral@ments is evaluated by simulation

using 30 different pseudo-random interleavers and apevishn figure 13. They are also compared
to the corresponding mean and standard deviation of the Boar in (39) and (40) forP = 15. For
low SNR values, the high-weight codewords dominate theoperdnce and the iterative decoder might
not converge to the original transmitted codeword or a losight error. At higher SNR values, the
low-weight codewords become dominant and the mean and #melastd deviation of performance of

the code follow (39) and (40).
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Fig. 12. The error floor for a large-block turbo-code with= 3.
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Fig. 13. The mean and standard deviation of FER for a code 3@tHifferent randomly chosen interleavei® £ 15).
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D. Turbo codes with multiple constituent codes

In [26], it is shown that turbo codes with more component soloigve a better performance when ML
decoding is used. In [8], it is shown that for a randomly ilgaved turbo code, the error floor decreases
as O(N~7+2t<) when J component codes are used. In this section, we investigateaslymptotic
behavior of multi-component turbo codes based on the Poidstribution of low-weight codewords.

We focus on a parallel concatenated code consisting obmponent codes. These codes are con-
catenated via/ — 1 randomly chosen interleavers. The rate of this codeulf—l. Higher code rates
eHessthan-oene can be achieved by puncturing and lower catede o%?ned by using component
codes of rate less than one.

Again, we only need to concentrate on the codewords congisfishort single error events due to the
systematic sequence of weight-two. This is because by twkaggame methods as in [17], we can show
that the average number of codewords consisting oSystematic bits andl; < [5-], j=1,...,J
short error events in thg" encoder { = 1,...,J) is given byO(N‘wl(J‘l”za‘AJ). Within low weight
codewords of even systematic weight, those codewords with

Aj=M= D] =1 (41)

have higher probability and hence are dominant in the pedoce. The parity weight of such codewords
is @ where K > JM. For low-weight patterns that do not satisfy (41), the ageraumber
of such codewords converges to 0 by the orderOof N~“*/=D+2;47), For w, = 2M, this order

is O(N~-(MJ=2M+1)y or faster and forw;, = 2M + 1, it converges to 0 a®)(N—(M/=2M+J=1)) or
faster. As a result, for a givei/, the average number of codewords that do not satisfy (41i) lsaat
O(N~-(MJ=2M+1))

In the following, we find the order of the error floor based oesi low-weight codewords. This

error floor is mainly determined by codewords that satisfy)) (AVe also find the effect of codewords

that do not satisfy (41) on the error performance and showthis term can be ignored in the overall

performance.
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JM(P+1)
2
number of low-weight patterns of systematic weight is asymptotically® (A]\;) After each interleaver,

We first study the statistical properties of codewords ofgle: M + (,e., K = JM). The

only asymptotically(ﬁ,) out of ( possible outcomes are still low-weight patterns. As a tesk

2]\/[)

average number of low-weight codewords with the systemagght of 2M/ and parity weight of
JM(P+1) .
— 5 is

Ny J—-1
o ()" Myt
)\M,JM— NJ\/[J_I =0y N-M=2), (42
)

ForJ = 2, e.g., a turbo code with two component codle%,?JM is finite and non-zero. Fo/ > 2, this
+1)

. . : . K(P
average goes to zero &é increases. For structures with parity welghte% where K > JM,

we have
J J K -1
)‘g\/[?K = )‘S\/I,)JM <JM . 1)- (43)

Using the union bound, the mean of the error floor can be baliade

E{P.} < Z Z )\EVLQKQ <\/(2M+ K(P2+1 ) 2EN> ZO ~(MJ=2M+1)y (44)

M K>JM

Fhelastterm-correspoends-to-codewerds-netsatisfying @8 term> ", , O(N~M/-2M+1)) corresponds
to the codewords that do not satisfy (41). Therefore,

J—-1 —
E{P.} < Z (2&44!?_) NV (J[L _11)62 <\/<2M + K(P2+ 1)) 2]1\4’*;?)

K>JM

+ ZO —(MJ— 2M+1) (45)

For N — oo, both summations in (45) are dominated by the term corredipgrto M = 1:

B(R} < 2N Y (lj_—ll)Q (\/(2 . K(P2+ 1)) 25;) L O(N-I)

K>J
= O(N7%%), (46)

10The exact number of such combinations |s B P +1) ) as the first systematic bits of the/ pairs should be separated by

(N M(P+1)

( )

P + 1 bit positions. If lim — =0, then lim =1.
Nooo IV N—o0
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S

which indicates an interleaver gain of at least- 2. A lower bound on the error probability can be
found by considering only codewords of type .J). With a uniform interleaver, at least one low weight

codeword of typg1, J) exists with the asymptotic probability of

s J—1
e [1 ! <%> o [1 - (5) ] I (47)
2

This is because there are asymptoticdlly systematic pairs of distande The probability that a certai

J—1
pair does not result in a low weight codeword [is- (%) ] and these events are asymptotically

2

independent.

E{Pe} > P(LJ)Q (\/(2 -+ J(P;_ 1)) 2]6;\[) = O(N_J+2). (48)

This shows that the interleaver gain is lower and upner bedrx/ / — 2 and hence, it is/ — 2. For
J = 2, The average error floor will be bounded below away from z&wb the error term corresponding
to low-weight codewords that do not satisfy (41)2$N ). In other words, ean and the variance
of the union bound on the error floor converges to values i) @@l (40) on the order oO(N~1).
From (46), we also conclude that the error floor for turbo sodéh uniform interleavers having more
than two component codes decays inversely with the bloaytlerThis behavior is different from what
we have seen in the waterfall region. Note that the perfoomanf turbo code in the waterfall region
is determined by high-weight codewords and the error pritibain this region decays exponentially
with the block length-efthe-cede. The BER for this code can bended by

E{PR)} < %: 7(2(]]‘\44?;1 N2t § QM( 5[_1 Q <\/ (2M e (P2+ 1)) 25:) . (49)

K>JM

Here, the effect of codewords that do not satisty (41)is andhder ofO(N~7) and hence negligible
compared to the error probability. Equation (49) indicatesinterleaver gain off — 1. As a result,
although the FER performance of a turbo code consisting ofdwmponent codes is bounded below by

O(1), its BER asymptotically tends to zero in the error floor regidth almost any random interleaver.

"The exact number of such pairsé — P.
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If one punctures one or more of the parity streams to incréasecode rate, the number of low-
weight codewords remain unchanged but the weight of eaclkvend decreases. This increases the
error floor in (45) and (49), but does not change the decayofdatiee error floor for bit and frame error

probabilities, which are>(N—7*2) and O(N~/*1), respectively.

E. Transition region

As discussed earlier, the weight distribution follows Gaals and Poisson distributions for high (i.e.,

w ~ O(N)) and low weight (i.e., finite weight) codewords, respedjiv@here are codewords which
cannot be categorized as part of Gaussian or Poisson distribregions and fall between the two
weight regions. This transition region is specified by codels of weightw ~ o(N). In this section,
we study this transition region to cover the the gap betwkerPbisson and Gaussian regions. We show
that this weight region has little effect on the overall penfiance of the code.

Because of RCC properties, error evéhtstart with a nonzero systematic bit and end with another
nonzero systematic bit. To account for the the codewordsnigiahg to the transition region, we only
need to consider the codewords with systematic weight adfrardV). Note that,% effect of codewords
with overall weightw ~ O(N) on the ML decoding performance is negligitie

We note that each error event starts and ends with a nonzetensgtic bit, and consists of V)
zero and a finite numb¥rof nonzero systematic bits. Given that the systematic weigh;, ~ o(N), @
the distribution of the systematic bits, which is given byriwulli (w,/N), is not altered by this fact.

We divide the systematic stream int@ — 1 contiguous segments, such that each segment starts
with a nonzero systematic bit and ends with the next nonzgstesatic bit. In other words, the first
segment starts with the first nonzero systematic bit and aiilisthe second one in the stream. The

second segment starts with the second one ang ends the tigirith the stream, and so on. A nonzero
12An error event is defined by leaving the all-zero state andrnétg back to it for the first time
13The number of such codewords grows polynomially with theblength but the pairwise error probability between thesgecvords

and all-zero codeword decays exponentially.
The average number of nonzero bits before the RCC comes bable tall-zero state i%.
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systematic bit drives the RCC into a nonzero state, if it wathe all-zero state, and to one £f— 1
non-zero states or the all-zero state, if it was in a nonzétesAs a result, each RC%]in one
P nonzero states with probabilit)g%. Sincew; is very large, the law of the large number applies

and in each RCC encoder, the encoder remains in the zerofstagdout [Pw—il—‘ segments. Thus,

: . P .
with J component codes, the total number of nonzero segrteistsaibout {P—ijlw. Assuming

that each systematic bit is one with probabill#, the number of systematic bits in each segment is
a geometric random variable with paramet%'. As a result, the total number of systematic bits of
the nonzero segments in all RCC encoders is a negative binomial random variable jitrpaters

([ijwl—‘ ,%) Note that the overall parity weight is approximate{ly];%lx—‘, where X is the

total number of bits (zero or nonzero) in the RCC output stre&arresponding to nonzero segments.
Since there are(juvl) different systematic inputs of weight,, the overall number of codewords of

systematic weightv; ~ o(V) and parity weightw, is

AGD, =~ (51) <f B Dp"(l -p)" (50)
=

2P P .
wherep = % xr = {P—prw andr = {P—HJUJ is the total number of segments. By the help

of the Stirling’s approximation, the weight enumeratingdtion in (50) can be approximated by

P
2P )me

(J) ~ Nw1 (P—_pr (ﬂ)%]ﬂ)l' (51)
w1,Wp ’CUl! IVPL;-l J’Ujl—l ' N

Using the union bound, the upper bound on the error prolbaluéin be expressed as

5%
Py <> Y AD,Q ( TON(wl + wp)> , (52)

w1 wp

whereP,

ENB

is the error probability considering codewords in the negdtinomial region. Fotu,, w,, ~
o(N), the right hand-side of (52) converges to zeroNas— oo. The error probability in (52) is giv
for a code with a uniform interleaver. For a code with a raniyoohosen interleaver, with probability

one, the weight enumerating function has the same ordereasvéiight distribution with the average

15Segments in which an RCC circulates ov@monzero states.
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interleaver described in (50) and hence, the effect of thesition region on the overall performance

is negligible.

F. Expurgating low-weight codewords

For a parallel concatenated turbo code with two constitwemdtes, the average number of low-
weight codewords in which more than two nonzero systematicdause a short single error event is
asymptotically zero for large block lengths [17]. The imjaoit point is that the average number of such
low-weight codewords does not increase with the block lergt

We can remove the effect of these low-weight codewords orethar floor region by expurgating
them. Expurgating low-weight codewords decreases thendigpey of the turbo code performance on
the RCCs and the interleaver structure, since the remaiciagwords tend to the Gaussian weight
distribution.

To expurgate these codewords, one way is to set one infamaéit in each low-weight codeword
to zero as proposed in [27], [28]. However, no further punnotyis required to maintain the code rate,
because when the block length is sufficiently large, the ramab these bits is small in comparison
with the block length, and consequently, the change in tltke gate is negligible.

One other way to avoid those low-weight structures is todbailgood interleaver. Many different

algorithms exis%ljjild such interleavers. One famous nwisao employ S-random interleavers [37]

=

Using Table I, one can evaluate the average number-eflampkirbnrdom-interleavergenerations

to find a good interleaver resulting in a code which is freanfroertain low-weight structures. For

which avoid low-weight codewords with systematic weighttwb.

example, it takes on average about 400 trials to find a goaatléaver without codewords of types
(1,2) and (1,3). This number grows very fast with the numldesuzh patterns. For example, to find a
large block interleaver that guarantees the minimum degtasf 30 in a code withP? = 7, one should
try on average, more thart*® different interleavers.

In Figure 14, the effect of expurgating low-weight codevsoad a turbo code with two component
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codes on the asymptotic mean of the error floor is shown. Thedfigepicts the mean of the error floor
when codewords of types (1,2) and (1,3) are expurgated.ré&ifya presents the simulation results to
show the effect of expurgation on a turbo code of length 10@@0ch shows a 2-fold reduction in the

error floor after expurgating codewords of types (1,2) an8)(1

10_:l r T

T T
—&- No Expurgating
—©—- Expurgating structure (1,2) ]
—>— Expurgating structures (1,2) and (1,3) |

FER

10*5 I I I I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

E,/N, (dB)

Fig. 14. Effect of expurgating codewords of type (1,2) an@)bn the asymptotic performance of a code of rate 1/38nd 7.

In multi-component turbo codes, the Poisson parameterease withV. However, some low-weight
codewords may still exist for large (but finite) block sizebo codes. Since the number of low-weight
codewords decreases as the block length increases, itstbf® expurgate all codewords of weight less
than a certain threshold. This threshold can be increaskdwnded as the block length increases. This

is because the total number of low-weight codewords withsysematic weigh2M and K < K.«

is
Kmax J—1 Kmax
) _ (2M!) —M(J-2 K—-1 _ —M(J=2) [oMJ
> Ao =GN U () = O WM (53)
K=JM K=JM
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0
10 T T T T
—o&— Average error floor with no expurgating ]
—+— Average error floor with expurgating codewords of types (1,2) and (1,3) (4
— © — Simulation results with no expurgating 1
— & — Simulation results with expurgating 3 codewords of types (1,2) and (1,3)|]
B
NN
NN
NN
0™ N
. N ]
& R ]
& )
NN
N N
@ N S
W N N O .
N T O~ _ :
\R\ TO- - - -0 - - —-0©----4
107 T
T i
10’3 i i i i i i
0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Eb/NO (dB)

Fig. 15. Effect of expurgating codewords of type (1,2) an@8)Dbn the performance of a turbo code of rate 1/3 witk10000 and

P=T.

For Kpax = o (NV=2/7), the number of low-weight codewords in (53) is negligiblenpmred to the
block length and hence, expurgating those low-weight caddsy does not change the code rate for
N — oo. If all the low-weight codewords of systematic weight2,...,2M — 1 are expurgated, then

the interleaver gain increases Aé(.J — 2) without affecting the code rate.

IV. CONCLUSION

We studied the asymptotic performance of turbo codes. Oalysis is based on code weight
distribution. We show that for a turbo code with a large bléekgth, the weight spectrum has three
different regions: (i) the low-weight codeword region wlieéhe number of codewords has a Poisson
distribution, (ii) the high-weight region where the weighstribution is Gaussian, and (iii) the transition
region where the weigh distribution is negative binomidePerformance of turbo codes in the waterfall

region is dominated by high-weight codewords. For almost ramdom interleaver and any nontrivial
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recursive constituent code, the normalized weight distidim of turbo codes is asymptotically Gaussian
and the code spectrum is very close to random coding weightalition. Interleaver optimization has

little effect on the asymptotic performance of the code mwhaterfall region. This Gaussian distribution
approaches the average spectrum defined in [13]. We evdltlael SB bound for the Gaussian weight
spectrum and determined the code rate and the SNR regiorewtherTSB error exponent is positive

and we showed that for SNR values of interest, the achievaieis close to the capacity of BPSK

signalling over AWGN channel. For higher SNR values, theteevable rates deviate from the capacity
and a tighter upper or lower bound is required to determieeatttual achievable rates.

In the error floor region (large SNR values), the performaatehe code is dominated by low-
weight codewords and for a code with two RCCs, the number esdhcodes remains finite as the
block length increases. For large block lengths and a rahdohosen interleaver, only low-weight
codewords of certain structures are probable and the avenagber of low-weight codewords of other
structures converges to 0 as the block length increasesniimber of indecomposable codewords of
each structure is characterized by a set of independerslyitdited Poisson random variables. The
frame error rate for codes with two component codes is badiradeay from zero with the order of
O(1) for a large block length but expurgating some low-weightewedrds lowers the error floor but
still bounded below by)(1). Multi-component codes on the other hand, have a positiezléaver gain
and the error floor disappears as the block length incredd$es.overall asymptotic error probability
for these codes converges to zero either exponentiallyh@hGaussian region) or polynomially (for

Poisson and negative binomial regions).

APPENDIX
A. Proof of Lemma 1

Proof: For the chi-squared random variabfewith meann andn degrees of freedom,

P{Y >y} = Fr(%a?) : (54)
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wherel'(«, x) is theincomplete gamma functiatefined by

[, z) = / tote~tdt, (55)
and thegamma functionI’(«), is
INa) = / t*te~tdt. (56)
0
For integera = m
I'(m) = (m—1)\ (57)
and
m—1 .],’k
C(m,z) = (m—1)le™® kg o (m—1)le %e,,(x), (58)
m—1 ,’L‘k
wheree,, (z) = T is the exponential sum functiorFor x > m, e,,,(xz) can be upper bounded by
k=0
m—1 .],’k .],’kc
em () = ,; ST (59)
wherek, is
l’k
k. = argorgggng =m — 1. (60)
and hence,
m—1
Then, by replacing: = y/2 andm = n/2, (54) is upper bounded by
—y/2 9 n/2—1
P{Y >y} < ﬁe (/2" (62)

(n/2)!

For oddn, we add an independent chi-squared random varigblgith mean one and one degree of
freedom toY” to form the random variabl®”’ = Y + Y; which will be a chi-squared random variable
with meann + 1 andn + 1 degrees of freedom. Sing > 0, for y > n + 1,

n+1 e—y/2<y/2>(n+1)/2—1

PlY>yl<P{Y'=Y+Y, >y} < B (n+1)/2)!

(63)
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For large evem andy/n = 3 > 1 and by using the Stirling’s approximation,

1 6—5n/2(6n/2)n/2—1 n 6—,8n/2(66)n/2

This indicates an exponent e;f(ﬁ — 1 —1log ) in the probability defined by (54). [ |

B. Proof of Proposition 1

To prove the proposition, we need the following lemma.
Lemma 2:Suppose we partition a stream &f bits consisting ofw ones andV — w zeros intoK
groups. Each group consists 8f,, £ =1,..., K, >, N, = N bits. We denote by, the event in

which the k™ group has an odd Hamming weight. F&dr— oo, if

=

then Oy, O,, ..., Ox_; tend to be independent events of the probabilitg as NV goes to infinity (for

lim NN A0, k=1,.... K, (65)

the typical values ofv).
Proof: The Hamming weight of thé" group is shown by¥/,.. Then, the probability mass function

of W, can be written as

() (i)
N
()

This probability mass function is an increasing functiorthwiespect taw;, for 0 < wy, < w;, where

PWk(wk): ) 'lUk:O,l,...,Nk. (66)

ka
N

w, = | “Ye | is the typical value for the Hamming weight of ti# subsequence, and is decreasing for
wy < wg < min{w, Ng}.

An integer random variable with a monotonic probability shdanction is almost equally likely
to be an even or an odd number. In fact, the difference betvtleertwo probabilities is less than
the boundary probabilities. For example, suppose ftias a random variable with a monotonically
increasing probability mass function defined far < = < 2b, z,a,b € Z. Then,

P{X is ever} = Zb:P{X =2z} = bz_iP{X =2z} + P{X = 2b}
p = (67)
D P{X =2+ 1} + P{X = 2b} = P{X is odd} + P{X = 2b}.

r=a

IN
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The probability mass function that is described by (66) casdparated into two monotonic functions.
For N — oo, the boundary probabilities specified by (66) (i.e., thebpiulities atw = 0, N, w;) are 0,
and so,

P{W, is odd} = P{W, is ever} = % (68)

The same approach is valid for th# group ¢ < K) when the Hamming weight of the firgt— 1
groups are known, and hence, it is odd-weighted with prdityaldi/2. Obviously, the Hamming weight
of the k" group, given the Hamming weights of the other groups, is know [ |

We are now ready to prove Proposition 1. Assuming the sydtemeaight isw;, we show that each
parity stream is amn-dependent sequence, and the variance of its weight is dgiydi).

Proof: Consider two arbitrary parity bits (far from the boundayieamedpb; andpb, in a given
parity stream. We show that these two bits are independeaadif other, when the distance between
them is large. The proof can be easily extended to two setsanfypbits. According to the distance
betweenpb, andpb,, two situations can occur.

Case I:The distance between these parity bits is not an integelpteutif the RCC impulse response
period P. We divide the information bits into four subsets, depegdin whether they trigger these two
parity bits or not. We denote these four groups@y & = 0, 1,2,3. The members of th€, trigger
none of the parity bits. Members 6f;, andC; trigger only the first parity bit and the second parity bit,
respectively. FinallyCs consists of bits that trigger both parity bits. Similarlye wenote byO;, the
event thatC;, i = 0,1, 2,3 has an odd weight. Systematic bits located after both pairitposition do
not affect them and hence, they belong to Ggt For any P information bits preceding the first parity

bit, there is at least one bit in each 6f, i = 1,2, 3. Hence,

|Ci]
N

£0,i=0,1,2,3, (69)

where | - | denotes the cardinality of a set. As a resulf's satisfy the conditions in Lemma 2. It is
easy to see that

pbi = O1 ® O3, pby = Oy © O3, (70)
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in which @ is the binary additionyp, is one if only one of0; andO3; happens, and is zero, otherwise.)
Since, O;, O, and O3 are equiprobable identical independent evepis, and pb, are equiprobable
independent bits.

Case Il: The distance between the two parity bits is an integer mialiyh impulse response period
P, saykP. In this case,(C; is empty, butC, and Cj5 still satisfy the condition in the lemma Z
has onlyk(P + 1)/2 elements since in each peridd only (P + 1)/2 bits trigger a certain parity bit.
However, as long as the distance between the two parity itarge (whenk is large which is true
for almost any two typical bits), the conditions of the Leman@ satisfied, and), and O; become
equiprobable independent and identically distributecheszeAs a resulpb; andpb, are independent.

To apply the Central Limit Theorem to the-dependent sequence of the parity stream, we have to
find the vari@ of the conditional parity weight. This eage is a function of th ss correlation
between the near parity bits that are separated by an integkiple of P (all the other parity bit pairs
are uncorrelated). Tt%ﬂpute this correlation, we noté wheen the distance between the parity bits
is kP (k is a relatively small integer), the elements@f can be considered to be iid bits, and each of

them is one with probabilitytju—\;. Then,

. . 1 9w, \ FPH/2
cov[by(i), bo(i + kP)] = 1 <1 - W) : (71)
because the probability of having an odd parity within thege + 1)/2 bits is
1-(1— 2w k(P+1)/2
P{Oy =1} = ( g ) (72)
N
The covariances of the other pairs are zero. Since, theypaeight isw,; = Z by(7), then
=0
N
Ty = Zali(i) +2 Z coviba (1), ba(5)]- (73)
i=1 1<i<j<N
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As a result,
[(N—i)/P]

> coviba(i), ba(i + kP)]
1 211)1
2y Y Z(l_W
N oo 1 2wy kE(P+1)/2
DHRIEE

+
k
N 2(1 — Zwi)(P+1)/2
= — |1+ ( ]\gw)l (P+1)/2
4 1— (1 — 2w

aw2|w1

|
(]~
A~
_l’_
N
(-

,_.
-
Il

)k(P+1)/2

(74)

12

=R )

C. Probability of error for large block turbo codes

In order to provide insight into the range of the SNR for whmtdewords of typical weights are
dominant, we apply the union bound on the weight distributio determine the dominant weight in
the error performance. Also, the cutoff rate which is base@oplying the union bound on the weig
distribution is calculated under this assumption and itasipared to the random coding cutoff rate.

The Gaussian approximation of the turbo code weight digtiob is the same as the weight dis-
tribution of random codes. This assumption remains vali@mnwhigh-weight codewords dominate the
performance. One of the tools to characterize random couintpe cutoff rate. The weight of the
dominant codewords in computing the cutoff rate providesgint into the validity of the Gaussian
approximation. We compute the cutoff rate using the Gaunsdiatribution, and compare it to the
random coding cutoff rate given b, = 1 — log,(1 4 e~ Z~/No), where Ey is the channel symbol
energy, andV, is the one-sided noise power spectrum [38].

For a turbo code of rat& and block lengthVV, the normalized weight distribution function can be
modeled as a Gaussian distribution with the me\g% and variance?‘%, where the code ratB can be
obtained by employing a larger number of parallel concaesh&CCs and/or puncturing which does

not affect the Gaussian assumption. The number of codewafrdise normalized weight betweei

18Results in this subsection have been presented in part i€dnéerence on Information Sciences and Systems (CISS’02).
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andw + Aw, under the Gaussian distribution, is

2
N A~
N, ~ 20 o | —on <w . @> . (75)

NE 2R

The term in the union bound that corresponds to the prolalafian error event of the normalized

weightw (using the BPSK modulation) is

20V NFE
pi = Q TN . (76)
0

The dominant codewords in the error probability are arolmedpeak ofV;p,;, which occurs at

VN E
Wy = ~——(1- 2. (77)
2R 2Ny
. o . . Ruw, : R, 1
The Gaussian assumption is valid whdim # 0,1. It is easy to see that—= < —, and
N—oo /N v/ N 2

consequently, we only require th%% > 0, resulting in% < 2 (equivalent to3 dB). After the break
point of £y /Ny = 3 dB, the behavior of the turbo code performance cannot be leddmymore by
using the Gaussian weight distribution.

In practice, turbo codes are used in much lower ranges ofisigmoise ratio values than the above
break point. For example, the valuj%oX = 3 dB corresponds to the value ?% = 7.7 dB (£, stands
for energy per information bit) for a code of the rdté3, or to % = 6 dB for a code of the rate/2.
These values are substantially higher than the range]%%oﬂsed in practical turbo coded systems. In

other words, the dominant codewords follow the Gaussianmaggon for the SNRs of interest.

To find the cutoff rate under the Gaussian assumption, usiagihion bound, we have
VN

R
P. <Y Napa. (78)

w=0

2

By using the inequalityQ(x) < lexp(—%) and the Gaussian distribution assumption, (78) can be

rewritten as

VN 2
2N R VN En
P, <—A -2 0———(1— — dw 7
R
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) : (80)

where

and hence,
P, <2V71AB, (81)
where
B IN [ Ey IN [ Ey
B=Q R<2N0 1)] Q R<2N0+1) (82)
Ey
Form<2andN—>OO, ] ]
. N ( En
dm QR (W - 1) =1 (83)
and, ) ]
) N ([ En
1 —|==+1])| =0. 4
R VR (2]\70jL ) 0 (84)
Hence,B can be approximated ds
Let us define
1 |Ex 1 [Ex\?
br= 2In(2) | Ny 4 <N0) ' (85)

We can see that iR < R, then the error probability approaches to 0/ds— oc. Figure 16 reflects
. : E

the difference betweeR, and R around the break point 0% =3dB (ﬁb = 7.7 dB for a code of
0 0

the ratel/3).
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