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Abstract

A distributed single-hop wireless network witki links is considered, where the links are partitioned into a
fixed number {/) of clusters each operating in a subchannel with bandw@thThe subchannels are assumed
to be orthogonal to each other. A general shadow-fading ma@scribed by parametefs, @), is considered
where«a denotes the probability of shadowing aaid(ww < 1) represents the average cross-link gains. The main
goal of this paper is to find the maximum network throughputha asymptotic regime o\ — oo, which is
achieved by: i) proposing a distributed and non-iteratioegr allocation strategy, where the objective of each user
is to maximize its best estimate (based on its local infoimmat.e., direct channel gain) of the average network
throughput, and ii) choosing the optimum value ff. In the first part of the paper, the network throughput is
defined as theaverage sum-rat®f the network, which is shown to scale &%log K). Moreover, it is proved
that in the strong interference scenario, the optimum pailecation strategy for each user is a threshold-based
on-off scheme. In the second part, the network throughpdéfmed as thguaranteed sum-ratavhen the outage
probability approaches zero. In this scenario, it is dertrated that the on-off power allocation scheme maximizes
the throughput, which scales aa‘% log K. Moreover, the optimum spectrum sharing for maximizing élverage

sum-rate and the guaranteed sum-rate is achievéd at 1.
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I. INTRODUCTION
A. History

A primary challenge in wireless networks is to use availabkources efficiently so that the network
throughput is maximized. Throughput maximization in mulsier wireless networks has been addressed
from different perspectives; resource allocation [3];-&jheduling [6], routing by using relay nodes [7],
exploiting mobility of the nodes [8] and exploiting chanrelaracteristics (e.g., power decay-versus-
distance law [9]-[11], geometric pathloss and fading [124)).

Among different resource allocation strategies, power gpettrum allocation have long been regarded
as efficient tools to mitigate the interference and improve hetwork throughput. In recent years,
power and spectrum allocation schemes have been extgnsivelied in cellular and multihop wireless
networks [3], [4], [15]-[20]. In [19], the authors providecamprehensive survey in the area of resource
allocation, in particular in the context of spectrum assignt. Much of these works rely on centralized and
cooperative algorithms. Clearly, centralized resourtation schemes provide a significant improvement
in the network throughput over decentralized (distriblitapproaches. However, they require extensive
knowledge of the network configuration. In particular, whleae number of nodes is large, deploying such
centralized schemes may not be practically feasible. Dugigoificant challenges in using centralized
approaches, the attention of the researchers has been révendecentralized resource allocation schemes
[21]-[26].

In decentralized schemes, the decisions concerning netpemameters (e.g., rate and/or power) are
made by the individual nodes based on their local infornmatiche local decision parameters that can be
used for adjusting the rate are the Signal-to-Interfergrias-Noise Ratio (SINR) and the direct channel
gain. Most of the works on decentralized throughput maxatian target the SINR parameter by using
iterative algorithms [23]—[25]. This leads to the use of gaimeory concepts [27] where the main challenge
is the convergence issue. For instance, E&iml. [25] develop power and spectrum allocation strategies
by using game theory. Under the assumptions of the omniscaes and strong interference, the authors
show that Frequency-Division Multiplexing (FDM) is the optl scheme in the sense of throughput
maximization. They use an iterative algorithm that conesrgo the optimum power values. In [24],
Huang et al. propose an iterative power control algorithm in an ad hocel®gs network, in which
receivers broadcast adjacent channel gains and inteciengnces to optimize the network throughput.
However, this algorithm incurs a great amount of overhealdige wireless networks.

A more practical approach is to rely on the channel gains eal Idecision parameters and avoid
iterative schemes. Motivated by this consideration, westhe throughput maximization of a distributed

wireless network withK" links, operating in a bandwidth dfi’. To mitigate the interference, the links
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are partitioned into a fixed numbe#/() of clusters, each operating in a subchannel with bandw%th
where the subchannels are orthogonal to each other. Thpatigieximization of the underlying network
is achieved by proposing a distributed and non-iterativeegsoallocation strategy based on the direct

channel gains, and then choosing the optimum value\for

B. Contributions and Relations to Previous Works

In this paper, we study the throughput maximization of a igfigtdistributed wireless network with
K links, where the sources and their corresponding destimatcommunicate directly with each other
without using relay nodes. Wireless networks using unbeenspectrum (e.g. Wi-Fi systems based on
IEEE 802.11b standard [28]) are a typical example of suclveoris. The cross-link channel gains are
assumed to be Rayleigh-distributed with shadow-fadingcdieed by parametefs, ), wherea denotes
the probability of shadowing ang (cw < 1) represents the statistical average of the Rayleigh digtan.

The above configuration differs from the geometric modetsppsed in [8]-[11], [29], in which the
signal power decays based on the distance between nodeke [RR]-[25] which relies on an iterative
algorithm using SINR, we assume that each transmitter tdjisspower solely based on its direct channel
gain.

If each user maximizes its rate selfishly, the optimum powtercation strategy for all users is to
transmit with full power. This strategy results in excessimnterference, degrading the average network
throughput. To prevent this undesirable effect, one shaoldsider the negative impact of each user's
power on other links. A reasonable approach for each user éhdose a non-iterative power allocation
strategy to maximize its best local estimate of the netwbrkughput.

The network throughput in this paper is defined in two waysavgrage sum-ratand ii) guaranteed
sum-rate It is established that the average sum-rate in the netwoales at most a®(log K') in the
asymptotic case o — oo. This order is achievable by the distributddeshold-based on-off scheme
(i.e., links with a direct channel gain above certain thoéghransmit at full power and the rest remain
silent). Moreover, in the strong interference scenarie, ah-off power allocation scheme is the optimal
strategy. In addition, the on-off power allocation schemalways optimal for maximizing the guaranteed
sum-rate in the network, which is shown to scaleo%slog K. These results are different from the result
of [30] where the authors use a similar on-off scheme X¥br= 1 and prove its optimality only among
all on-off schemesThis work also differs from [31] and [32] in terms of the netilk model. We use
a distributed power allocation strategy in a single-hopvoek, while [31] and [32] consider an ad hoc
network model with random connections and relay nodes.

We optimize the average network throughput in terms of theber of the clusters)/. It is proved

that the maximum average sum-rate and the guaranteed serofrhe network for every value ef and
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w Is achieved af\/ = 1. In other words, splitting the bandwidifi into M orthogonal sub-channels does
not increase the throughput.

The rest of the paper is organized as follows. In Sectionhié metwork model and objectives are
described. The distributed on-off power allocation stggatand the network average sum-rate are presented
in Section Ill. We analyze the network guaranteed sum-mat&ection IV. Finally, in Section V, an

overview of the results and some conclusion remarks arespted.

C. Notations

For any functionsf(n) and g(n) [33]:

e f(n) = O(g(n)) means thatim,,_.. ‘f < 0.

e f(n) = o(g(n)) means thatim,,_.. )f § = 0.

e f(n) =w(g(n)) means thatim,, ., % 0.

e f(n)=Q(g(n)) means thatim,,. ., % > 0.

e f(n)=06(g(n)) means thatim,, . % = ¢, where0 < ¢ < oo.

e f(n) ~ g(n) means thatim,_. .. % =1

e f(n) < g(n) means thatim, ., ZH <1

e f(n)~ g(n) means thaff(n) is approximately equal tg(n), i.e., if we replacef(n) by g(n) in the

equations, the results still hold.

Throughout the paper, we usez(.) as the natural logarithm function afij.} denotes the probability
of the given event. Boldface letters denote vectors; andafoandom variabler, z meansE|[z]|, where

E[.] represents the expectation operator. RH(.) representsgiiehand side of the equations.

[I. NETWORK MODEL AND OBJECTIVES
A. Network Model

In this work, we consider a single-hop wireless network estivgy of K pairs of nodes indexed
by {1, ..., K}, operating in bandwidti}’. All the nodes in the network are assumed to have a single
antenna. The links are assumed to be randomly divided Aftelusters denoted b¢;, j = 1,..., M
such that the number of links in all clusters are the sameh®iit loss of generality, we assume that
C, ={(j—1)n+1,.. jn}, wheren £ % denotes the cardinality of the s& which is assumed to be
known to all user& To eliminate the mutual interference among the clusteesassume an/-dimensional

orthogonal coordinate system in which the bandwidthis split into M disjoint subchannels each with

1The term “pair” is used to describe a transmitter and itsesponding receiver, while the term “user” is used only fa ttansmitter.

2It is assumed thal is divisible by M, and hencep = % is an integer number.
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bandwidth”. It is assumed that the links ifi; operate in subchanngl We also assume that is fixed,
i.e., it does not scale witlk. The power of Additive White Gaussian Noise (AWGN) at eaateieer is
%, where N, is the noise power spectral density.

The channel model is assumed to be flat Rayleigh fading watstradowing effect. The channel gain
between transmittek and receiver: is represented by the random varialde;,. For k = i, the direct
channel gainis defined asC,;, = h; where h;; is exponentially distributed with unit mean (and unit

variance). Foik # i, the cross channel gainare defined based on a shadowing model as follows:

Lo Brihii, With probability « 1)
0, with probability 1 — a,
whereh,;’s have the same distribution as;'s, 0 < o < 1 is a fixed parameter, and the random variable
Ori, referred to as thehadowing factaris independent of,; and satisfies the following conditions:
o Omin < Bri < Bmax, Where G > 0 and fh.x 1S finite,
E[Bu] 2@ <1.
It is also assumed thdtC,;} and {3x;} are mutually independent random variables for differ@nt).

All the channels in the network are assumed to be quascdbiick fading, i.e., the channel gains
remain constant during one block and change independeotly block to block. In addition, we assume
that each transmitter knows its direct channel gain.

We assume a homogeneous network in the sense that all tlsehiave the same configuration and use
the same protocol. We denote the transmit power of usrp;, wherep, € 2 & 0, Praz]. The vector
PU) = (P(—1)n+1, - Pjn) represents the power vector of the usersCin Also, P(_]Z) denotes the vector
consisting of elements d?) other than the’ element,i ¢ C;. To simplify the notations, we assume
that the noise powe% is normalized by B,.. Therefore, without loss of generality, we assume that
Pnee = 1. Assuming that the transmitted signals are Gaussian, teefénence term seen by linke C;

will be Gaussian with power

I; = Z Lyipr.- 2)

Due to the orthogonality of the allocated sub-channels,merference is imposed from links i@, on

links in C;, k # 5. Under these assumptions, the achievable data rate of ekchd C; is expressed as

j j W hiips
Rz‘(P(]),EZ(-])) =17 log <1 + I+7N°W> ; (3)
T TM

where£!?) £ (L(G-1yn41)i» - Lnyi)- TO analyze the performance of the underlying network, weths

following performance metrics:

3In this paperchannel gainis defined as the square magnitude of thannel coefficient
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« Network Average Sum-Rate:
Rawe 2E > > Ri(PD, L) | | (4)

where the expectation is computed with respecn:ﬂ%. This metric is used when there is no decoding
delay constraint, i.e., decoding is performed over arbiyrdarge number of blocks.
« Network Guaranteed Sum-Rate:

Ry = Z Z En, [ (hu)] %)

Jj=11€C;
in which for all ~, | € C;, we have
R*(hy) = sup R(hy), (6)
such that
P{R(PV, L) < R(hu)} — 0. )

This metric is useful when there exists a stringent decodiglgy constraint, i.e, decoding must be
performed over each separate block, and a single-layer isogeed. In this case, as the transmitter
does not have any information about the interference termouwtage event may occur. Network
guaranteed throughput is the average sum-rate of the retwioich is guaranteed for all channel

realizations.

B. Objectives

Part |: Maximizing the network average sum-rate: The main objective of the first part of this paper
is to maximize the network average sum-rate when the imrée is strong enough, i.&[/;] = w(1).
This is achieved by:

- Proposing a distributed and non-iterative power all@sastrategy, where each user maximizes its best

estimate (based on its local information, i.e., direct ctgmain) of the average network sum-rate.

- Choosing the optimum value faV/.

To address this problem, we first define a utility function fiok ¢ € C; (j = 1, ..., M) that describes
the average sum-rate of the links in clustgras follows

pw zz Z Rl ) (8)

lec,
where the expectation is computed with respect{fQ,}.cc, excludingk = [ = i (namely h;;). As

mentioned earlierp;; is considered as the local (known) information for lihkhowever, all the other
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gains are unknown to usemwhich is the reason behind statistical averaging over tpasameters in (8).
Useri selects its power using

D; = i(Di, hid). 9
pi = arg max ui(pi, hi) ©)

It will be shown that when the number of links is large and thteliference is strong enough, the optimum
power allocation strategy for the optimization problem @ is the on-off power scheme. Assuming that
the channel gains change independently from block to bleakh user updates its on-off decision based
on its direct channel gain in each block. Given the optimurweprovectorlf’(j) = (DG—1)n+15 - Djn)

obtained from (9), the network average sum-rate is then cbedpas (4). Next, we choose the optimum

value of M such that the network average sum-rate is maximized, i.e.,

M = arg max Rve. (20)

Also, for the moderate and the weak interference regimes E[/;] = O(1)), we obtain upper bounds
for the network average sum-rate.

Part I1: Maximizing the network guaranteed sum-rate: The main objective of the second part is
finding the maximum achievable network guaranteed suminatee asymptotic case ak — oo. For
this purpose, a lower bound and an upper-bound on the netgumkanteed sum-rate are presented and

shown to converge to each other &s— oo. Also, the optimum value of\/ is obtained.

I1l. NETWORK AVERAGE SUM-RATE
A. Strong Interference Scenarii[(;] = w(1))

In order to maximize the average sum-rate of the network, ke find the optimum power allocation

policy. Using (8), we can express the utility function ofdine C;, j=1,...,M, as

ui(pi, hii) = Ri(pi, b Z Ry(pi), (11)
lec;
147
where
D W hZZpZ
(pi,hy) =E [ —1 14+ —— 12
Rz(p27 ZZ) M Og( + [ T NR}”)] ) ( )
with the expectation computed with respect/iadefined in (2), and
up) = E[R(PY, L) (13)
_W hupy
= E|—1 14+ ——+ 14
Mog<+ll+%>] (14)
W hupy ,
= E|—=log |1+ , ki leC;l#1, (15)
_M ( Lipi + Zk#i Lyapr + %)] ’
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with the expectation is computed with respectRd) and {Lki})icc, €xcludingl = i*. It is worth
mentioning that the powep; in (15) prevents theth user from selfishly maximizing its average rate
given in (12). Using the fact that all users follow the same@oallocation policy, and since the channel
gains £, are random variables with the same distributioRgp;) becomes independent &f Thus, by

dropping the index from R;(p;), the utility function of link: can be simplified as
wi(p;, hii) = Ri(pi, his) + (n — 1)R(p;). (16)

Noting thatp; depends only on the channel gdip, in the sequel we usg, = g(h;;).

Lemma 1 Let us assumé&[p,] = ¢,,, 0 < a < 1 is fixed and the interference is strong enoudhl(] =

w(1)). Then with probability one (w. p. 1), we have
I; ~ (n—1)ag,, @an

as K — oo (or equivalentlyyn, — oo), wherea = aw. More precisely, substituting by (n — 1)dag, does

not change the asymptotic average sum-rate of the network.

Proof: See Appendix I. [ |

Lemma 2 For large values ofz, the links with a direct channel gain abovg;, = clogn, wherec > 1

is a constant, have negligible contribution in the netwoverage sum-rate.

Proof: See Appendix IlI. [ |
From Lemma 2 and for large values of we can limit our attention to a subset of links for which the

direct channel gain,; is less thanclogn, ¢ > 1.

Theorem 1 Assuming the strong interference scenario and sufficidiatige /<, the optimum power
allocation policy for (9) isp; = g(his) = U(hy; — 1), Wherer,, > 0 is a threshold level which is a
function ofn, and U(.) is the unit step function. Also, the maximum network avesge-rate in (4) is
achieved atM =1 and is given by

%%
Rype ~ — log K. (18)
a

Proof: The steps of the proof are as follows: First, we derive an uppend on the utility function
given in (16). Then, we prove that the optimum power allaatstrategy that maximizes this upper
bound isp; = g(hy;) = U(hy; — 7,). Based on this power allocation policy, in Lemma 4, we dethwe

optimum threshold levet,,. We then show that using this optimum threshold value, thgimam value

“Note that the power of the users are random variables, sieyeare a deterministic function of their correspondingdtichannel gains,

which are random variables.
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of the utility function in (16) becomes asymptotically themse as the maximum value of the upper bound
obtained in the first step. Finally, the proof of the theorantompleted by showing that the maximum
network average sum-rate is achievedlat= 1.

Step 1. Upper Bound on the Utility Function

Let us assume [p,] = ¢,. Using the results of Lemma B;(p;, h;) in (16) can be expressed as

= 14 hiipi
@ W hiipi
= ] 1 2
as K — oo, where
NoW

) 21
= (21)
In the above equations$q) follows from the fact that; is a known parameter for uséandp; = g(h;;)

is the optimization parameter. With a similar argument,) (@&n be simplified as

R(pi) =~ %Eﬁ log (1 o i”;p)ldqn - %ﬂ QA (22)
@ OA%E log (1 + T (nhﬁ];l)dqn . %> i

(1— a)%E log (1 i = 2)2;221+ NRY)] (23)

- %E [bg (1 - thg:; A)] +(1- a)%E [1og (1 + hif”)} : (24)

as K — oo, where the expectation is computed with respedi;toh;;, p; and3;;, and\ £ (n — 2)aq, +
%. Also, (a) comes from the shadowing model described in (1). Using (@), and the inequality

log(1 + x) < x, the utility function in (16) is upper bounded®as

W hi; aW hupy W
i(Dis i) < — D E 1 —a)—E [hyp] . 25
i) M [@zhquL)\'} ol Q)MX [hup] (25)
Noting thath;, is independent oh;;, i # [, we have
hup } /°° e Y
Buhap, + X174 T pr—— 26
{@'zhume)\’ Bu ) R Vi (26)
R —— N )
= ——elwibi| — , (27)
Bapi ( Gipi
where
p = E[hupi], (28)

®Note that the factofn — 1) in (16) is replaced by: in (25), which does not affect the validity of the equation.
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andEi(z) £ —f: e—;tolt, x < 0 is the exponential-integral functiofi34]. Thus, the right hand side of
(25) is simplified as

Wh“ auW 1 N W
wpeta) < =0 et (<) | - ) (29)

Bupi Bupi
where the expectation is computed with respect;toAn asymptotic expansion dfi(x) can be obtained
as [34, p. 951]

L-1
. e’ k! N
k=0

asr — —oo. SettingL = 4, we can rewrite (29) as

W hi; aWu Bupi Bupi ? Bupi ’
(pihy) < =2 E|(1- 2 -
wilpishi) < AP ( N ( N ASY *
aWp Bupi |4 W
nMXIE{O< v )} +n(1—a)MX (31)

W Wha 0V (1 2B ok (—) —6n (%) )+n(1—a)Wﬂ (32)

M X MN N N MN
£ 5 (i, hia) (33)
as\ — oo, wherex £ E[2] andn £ E[3};], and(a) follows from the fact that for large values of,
am. 14
the termE |O ﬁ’)lfj’ can be ignored.

Step 2: Optimum Power Allocation Policy fag;(p;, hi;)

A ; ain(pi7hii)
[0,1], the second-order derivative of (32) in terms jof — =
Pi

) is positivé as )\’ — co. Thus, (32) is aonvexfunction of p,. It is known that a

Using the fact thafp; €
aWpu (41@ 36m

Tax \v2 T sh
convex function attains its maximum at one of its extremensbiof its domain [35]. In other words, the
optimum power that maximizes (32) js € {0, 1}. To show that this optimum power is in the form of a
unit step function, it is sufficient to prove that = g(h;;) is a monotonically increasing function éf;.
Suppose that the optimum power that maximize&;, h;;) is p; = 1. Also, let us defineh;i L hy+6,

whered > 0. From (32), it is clear thaE;(p;, h;;) is @ monotonically increasing function éf;, i.e.,
Zilpi = 1, hy;) > Zilpi = 1, hay). (34)
On the other hand, since the optimum powep,is= 1, we conclude that
Zilpi =1, hy) > Zi(pi =0, hy). (35)

Using the fact thaE;(p; = 0, hy;) = Zi(p; = 0, hy;), we arrive at the following inequality

» 1o

Zi(pi = 1, hy;) > Zi(pi = 0, hyy). (36)

» 199

®It is observed from (30) and (32) that for any valuelof> 4, the second-order derivative of (32) in termsygfis positive too.
"In the power domainZ = [0, 1], the extreme points ar@ and 1.
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From (34)-(36), it is concluded that %;;) is a monotonically increasing function éf;. Consequently,

the optimum power allocation strategy that maximize&,;, h;;) is a unit step function, i.e.,

. 1, if h“ > Ty
Di = . (37)
0, Otherwise

wherer, is a threshold level to be determined. We call this tineshold-based on-off power allocation

strategy It is observed that the optimum powgyris a Bernoulli random variable with parametgy; i.e.,

A An, ﬁl = 17
f(pi) = X (38)
1- dn, DPi= 07
wheref(.) is the probability mass function (pmf) ¢f. We conclude from (37) and (38) that the probability
of link activation in each cluster ig, = P {h;; > 7,} = e~™ which is a function ofn.

Step 3: Optimum Threshold Level,

From Step 1, it is observed that for every valueppfve have
wi(piy hii) < Zi(ps, his). (39)

The above inequality is also valid for the optimum powebbtained in Step 2. Thus, using the fact that
for X <Y, E[X] < E[Y], we conclude

Elui(pi, his)] < E[Z;(pi, i), (40)

where the expectations are computed with respedt;toln the following lemmas, we first derive the
optimum threshold levet, that maximize€[=; (p;, hi;)], and then prove that this quantity is asymptotically
the same as the optimum threshold level maximi&iB&g:;(p;, h:;)], assuming an on-off power scheme.
We also show that the maximum value Bfu;(p;, hi;)] (assuming an on-off power scheme) is the same

as the optimum value dE[=Z;(p;, hi;)], proving the desired result.

Lemma 3 For large values ofn and given0 < « < 1, the optimum threshold level that maximizes
E[Z;(ps, hi;)] is computed as
Tn ~ logn. (41)

. |74
Also, the maximum value &f[=;(p;, h;;)] scales asm log n.
(6%

Proof: See Appendix IlI. [ |

Lemma 4 For large values ofn and given0 < o < 1,

8n fact, since the threshold, is fixed and does not depend on a specific realizatioh;of finding the optimum value of,, requires

averaging the utility function over all realizations bf;.
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i) The optimum threshold level that maximiZ&ls,; (p;, h;;)| is computed as
7, = logn — 2loglogn + O(1), (42)

i) The probability of link activation in each cluster is @n by

1 2
g = 02" (43)

n

whered > 0 is a constant,

. W
iif) The maximum value oE|[u;(p;, hi;)| Scales asm log n.
(6%

Proof: See Appendix IV. [ |
Step 4: Optimum Power Allocation Strategy that Maximizgp;, ;)

In order to prove that the utility function in (16) is asymgtally the same as the upper bousdp;, h;;)
obtained in (32), it is sufficient to show that the low SINR daions in (20) and (24) are satisfied. Using

(20), (21) and (43), the SINR is equal té)\ﬁ, where

w

N,
A~ adlog?n + 34 ) (44)

It is observed thaf goes to infinity as: — oo. On the other hand, since we are limiting our attention

to links with h;; < hyy, = clogn, we have

hiip 1
= 45
A © (log n) ’ (45)

whenn — oo. Thus, for large values ofi, the low SINR condition,% < 1, is satisfied. With a

similar argument, the low SINR condition for (24) is satidfidtHence, we can use the approximation
log(1 + ) =~ z, for z < 1, to simplify (20) and (24) as follows:

5 W hy;
Ri 7 h“‘ ~ = i 46
i hs) ~ ZF 3P (46)
R aW hup 11,74
R(p;) ~ E DR U -
(p ) M {@'lhilpi + )\’} + ( a) MN [ llpl] ( )

Consequently, the utility function;(p;, h;;) is the same as the upper bouBgp;, h;;) obtained in (32),
whenn — oo. Thus, the optimum power allocation strategy for (9) is taes as the optimum power
allocation policy that maximizeS;(p;, hi;)-

Step 5: Maximum Average Network Sum-rate

Using (8), the average utility function of each usekE [v;(p;, hii)], i € C;, is the same as the average

sum-rate of the links in clustet; represented by

Ré];)e = ZE [Ri(lf’(j),ﬁl(.j))] , j=1,...,M. (48)

i€C;
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(J

whereP"” is the on-off powers vector of the links in clustés. In this case, the network average sum-rate

defined in (4) can be written as

M
Rave = Z R((l];;)e (49)
j=1
o Ih (50)
«
: . . K
where (a) follows from (D-20) of Appendix IV. Using (42), and notingahn = U we have
_ w K
~ — log —. 1
Rave a ogM (51)

Step 6: Optimum Spectrum Allocation

According to (50), the network average sum-rate is a monoétly increasing function of,,. Rewriting

equation (D-15) of Appendix IV, which gives the optimum télneld value for the on-off scheme:

> An 7/;77' 1 An
—e log (1 + 7 6A ) + — +j- = 07 (52)
no no + 7,e’™
it can be shown that
2™ 2 na, (53)

which implies thatr, is an increasing function of. Therefore, the average sum-rate of the network is an

increasing function of. and consequently, noting that= % is a decreasing function df/. Hence, the

maximum average sum-rate of the network for the strongference scenario artl< o < 1 is obtained

at M =1 and this completes the proof of the theorem. [ ]
Motivated by Theorem 1, we describe the proposed thredhaded on-off power allocation strategy

for single-hop wireless networks. Based on this schemeisalts perform the following steps during each

block:
1- Based on the direct channel gain, the transmission pdicy
1, if h“‘ > Ty
0, Otherwise

2- Knowing its corresponding direct channel gain, eachvaatser: transmits with full power and rate

(n —1)ae=™ + =%

hi;
R; = log (1 + NoW) . (54)

3- Decoding is performed over sufficiently large number afclb, yielding the average rateg% log K

for each user, and the average sum-ratéldbg K in the network.

°In deriving (53), we have used the fact thﬁ% < 1, which is feasible based on the solution given in (42).
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Remark 1- Theorem 1 states that the average sum-rate of the networkxéat M/ depends on the

value of& = aw and scales a& log £. Also, for values of\/ such thalog M = o(log K), the network

average sum-rate scales 4slog K.

Remark 2- Let m; denote the number of active links @,. Lemma 4 states that the optimum selection

of the threshold value yield8[m,| = ng, = © (log2 n) More precisely, it can be shown that the optimum

number of active users scales @S{logz n) with probability one.

B. Moderate and Weak Interference Scenaribg,( = O(1))

Theorem 2 Let us assumé is large and)M is fixed. Then,

i) For the moderate interference (i.€E[/;] = ©(1)), the network average sum-rate is bounded by

Ruve < O(logn).

ii) For the weak interference (i.eE[[;] = o(1)), the network average sum-rate is boundediy, <

o(logn).

Proof: i) From (4), we have

M
= w hup
R(we = E |- IOg (1 + T | NoW
Jj=11€C; M Il + #
@ X w [ ( piclogn
Jj=11€C; M L Il + #
o _
w piclogn
< ME log (1 + W
j=1 l€C; i M
) & w cq, logn
< . i log <1 NoW
j:1 lE(C]‘ M
9 Mo
S Fon% ogn,

(55)

(56)

(57)

(58)

(59)

where (a) follows from Lemma 2, which implies that the realizationsvimich h; > clogn for some

¢ > 1 has negligible contribution in the network average sura;i@) results from thelensen’s inequality

E [log z] < log(E[z]), x > 0. Also, (c) follows from the fact thatog(1l + z) < x, > 0. Since for the

moderate interferencé[l;] = ang, = O(1), and using the fact that/ is fixed, we come up with the

following inequality
_ cM
RCLU@ (i/NO
= O(logn).

IA

O(1)logn

(60)
(61)
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i) For the weak interference scenario, whéif;] = ang, = o(1), and similar to the part (i), it is
concluded from (59) that

— cM
< |

Rove < dNOO(l) ogn (62)
= o(logn). (63)

[ |
Remark 3- It is concluded from Theorems 1 and 2 that the maximum avesagerate of the proposed

network is scaled a®(log K).

C. M Not Fixed (Scaling WithK)

So far, we assume thatl is fixed, i.e., it does not scale witR. In the following, we present some
results for the case that/ scales with/x*°. It should be noted that the results fof = o( K) is the same

as the results in Theorem 1.

Theorem 3 In the network with the on-off power allocation strategyMif= ©(K) and0 < a < 1, then
the maximum network average sum-rate in (4) is less thandhat = 1. Consequently, the maximum

average sum-rate of the network for every valud ef M/ < K is achieved at\/ = 1.

Proof: See Appendix V. [ |

Remark 4- According to the shadow-fading model proposed in (1), itasrsthat fora. = 0, with
probability one,L;; = 0, k # . This implies that no interference exists in each clustethis case, the
maximum average sum-rate of the network is clearly achiéyedll users in the network transmitting at
full power. It can be shown that for every value oK M < K, the maximum network average sum-rate
for a« = 0 is achieved at\/ = 1 (See Appendix VI for the proof).

Remark 5- Noting that forM = K only one user exists in each cluster, all the users can corncaten
using an interference free channel. It can be shown thal/for K and every value 0 < o < 1, the

network average sum-rate is asymptotically obtained as

R(we ~ W(lOgK - IOg NOW - 7)7 (64)

where~ is Euler’'s constant (See Appendix VII for the proof). Theref for every value of < o < 1, it

is observed that the average sum-rate of the network in @ss than that od/ = 1 obtained in (18).
Remark 6- Note that forM/ = 1, in which the average number of active links scale®éeg® K) (in

the optimum on-off scheme), we have significant energy spinnthe network as compared to the case

of M = K, in which all the users transmit with full power.

Y0bviously, we consider the values 8f which are in the intervall, K].
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D. Numerical Results

So far, we have analyzed the average sum-rate of the netwdekms of M/ anda, in the asymptotic
case of K — oo. For finite number of users, we have evaluated the networkageesum-rate versus the
number of clusters\/) through simulation. For this case, we assume that all tleesus the network
follow the threshold-based on-off power allocation paligging the optimum threshold value. In addition,
the shadowing effect is assumed to lbgnormal distributed with meanc < 1 and variance 1. Fig. 1
shows the average sum-rate of the network vergusor K = 20 and K = 40, and different values of
a andw. It is observed from this figure that the average sum-ratehefrtetwork is a monotonically
decreasing function of/ for every value of(«, @), which implies that the maximum value @,,. is
achieved atV/ = 1.

Based on the above arguments, we have plotted the averageateirof the network versu&’ for
M = 1 and different values of«,w). It is observed from Fig. 2 that the network average sum-rate

depends strongly on the values (ef, ).

IV. NETWORK GUARANTEED SUM-RATE

Recalling the definition of the network guaranteed sum-naté5), in this section we aim to find the
maximum achievable guaranteed sum-rate of the networkelss/ithe optimum power allocation scheme

and the optimum value of/.

Theorem 4 The guaranteed sum-rate of the underlying network in thengsgtic case ofk — o is

obtained by
R, ~ Z log K, (65)
«
which is achievable by the decentralized on-off power alfimn scheme.

Proof: In order to compute the guaranteed rate for link C;, we first define the corresponding

outage event as follows:

oY = {Rl(P(j),[,l(j))<R(hu)} (66)

h
{log (1 I L #W> < R(hu)} : (67)
I + 2

In the following, we give an upper-bound and a lower-bound/g and show that these bounds converge

to each other a& — oo (or equivalentlyn — oo).
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Fig. 1. Network average sum-rate & for a) K = 20, « = 1, 0.5, 0.1 and shadowing model withs = 0.5 and variance 1,
and b) K = 40, a = 0.5 and shadowing model wittv = 1, 0.4, 0.1 and variance 1.
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Fig. 2. Network average sum-rate V§.for M = 1 anda) shadowing model witec = 0.5 and variance 1, and = 1, 0.7, 0.4, 0.1,

and b) shadowing model witte = 1, 0.7, 0.4, 0.1 and variance 1, and = 0.5.
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Upper-bound: An upper-bound on the guaranteed sum-rate can be given l®rdosunding the outage
probability as follows:

P {0{”} > P {% < R(hu)} (68)
= P {plh” — %R(h”) < IlR(h”)} , (69)
in which we have used the fact thiak;(1 + z) < x. Denotingr = h;;, we can write
p{of} < p {ernetme) < (R | (70)
Q| e (M R [ €AY (71)

for some positives (). In the above equatiorie) results from (69), noting that(») > 0, and(b) follows
from Markov’s inequality [36, p. 77], and the expectatiortaken with respect td,. The above equation
implies that finding an upper-bound fd@ [e~/¢)E()] is sufficient for the lower-bounding the outage

probability. For this purpose, using (2), we can write

—&(v)R(v) Zke(cj Lripk

B [e—Ilg(u)R(V)} — Ele kel (72)
(@) H E [e~¢0R0)Lrrk] (73)

keC;

k£
®) H E [e_ﬁ(V)R(V)uklﬁklhklpk} (74)

keC;

oy
(é) (E [6_5(V)R(V)“kl:3klhklpk])n_l kAL (75)

In the above equatior(z) follows from the fact that{ L }rec, With & # [, and {pi}rec, are mutually
independent random variable@) results from writingLy; as ugfrhy (from (1)), in whichuy, is an
indicator variable which takes zero whel, = 0 and one, otherwise(c) follows from the symmetry
which incurs that all the termg [e~¢"EWuabuhuri] | | € C;, are equal. Noting thaty,, B, hw, and
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pr are independent of each other, we have

E [e_ﬁ(V)R(V)uklﬁklhklpk} _ Eﬁkz [Ehkl [Eukz [ [ —ﬁ(V)R(V)uklﬁkzhkmk”H (76)
(a)
< Eﬁkl [Ehkl [Eukl [ 1— qn) + gne —&(v )R(V)Uklﬁklhkl}}] (77)
b
(:) Eg,, [Ehkl [ L- q" + (1 —atae S(V)R(V)Bklhkl)ﬂ (78)
(c) ady
= E 1 — agq, 79
o (1 + 79
O‘qnﬂklg( ) ( ):|
= E 1-— 80
o 1= T eI ©
() agnwé(v)R(v)
< — 81
S T T Gl RW) 51
() _ _aant@R®)
S [ 1+ﬁmax5(l’)R(V)_ (82)

In the above equatior(a) follows from the fact that=%* < (1 — z) + ze7?, V6 > 0 and0 < z < 1,
noting thatE[p;] = ¢,. (b) results from the definition ofi;;, which is an indicator variable taking zero
with probability 1 — « and one, with probabilityv. (¢) follows from the fact that a#,, is exponentially-
distributed, we havé&,,, [e~¢EWBuhlu] = WMR(W (d) results from the facts that,; < 3. and
E[fr] = w. Finally, (e) follows from the fact thatt — = < e~*, Vz and noting thatvew = &

Combining (75) and (82) and substituting into (71) yields

PLOP) > 1 e SRR ) SR (83)
= 1 = o SORO (i ) (- 58 (84)

wheret(v) £ T —

(n—1)agqn
T Bmaxt () R) T AT

Consider the cases @{/;} = w(1) (strong interference) of{I;} = O(1) (moderate interference).

7N)W ~
Let us definey £ min (1, W) Settingé(v) = g R(V)((E_l(ﬁ;q oy We havel+;§f,;?(°5§%—(u> +
max no2TM
Mo — (n—1)ag, + (1 — 2)M¥, and as a result,
- WM[(n 1)aqn+(1— )%] (1_ ) )
o)} > 1-¢ el ] T (®5)
s 1o RO 6)

Since 772" = ©(1), it follows that the necessary condition to haﬁ?e{(’)l(j)} — 0 is havingR(v) <

t(v) = v . In other words,
(v) (n—1)agn+(1-7) Yo"

v
R*(v) < 87
(”)N(n—1>@qn+<1—g)NfMW’ (87)
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which implies thatR, defined in (5) is upper bounded by

> v
R, < nWE, 88
g ~ N (n — 1)dqn i (1 — Z)NOW ( )

B nWE, [pv]
~ (n—1)ag, + (1 — 1) (89)

Now, defining¥,, = logn + 2loglogn, we have

E, [pv] < Elpwly <V, )Py <0, } +Eprly > U, |P{v > V,} (90)
%) @V, +Ev|y > U, | P{v > ¥,} (91)
QU+ (T, + D (92)
< qn logn. (93)

In the above equatior{z) comes from the facts that

and0 < p; < 1. (b) results from the fact that is exponentially-distributedc) follows from the facts that
i) as we are considering the strong and moderate interfersoenarios, it yields that — 1)agq, = (1),
or equivalently,g, = Q(2), and ii) the term(¥,, + 1)e~ ¥~ scales asnlgm (due to the definition ofl,,)

which is negligible with respect to the first terqp¥,,. Combining (89) and (93) yields

_ Wng, logn
R, < 94
S Do+ (1 o
%4
< Wiogn (95)
(6%
N W log K. (96)
(6%
In the case of weak interference, we have
_ E
Ry, < nW ]%” | 97)
M
Mn
= —E ) 98
N (1] (98)
Rewriting (92), we obtain
Elpr] < ¢, + (U, +1)e ", V¥, > 0. (99)
Selectingl,, = log(¢2) and definings £ ng,, we have
_ 2M
R, < =5 (logn —log(e™). (100)

No
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As in the weak interference scenario we have: o(1), it follows from the above equation thdt, =
o(Wlogn) in this scenario. Comparing with (96), it follows that

Ry S Z log K. (101)
«

Lower-bound For the lower-bound, we consider the on-off power allogascheme withr,, = logn —

2loglogn. Also, assume that/ = 1 (or equivalentlyn = K). Noting ¢, = e~ ™, we obtain
E[)] = (n — 1)aq, = O(log®n). (102)

Therefore, using the result of Lemma 1, it is realized thahwirobability one(n — 1)aqg,(1 —¢) < I; <

(n — 1)&q, (1 + €), for somee = o(1). In other words, defining

A pv
D(v) = log (1 + (- Do+ %> , (103)

it follows that
P{R (PP, £{") < o)} = o(1), (104)

which implies thatR*(v) > &(v). As a result,

R, > nWE[®(v)] (105)
pv
= nWE |log [ 1+ 106
g( (n—l)dqn(1+e)+N§4W>] (106)
@ nW /OO log [ 1+ - v N7 | e Vdv (207)
. (n —1)aq,(1 +€) + =57

> nW/ log [ 1+ - - e "dv, (108)

Tn (n - I)QQTL(I + 6) + NJ\/}/V

where ¥,, = logn + 2loglogn and (a) follows from the on-off power allocation assumption. As —

1)aq, (1 + ¢) = O(log?n), it follows that( 0 (Z+ W = o(1) in the interval(r,, ¥,], which implies
n—l)agn € M
that

V I/
log | 1+ ~ ’ 109
& ( (n— 1Dag,(1+ ) + fo) (n = 1)agn(1 +€) + "o 1o
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in the interval of integrationr,,, ¥,]. Hence,

_ Un v
Ry 2 nW ~d 110
oo~ /T (n—l)dqn(1+e)+N§4We v (110)
nW T ,
= et [ ved (111)
n M Tn
nW . -
= o Dan( g mw (e = (Tt e (112)
n M
(a) nWt,qn
~ 113
(n— Daga(l+ ) + BT (113)
~ logn (114)
(6%
= ek, (115)
8%

where(a) results from the facts thatl,, + 1)e~ " < (7, + 1)e"™ ande™™ = ¢,. Combining the above
equation with (101), the proof of Theorem 4 follows. [ |
Remark 7- Similar to the proof steps of Theorem 1, it can be shown thatdptimum value of
M is equal to one. In fact, since the maximum guaranteed stenefathe network is achieved in the
strong interference scenario in which the interferencen tetales as.aq, with probability one, it follows
that the maximum network average sum-rate and the netwaakagteed sum-rate are equal. Therefore,
the optimum spectrum sharing for maximizing the networkrgoteed sum-rate is the same as the one

maximizing the average sum-rate of the netwaik € 1).

V. CONCLUSION

In this paper, a distributed single-hop wireless networthwi links was considered, where the links
were partitioned into a fixed numbe#) of clusters each operating in a subchannel with bandw}@ith
The subchannels were assumed to be orthogonal to each Atgeneral shadow-fading model, described
by parametersa, w), was considered where denotes the probability of shadowing and (o < 1)
represents the average cross-link gains. The maximumadhéenetwork throughput was studied in the
asymptotic regime ofX — oo. In the first part of the paper, the network throughput is @efias the
average sum-ratef the network, which is shown to scale @glog K'). Moreover, it was proved that in
the strong interference scenario, the optimum power dilmecastrategy for each user was a threshold-
based on-off scheme. In the second part, the network thpuigh defined as thguaranteed sum-rate
when the outage probability approaches zero. In this stenawas demonstrated that the on-off power
allocation scheme maximizes the network guaranteed stenwdich scales a%i log K. Moreover, the
optimum spectrum sharing for maximizing the average sus-aad guaranteed sum-rate is achieved at
M =1.



SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY 24

APPENDIX |

PROOF OFLEMMA 1

Let us definey, £ Lpr, Where L,; is independent ofy, for k # i. Under a quasi-static Rayleigh
fading channel model, it is concluded that's are independent and identically distributed (i.i.dndam
variables with

Elxe] = E[Lupi] = aqgn, (A-1)
Var[x,] = E [XZ} — E? [xu] (A-2)
< 2ang — (Gg.)% (A-3)

whereE [h?,] = 2 anda £ aw. Also, (a) follows from the fact thap? < pi. Thus,E[p?] < E[pi] = ¢n.

The interferencd; = > iec, xx IS a random variable with mean, and variance)?, where

ki
223 S E [Iz] = (n - 1)dQn> (A'4)
07 £ Var[l[] < (n—1)(2akg, — (4gn)*) < (n — 1)(2arkgy). (A-5)
Using theCentral Limit Theoreni37, p. 183], we obtain
Bl -l <)~ 1-Q (%) ()
(a) _n
> 1—e 29, (A-7)

for all ¢,, > 0 such thaty,, = o (n%ﬁn) In the above equation, th@(.) function is defined a§)(z) =
= e~**/2du, and(a) follows from the fact that)(z) < e, Yz > 0. Selectingy,, = (ngn)® V20,

we obtain

1

P{L — ] < G0} > 1—e o, (A-8)

Therefore, defining £ %

O <(nqn)‘%>, we have
P{n(l—e) <L <pn(l4e)} > 1— ¢ et (A-9)

Noting thatng, — oo, it follows that I; ~ pu,,, with probability one. Now, we show a stronger statement,
which is, the contribution of the realizations in whigh — x,,| > v, in the network average sum-rate is
negligible. For this purpose, we give a lower-bound and gretpound for the network average sum-rate
and show that these bounds converge to each other in theystrtanference regime, whety, — oo. A

lower-bound denoted bﬁéﬁi, can be given by

log (1 + 71@ n NXX,)

Pilis —(ngy) T
log<1+u(1+6)+M>] 1 comt], (10)

RW)

ave

>

nWE

|]z - :un| < wn] ]P){Hz - ,un| < wn} (A-lO)

v

nWE

M
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which scales a%i log n (as shown in the proof of Theorem 1, by optimizing the powkarcaition function).

An upper-bound for the network average sum-rate, denote&ﬁfé&, can be given as

D, i ﬁzhu ]
Ry} = nWE |log (1 + W) Li = | < b | P{IL; = | < b} +

i ﬁlhu ]
nWE |log (1 + W) i = pn| = o | PA|L; = pn| = 0} (A-12)
(L i Dilvii _ I
< R0 +nWE |log [ 1+ S | | e o) (A-13)
L M
(@)  _ D, s 1
< RL) 4+ nWE Jf%—hW] e~ (nan)? (A-14)
A
v RE) L WO (ng, logn)eman)? (A-15)
<R (A-16)

In the above equation) follows from the fact thatlog(1 + z) < =z, (b) comes from the facts that
E{p;hii} < gnlogn (this is shown in the proof of Theorem 4) afd” is fixed, and finally,(c) results
from the fact that asg, — oo, nqne‘(”q”)% — 0. The above equation implies that substitutiRdy its
mean (n — 1)agq,) does not affect the analysis of the network average suenimathe asymptotic case

of K — oo.

APPENDIX Il

PROOF OFLEMMA 2

Denoting T, 2{lc C; | hu > hry}, the cardinality of the sef; is a binomial random variable with

the meamP{h; > hyy}. From (4), we have

Rave = ZE Z Rl<|5(j)7 El(J)) ) (B_l)
j=1 LeC;
where
EYREY L)) =E S REY. )| +E| Y REY LD, (8-2)

leCy leT; 1eT¢
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in which TS denotes the complement @f;. Note that

D) G w_ | hup
Z Rl(P(J)u El(j)) = TLME log (1 + %) hy > hTh] ]P{h” > hTh} (B'3)
l€T, i ]
w_ | h
< TLME log (1 + No—lifV> hy > hTh] P{h” > hTh} (B'4)
L M
(a)
< ﬂe_hThE [h”‘h” > hTh] (B'S)
No
n
= ﬁoe_h”(l + hrn), (B-6)

where(a) follows fromlog(1+ z) < z, for z > 0. It is observed that fohy;, = clogn, wherec > 1, the

right hand side of (B-6) tends to zero as— oco. Thus,

lim E | R(PY,£7)] =o0. (B-7)
T ey
Consequently,
M . ’
im ST SRV, £7)| =0, (B-8)
j=1 IET;

and this completes the proof of the lemma.

APPENDIX |11

PROOF OFLEMMA 3

Using (32), we have

B )] ~ ] + S (1= Tl + TRED - R ) +
n(l— a) ]\M;)A\L/ A (C-1)
© ]\VJVA(l + Ta)n — Z;K(l +7)dy + %(1 + )4y —
WTVKI??G +T0)@E + Xf;(l + 70 )n (C-2)
< A‘Z@(H +§1(+ )T”—§—2(1+ )QT”)v (C-3)
where&; £ 2’? and &, £ 67]2 ) follows from the fact thatE[h;p;] = pu =
woo woo

(14 7,)gn, and(b) results from i)\ = (n—1)ag, + 22 ~ nag, and\' ~ nag, incurred by the fact that
A> 1, and ii) ¢, = e~ ™. Sincenag, — oo, it follows that the right hand side of (C-3) is a monotonigal
increasing function ofr,, which attains its maximum when, takes its maximum feasible value. The

maximum feasible value of,, denoted as,,, can be obtained as

nae " — oo = T, ~ logn. (C-4)
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. . . W
Thus, the maximum achievable value {=;(p;, h;;)] scales as]\T log n.
(6%

APPENDIX IV

PROOF OFLEMMA 4

i) Using (8) and assuming that all users follow the on-off poalécation policy,E[u;(p;, hi;)] can be

expressed as

Blus(pi, hi)] = 3B [R(PY, )], j=1,..0M, (D-1)
leC;

where the expectation is computed with respeck;taand 7,. Noting thatg, = P {h; > 7,}, we have
E[R(P, )] = B[R L) hu > 7] Pl >} +
E [Rl(ﬁ) ,ﬁl(] )‘ hy < Tn] P{hy <.} (D-2)

= an [Rl(ls(J), EI(J))‘ hll > Tn:| + (1 — qn)E [Rl(ls(J), EI(J))‘ hll S Tn] .

hu
log |14+ ——=—
g ( I, + NJOV[W>

For large values of{, we can apply Lemma 1 to obtain

Since forhy, < 7,, p; = 0, it is concluded that

) W
E [RI(P(J),El(”)] - qM E

hy > Tn] . (D'3)

NORAG W hy
E P C /S 1 1 h " D-4
(P72 Mo ( T Dag. T BE )| ©-4)
W h
= qM E {log (1 + %) ‘ hy > 1|, (D-5)

where the expectation is computed with respeck;toUsing the Taylor series fdpg(1 + ), (D-5) can

be written as

NORAE @ W = (1)1
E[Rl(PJ,[,;J))} ~ Z< k;k E [nf] hu > 7] (D-6)
k_
((l) Qn k
~ [hE| hy > 7, D-7
Zk‘naq ll} ll>7'} (D-7)
T M & k(nag,)*
W Tn
- log ( 1 D-
M og( +ndqn) (D-9)
© € "W e (1+7"6 ) (D-10)
no

where(a) follows from the fact that for large values of A\ ~ nag,. Also, (b) results from the fact that

under a Rayleigh fading channel model,

E [hy| hy > 7] = 14+ 74, (D-11)
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E [hgy| hu > 7] = 74 + KE [B!| hu > 7] - (D-12)
i n ot Tn . . . .
Since A > 1, the term L1 A‘:m | « E[h”AJ,hfl> ], which implies that we can neglect this term and

simply write E [hf;| hy > 7,,] =~ 7F. (c) results fromg, = e~™. Thus, (D-1) can be simplified as

ne "W og (1 v T"ef) . (D-13)
no

E[Uz(ﬁz, hu)] ~ Vi

In order to find the optimum threshold value:

7, = arg max E[u;(p;, hi;)], (D-14)

n

we set the derivative of the right hand side of (D-13) withpexs tor,, to zero:

. F,emn 147
—e~ log (1 4 e ) I s MY (D-15)
no no + 7,e’™
which after some manipulations yields
7, = logn — 2loglogn + O(1). (D-16)
i1) Using (D-16), it is concluded that
G = €™ (D-17)
2
_ slos n (D-18)
n
where/ is a constant.
iii) Using (D-16), we have
A 7/;77, 1
" _ ¢ ( ) , (D-19)
n logn
which implies that the right hand side of (D-13) can be wnittes
RH (D-13) ~ o (D-20)
Ma

Thus, the maximum value fd&[u;(p;, hi;)] in (D-13) scales as]\?/—d log n.

APPENDIXV

PROOF OFTHEOREM 3

Let us defined; as the set of active links in clustg¢r The random variable:; denotes the cardinality of
the setA;. Noting that forA/ = ©(K), limy_.., 3¢ is constant, it is concluded thatandm; € [1,n] do
not grow with K. To obtain the network average sum-rate, we assume thatgamoalusters,I” clusters

havem,; = 1 and the rest have:; > 1. We first obtain an upper bound on the average sum-rate in each
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cluster whenm,; =1, 1 < j < M. Clearly, since only one user in each cluster activatesraissmitter,

I, = 0. Thus, by using (48), the maximum achievable average stenefaclusterC, is computed as

W M
RY) = _E|log [ 14+ ——humax | | , E-1

whereh, .« = max {h,—,-}iecj is a random variable. Sindeg x is a concave function of, an upper bound

of (E-1) is obtained througlensen’s inequality [log 2] < log(E [z]), = > 0. Thus,

w M
RY) < 17 log (1 + NOWE [hmax]) . (E-2)

Under a Rayleigh fading channel model and noting tpiat} is a set of i.i.d. random variables over

i € C;, we have

Fhmaz (y) = IP){hmax < y}, y > 0 (E_3)
= ] P{hi<v} (E-4)

i€C;
= (1-e)", (E-5)

where £, (.) is the cumulative distribution function (CDF) &f,.... Hence,
E [Pnax] = /0 h nye™ (1—e¥)" " dy. (E-6)
Since(1 — e‘y)"‘1 < 1, we arrive at the following inequality
Bl < [ ety =n. (E-7)
0

Consequently, the upper bound of (E-2) can be simplified as

W K
R < —log (1 : E-

Form; > 1 and due to the shadowing effect with parametersw), the average sum-rate of cluster

C; can be written as
RY), =Y —F |log |1+ i :
iCA, M ZkEA ukﬁkzhkz N W
J k;ﬁz
whereu,’s are Bernoulli random variables with parameterThus,

RY) = _Z Z (m] ) (1—a)™'E |log <1+Ef7’jvow>] (E-10)
l

1€A; =0
i
E[log |1+ NoiV +
M

= -
7 Z Z (m] ) (1 — )™ 'K |log (1 + = fsz)] : (E-11)

(E-9)

1€A;
ZEA =1
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whereY; is the sum ofl i.i.d random variableqd Z; , where Z; & Byihui, k # i. Form; > 1, ¥, is
i=1 J

greater than the interference term caused by one integféink. Thus, an upper bound on the average

Y
log (1 + —N0W>
M

mj—1
% Z Z (mjl_ 1) Ozl(l N a)mj—l—lE

’iEA]‘ =1

sum-rate of cluste€; is computed as

w -
RY < —mi(l—a)"'E

_'_
ave — M

Y
log (14— )1, E-12

whereY £ h,.. = max {hu‘}iecj- According to binomial formula, we have

mj;—1

—1
Z (mjl )ozl(l —a)m T =1 - (1 =)™ (E-13)
=1
Thus,
W e Y
R((z]ve S Mm (1 — Oé) J IE log (1 -+ W) -+
W my—1 Y
M (1 — (1 — Oé) )E IOg (1 -+ W)] . (E'14)
We have
Y Y
1+ —= || <E|l 1+ . E-15
( ﬁkl hkz NOW ) - |: o8 ( ﬂminhki )} ( )
Defining Z £ Buinhy; and X = 2, the CDF of X can be evaluated as
Fx(z) = P{X <z}, >0 (E-16)
= P{Y < Zz} (E-17)
= / P{Y < Zx|Z =z} fz(2)dz (E-18)
0
[e’e] n 1 .
_ / (1—c=)" Lo mnde (E-19)
0 /Gmin
_ / (1 — ethoma)" et (E-20)
0
Thus, the probability density function of can be written as
dFX ([L’)
= E'21
fx (@) - (E-21)
= Buin / nte” (i) (1 o= thnin®) "0 gy (E-22)
0
< Bumin / nte !+ Bmin®) gy (E-23)
0
n/gmin

- (1 + Bminz)? (524
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Using the above equation, the right hand side of (E-15) canpgper-bounded as

E [log <1 + 6mi):hki):| = /000 fx(x)log(l + x)dx (E-25)
< log(1l+ z)
< nﬂminA mdl’ (E-26)
1108 B _
T =20
— o(1), (E-28)

where the last line follows from the fact that< g.;, < 1. Substituting the above equation in (E-14)

yields
RY) < %mj(l — )™ 'E |log (1 + NOLW> +
M
%mj (1-(1-a)™ e (E-29)
@ W K w
< (1l — )L _ -
< Mmj(l «) log (1+NOW) +@(M> (E-30)
w my—1 K
= Mmj(l —a) log (1 + NOW) [1+o0(1)], (E-31)

where (a) follows from (E-8) and the fact thai; € {2,...,n} does not scale with.
Let us assume that amony clusters,I" clusters haven; = 1 and for theM — I' of the rest, the
number of active links in each cluster is greater than oneuslgg (E-8) and (E-29), an upper bound on

the network average sum-rate is obtained as

_ r'w K
ave S —1 1
R i og( + NOW) +

(M — r)%mju — )™ log (1 + wa) [1+0(1)]. (E-32)

To compare this upper-bounded with the computed networkageesum-rate in the case of = 1, we
note that asv < 1 anda < 1, we havea < 1 and consequently,
mlog<1—i- il )<walog(1+ )
M NoW Ma NoW

To prove that the maximum network average sum-rate obtaméd-32) is less than that value obtained

(E-33)

for M =1 from (18), it is sufficient to show

W - K W K
(M — F)Mmj(l —a) log (1 + NOW) < (M F)Md log (1 + NOW) ; (E-34)

or

(E-35)

o

mj(l — Oé)mj_l <
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Sinced < a, it is sufficient to show thatn;(1 — «)™ = < 1. Defining A(e) = am;(1 — o)™, we

have
OA(a)
Oa
Thus, the extremum points df(«) are located atv = 1 anda = mij wherem; € {2,...,n}. Itis observed

that

= mj(l — Oé)mj_2(1 — ozmj). (E'36)

A)=0<1, (E-37)

A (L) _ (mﬂ‘ - 1)mj_ <1 (E-38)
mj m;

SinceA(«) < 1, we conclude (E-34), which implies that the maximum aversgm-rate of the network

and

for M = ©(K) is less than that ofi/ = 1. Knowing the fact that for\/ = o(K), similar to the result
of Theorem 1, one can show that the maximum average sum-rate metwork is achieved at/ = 1,

it is concluded that using the on-off allocation scheme,ntfaximum average sum-rate of the network is
achieved atV/ = 1, for all values ofl < M < K.

APPENDIX VI

PROOF OFREMARK 4

Using (3) and (4) and for every value of< M < K anda = 0, the average sum-rate of the network

W hi;
i log (1 + NOW)] ; (F-1)

M

is simplified as

M
R(we = Z Z E
j=1 ieC;
where the expectation is computed with respecho Under a Rayleigh fading channel condition and

using the fact that = % (F-1) can be written as

_ o0 M
Rope = nW/O e “log (1 + NOWx> dx (F-2)
KW »~ NoW
= e E1< iy ) (F-3)
KW nNow [ e_tNRIW
= et /1 —dt, (F-4)

whereE, (z) = —Ei(-z) = [~ 8;“ dt, x > 0. Taking the first-order derivative of (F-4) in terms of

yields,

(F-5)

B M M M2

R K N, N, K
= (50 e (50 < 5

. ORuve . o :
Since for every value oV, W, YA IS negative, it is concluded that the network average sumisaa

monotonically decreasing function éf/. Consequently, the maximum average sum-rate of the network

for « = 0 and every value of < M < K is achieved at\/ = 1.
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APPENDIX VII

PROOF OFREMARK 5

From (3) and (4), the average sum-rate of the network is gbxen

Z R, (P, LY (G-1)
= ?ZE log ( AZ%)] : (G-2)
i=1

where the expectation is computed with respech$o Under a Rayleigh fading channel condition, we

have
R = W/OO “Flog | 1+ K d (G-3)
ave — . € g NOWJI T
NoW
= We kK, ( 0 ) . (G-4)
K
To simplify (G-4), we use the following series represewmtatior E; (z),
s+1 s

Ei(z )I—'y—i-log( )+Z aal x>0, (G-5)

where~ is Euler’s constant and is defined by the limit [34]

—~ 1
v £ lim (Z 5~ log s> = 0.577215665...

Thus, (G-4) can be simplified as

_ NoW )5t NgW\?
Rype = We <—~y+1og(NOW) Z SS' (;{ )) (G-6)

s=1

In the asymptotic case dk — oo,

NoW

e K =1, (G-7)
and
0 s+1 N()W
~ 0. G-8
; ss' ( K ) 0 (G-8)

Consequently, the network average sum-rateMbe K is asymptotically obtained by

Rave = W (log K — log NoW — 7). (G-9)
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