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Abstract— Channel Inversion, and its Minimum Mean Square
Error (MMSE) variation, are low complexity methods for Space
Division Multiple Access (SDMA) in Multiple Input Multiple
Output Broadcast Channel (MIMO-BC). As the channel matrix
deviates from orthogonal, these methods result in a waste of
transmit power. This paper proposes a trellis precoding method
(across time and space) to improve the power efficiency. Adopting
a 4-state trellis shaping method from [1], the complexity of
the proposed method, which is entirely at the transmitter side,
is equivalent to the search in a trellis with 4N states where
N is the number of transmit antennas. Numerical results are
presented showing that the achievable gains, which depend on
the channel realization, can be significantly higher than the
traditional shaping gain which is limited to 1.53dB.
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I. I NTRODUCTION

Information theoretic results show that the capacity of a
point-to-point wireless fading channel scales bymin(Nt, Nr)
whereNt andNr are the number of transmit and receive an-
tennas, respectively [2]. In practice, data is usually transmitted
to several resource limited mobile units, each with a small
number of antennas (MIMO-BC). Provided that the transmitter
(with Nt antennas) knows the channel, through precoding one
can still achieve a scaling ofmin(Nt, Nr) for the sum rate
whereNr is the total number of receive antennas [3]. In this
paper, we assumeNt = Nr = N and consider only single
antenna users; however, the methods presented can be easily
generalized to include multi-antenna receivers.

The most widely known method for precoding over MIMO-
BC is based on adding a vector modulo operation (precoding
across space) at the transmitter/receiver sides. This results in
many different symbols to represent the same message [4].
The transmitter finds a symbol among possible choices which
has a small energy, but is still, after the modulo operation,
equivalent to the original data. In the context of canceling
known interference, it is known that a similar modulo opera-
tion can be performed with respect to the voronoi region of a
large dimensional shaping lattice (precoding across time) [5]
[6] [7]. By utilizing the trellis nature of the shaping code,
this minimization can be performed using Viterbi algorithm.
In view of these earlier works, the current article proposes a
method for joint precoding across both space and time using a
trellis structure. To do this, each user is equipped with trellis
shaping across time, and the trellis representations of different
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users are combined into a super trellis1 to facilitate spatial
precoding. The branches in the super trellis correspond to vec-
tors of spatial dimensions across different transmit antennas.
To calculate the branch metrics, we examine two cases: For
Zero Forcing (ZF), we allow no interference among users and
branch metrics are the transmit energy. In the MMSE case,
we allow for interference among users and the branch metrics
reflect the MMSE criterion. The amount of gain depends on
the channel realization, and, in the MMSE case, on the power
level (the lower the power, the greater the gain).

Section II is devoted to problem statement. Section III
reviews the concept of sign bit shaping, the simplest form
of trellis shaping, and develops the super trellis to perform
precoding across time and space. In Section IV, we combine
the process of vector precoding with trellis shaping. In Section
V, we examine the performance of the proposed method, and
finally in Section VI, we provide our conclusions.

Notation: Bold uppercase (lowercase) represent matrices
(column vectors);E{·}, (·)H , represents the expectation, and
Hermitian transpose, respectively.I represents the identity
matrix of sizeN .

II. SYSTEM MODEL AND PROBLEM FORMULATION

This paper deals with channels which can be represented
by

y = Hs + n (1)

s.t. E{‖s‖2} ≤ P ,

wherey is a column vector representing the received signals,s
represents the transmitted signals subject to a power constraint
of P , n represents complex Additive White Gaussian Noise
(AWGN) with covariance matrixσ2I , and H represents the
channel matrix. We assumeH to be square and invertible,
although not necessarily well conditioned. Without loss of
generality, (1) can be written as

y = HH−1

√
P

γ
(u + ε) + n whereγ = ‖H−1(u + ε)‖

=
√

P

γ
(u + ε) + n

s.t. E{P} ≤ P ,

where u and ε represent message and interference terms,
respectively. For the users to decode their received signals,
they must have knowledge of the scaling factor

√
P

γ . The

simplest way for this to occur is thatc =
√

P
γ to remain

1States in the super trellis correspond to all combinations of states in the
individual users’ trellis diagrams.
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constant [4] which is the assumption hereafter. Assuming the
power constraint is satisfied with equality, we obtain

y = c(u + ε) + n wherec =
√

P/E{γ2}.
As we will see later, this model simplifies the derivation of
the Minimum Mean Square Error (MMSE) solution.

III. S IGN BIT SHAPING FORMULTIPLE USERS

A common method for shaping is based on using the
voronoi region around the origin of a lattice constructed using
a binary codeCshaping [8], and in specific, a convolutional
code represented by a trellis diagram (Trellis Shaping) [1].
Sign bit shaping is the simplest form of trellis shaping in which
only the first 2 bits of the transmitted constellation points
(sign of the real and imaginary parts using Grey mapping)
are modified by (modulo 2) addition of a codeword{ci} ∈
Cshaping. Information can therefore be stored in the syndrome
of the shaping codeCshaping and recovered using a syndrome
former. As the syndrome former depends on multiple received
signals, these bits suffer from noise amplification. This is
mentioned as a source of loss in several papers [6], [1]. We
make the observation that the loss can be avoided if the
least significant bits are determined first, in which case the
syndrome bits are better protected. Experiments show that
using this strategy, the syndrome bits do not need to be channel
coded at all.

Next we extend the concept of sign bit shaping to MIMO-
BC. This involves two steps, first we design a trellis shaping
code Cs for which users can decode their syndromes sep-
arately; and second, we derive an objective function to be
used as trellis metric. The shaping codeCs is formed by
combiningN trellis shaping sub-codesCshaping. If Cshaping

has generator matrixG, then Cs has a generator matrixGT

which is block diagonal withG repeatedN times along its
diagonal. FromGT , we can develop the trellis ofCs where
the sign bits are calculated for each user and added to the part
of the chosen shaping codeword{ci} for that user. Next, we
develop the branch metrics.

If we allow no interference among users (Zero Forcing),
then the received signal for a givenu is simply cu. Therefore,
we select{ci} to maximize the scaling factorc.

{ci} = argmax
{ci}∈Cshaping

P

E{γ2} (2)

= argmin
{ci}∈Cshaping

E{γ2} (3)

= argmin
{ci}∈Cshaping

E{‖H−1u‖2}. (4)

If we set the branch metric to be‖H−1u‖2, we can minimize
the transmit energy (3) by finding the minimum metric path
in the trellis ofCs.

If interference is allowed among users, significant gains
in the Signal to Interference plus Noise Ratio (SINR) can
be achieved at low to medium power levels [10] [11]2. Let

2We became aware of [10] after [11] was published.

us define our new objective function to be the MSE of the
received signal, i.e.

MSE = E

{∥∥∥y
c
− u

∥∥∥
2
}

(5)

y = c(u + ε) + n. (6)

This gives us two variables for minimizing MSE, namelyε
andu. First, MSE is minimized with respect toε as shown in
[10] [11] resulting in

y = cHHH
(
HHH + αI

)−1
u + n

α =
Nσ2

P
. (7)

Next, to selectu, the branch metrics are computed using (6)
and (7), however there exists a simplification [11] as:

MSE = α

∥∥∥∥
√(

HHH + αI
)−H

u

∥∥∥∥
2

. (8)

IV. COMBINING VECTORPRECODING AND TRELLIS

PRECODING

One benefit of considering all users simultaneously is that an
integer vectorp multiplied by some constantτ can be added
to the transmitted signal without affecting the data [4] [10]
[11]. This is compensated by applying another vector modulo
operation at the receiver side. Given data vectoru, we have

s = cHH
(
HHH + αI

)−1
(u + τp)

p ∈ {a + ib| a ∈ ZN , b ∈ ZN},
wherep is selected to minimize MSE, i.e.

p̂ = argmin
p

∥∥∥∥
√(

HHH + αI
)−H

(u + τp)
∥∥∥∥

2

. (9)

This minimization can be performed, for example, using a
sphere encoder. The final branch metric is

MSE = α

∥∥∥∥
√(

HHH + αI
)−H

(u + τ p̂)
∥∥∥∥

2

. (10)

V. PERFORMANCERESULTS

In this section, we compare the proposed method with the
MMSE vector precoding method of [10] [11]. The elements of
H are simulated as independent unit mean complex Gaussian
variables andH remains constant throughout a block of
length 100 to permit accurate energy calculation (reducing the
influence of trellis boundary/termination). Figure 1 shows the
SINR comparisons forN=4, M=64. For a fair comparison,
vector precoding is given a 3 dB energy offset to account for
the extra bit it transmits. Note that such conversion between
rate and energy is commonly used in shaping literature (see [1]
and references therein).

To compare with capacity bounds, following [4], we have
simulated the method forN = 4, M = 64 over a fast
fading channel using Turbo-codes3. Less significant bits are

3Note that although assumption of fast fading is unrealistic for MIMO-BC,
a similar setup is used in [4] to make it possible to provide comparisons with
the Ergodic capacity limits.
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Fig. 1. SINR for Multi-User Trellis Precoding and Vector Precoding (N=4,
M=64).

encoded using a rate 1/2 Turbo-code (resulting in a data rate
of 3 bits/user) with feedback and feed-forward polynomials
1 + D2 + D3 and 1 + D + D3, respectively, over a block-
length of 4000 where 10000 such blocks are simulated. This
method achieves a BER of10−5 at only 1 dB away from
the Ergodic capacity limit. A Turbo-code setup with similar
parameters is used in [4] showing significantly larger gap to
the Ergodic capacity.

In a MIMO-BC with fixed rates, the amount of transmit
energy for a given message depends on the channel realization
and can have significant fluctuations around its average value.
This complicates the design of the power amplifiers. To study
this effect, we have plotted the probability that the gains
due to the proposed method is larger than a given value. As
the amount of gain depends on the transmit energy, first a
suitable power level must be found. To do this, we calculate the
minimum power required for the channel capacity region [12]
(corresponding to any given channel realization) to contain
the corresponding rate vector. UsingM = 64, we have
assumed that the shaping bits are uncoded and the rest of
bits are encoded using a rate1/2 Turbo-code, resulting in
an effective rate of 3 bits/user. Using this power level for the
proposed method, we compute the resulting SINR and perform
an exhaustive search over the power level required in MMSE
vector precoding [10] [11] such that the difference in the SINR
values of the two methods are negligible. The result of such
computation is shown in figure 2.

VI. CONCLUSION

It is shown that by applying the precoding across both
time (trellis shaping [1], or more generally voronoi constel-
lation [9]) and space (vector precoding), one can improve the
MIMO-BC system in terms of both average transmit energy
and its fluctuations. The improvement in the performance is
achieved at the cost of an increase in the complexity. As the
shaping codeCs is composed ofN shaping sub-codes, the
number of states in its trellis grows exponentially withN . For
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Fig. 2. Probability that the gain due to the application of the proposed
method vs. conventional MMSE vector precoding is larger than a given value
for N=4, M=64 (effective rate is 3 bits/user).

the example of sign bit shaping based on 4-states sub-codes,
the complexity is equivalent to Viterbi decoding of a trellis
with 22N states. In practical systems, the number of transmit
antennas,N , is limited, resulting in an overall manageable
complexity for the proposed method. There also exist many
sup-optimal decoding techniques which could be applied [13]
if the trellis becomes too large. Note that unlike the case of
channel decoding where selecting a sub-optimum trellis path
with a slightly higher metric can result in a significant increase
in the error probability, in precoding, the loss in performance
(increase in transmit energy) due to such slight sub-optimality
is usually negligible.
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