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Abstract

Performance evaluation of Maximum-Likelihood (ML) softaision-decoded binary block codes is usually
carried out using bounding techniques. Many tight uppemkswon the error probability of binary codes are based
on the so-called Gallager’s First Bounding Technique (GFFBhe Tangential Sphere Bound (TSB) of Poltyrev
which is believed for many years to offer the tightest bouadedbped for binary block codes is an example. Within
the framework of the TSB and GFBT, we apply a new method refeto as the “Added-Hyper-Plane” (AHP)
technique, to the decomposition of the error probabilifyisTresults in a bound developed upon the application of
two stages of the GFBT with two different Gallager regiongngnating to a tightened upper bound beyond the
TSB. The proposed bound is simple and only requires the peatf the binary code.

Index Terms

Additive White Gaussian Noise (AWGN) channel, block codems,nds, decoding error probability, distance
spectrum, Gallager bounds, linear binary block codes, mami-likelihood (ML) decoding, probability of error,
union bound, upper bounds.

. INTRODUCTION

HE problem of performance evaluation of linear binary bl@ddes with soft decision Maximum-

Likelihood (ML) decoding in Additive White Gaussian Nois@WGN) interference has long been
a central problem in coding theory and practice [1]. In mdghe cases, the derivation of a closed-form
expression for the bit or word error probabilities is intedde. Thus, one usually resorts to bounding
techniques for the aforementioned probabilities.

The most commonly used upper bound on the error probabifity digital communication system is
the union bound. Union bound is in fact an inequality from the classBanferroni-type [2] inequalities in
probability theory. These are inequalities that are usiakly true regardless of the underlying probability
space and for all choices of the basic events. There areugaBonferroni-type upper as well as lower
bounds exploited in communication theory such as KAT bounpKhbai et al. [3] (also see references
in [3]-[6]). For the calculation of the union bound on theogrprobability of a binary code one only
needs to have the weight enumerating function (spectruntheottode which results in much simplicity
of calculation. The union bound is quite accurate for highR&Nwhile for other SNR’s, it is a very poor
upper bound. For some applications such as concatenatetycsmhemes where the inner code is a binary
block code, the low-SNR coding gain of the code is neededhfemperformance evaluation of the overall
scheme which explains the need to have tighter bounds at MR/ 18gions. Also, for longer binary block
codes ML decoding becomes prohibitively complex. Withirs ttontext, tighter upper bounds on the ML
decoding performance of binary block codes used in conjometith Binary Phase Shift Keying (BPSK)
modulation will provide means of assessing the performaridbese codes. Besides, as Shannon noted
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In this correspondence, by a binary code we mean a linearybirack code.



[1], [4] the performance study of block codes is worthwhiégardless of the immediate application in
mind; having made it a classical problem for decades.

The recent overwhelming attention given to the boundindinepes for performance evaluation of
codes is mainly due to the introduction of some near-Shatinuh performing schemes. Turbo codes,
invented by Berrou et al. [7] in 1993, Repeat-Accumulate YRAdes of Divsalar et al. [8], and Low
Density Parity Check (LDPC) codes of Gallager [9], resugddy MacKay et al. [10] in 1996 are the best
examples. In addition to simulations, the aforementiordeeses can be analyzed using the union bound
which is a very loose measure of performance for rates aldweutoff rate of the channel [11]. This
is a region which is of particular interest for long near-&man-limit performing block codes. Therefore,
there has been an increasing demand for tighter bounds oNlithdecoding of such codes above the
cutoff rate [5], [12]-[17].

One of the first works devoted to the performance of binaryesodt low signal-to-noise ratios is
that of Posner [18] which mainly revolves around quantizednmel, i.e., with hard decision. A belated
continuation to the work of Posner for the un-quantized aeaoutput (soft decision) is that of Chao et.
al [19]. In this work, a power series expansion of the proligbof correct decision around zero SNR is
used to compute a relatively accurate, albeit complex, apmpration to the word error probability. The
complexity of their result is due to the fact that their exgsien for the error probability is a function of
a parameter which depends on the “global” geometrical ptmseof the code.

One important improvement to the union bound is that of Hsgf®0]. Hughes represented the
complement of the Voronoi region (all Voronoi regions aregaient to each other for Slepian cotig],
[22]) as the union of a set of truncated polyhedral cones &et ttleverly upper-bounded the error
probability by replacing those truncated cones by trurttatht circular cones with the same solid angle.
For the latter the corresponding probabilities are largérdan be easily evaluated. Since the codewords
of a binary code used with binary modulation are not spreafbumly on the Euclidean sphere, Hughes’
bound cannot be asymptotically tight. Hughes work launch@dmber of similar works with applications
from linear binary block codes to coded modulation and cterated codes both in AWGN and fading
environments [24]-[26].

[I. BOUNDS BASED ONGALLAGER’S FIRST BOUNDING TECHNIQUE

Many tight upper bounds, as noted by Divsalar [27], “essdigtiuse a general bounding technique
developed by Gallager [9]". In this method, Gallager bisebe error probability to the joint probability
of error and noise residing in a regih(here referred to as th@allager region) plus joint probability of
error and noise residing in the complementiyfR® (referred to as first and second terms, respectively);
where R is a volume around the transmitted codeword. For obviousores the region® and R° are
sometimes referred to as the regionsn@ny and few errors. Divsalar [27] refers to this as “Gallager’s
First Bounding Technique” (GFBT). In original Gallager'so R is a complicated region iiR".

For instance, the well-known Tangential Bound (TB) of Bkamp [28] uses Gallager’s first bounding
technique combined with union bound to provide a signifigatightened bound than the conventional
union bound at low SNR’s. This is achieved by separating #tkat and tangential components of the
Gaussian noise with a half-space as the underlying Gallaggon.

Herzberg and Poltyrev [24] use GFBT to derive a tight bougdtér than the TB of Berlekampt is
chosen to be a hyper-sphere and then the bound is tightereedleey radius. This is referred to as the
Sphere Bound (SB) of Herzberg and Poltyrev. They also ap@y method to Block-Coded Modulation
(BCM) schemes communicated over AWGN channel. BCM schemedving MPSK (M-ary Phase Shift
Keying) constellations are analogous to binary codes aleitig BPSK modulation as both are sphere

%Definition: A Slepian signal set ilR™ is the orbit of a point inR™ under a finite group of orthogonal transformationsRjf. As such,
Slepian signal sets exhibit strong symmetry properties.paints of a Slepian signal set are exactly equivalent imeaspect except for
their absolute position in the Euclidean space. From theghibis obvious that the points of a Slepian signal set drerathe surface of a
sphere (hyper-sphere) in the Euclideaispace centered at the origin. A Slepian signal set is toeref Geometrically-Uniform (GU) [23]
and equi-energy (sphere) signal set.



signal sets, i.e., all the signal points reside on the sartdca hyper-sphere and therefore have the same
energy.

The Tangential Sphere Bound (TSB) proposed for binary cbgeRoltyrev [26] and for MPSK BCM
schemes by Herzberg and Poltyrev [25] also uses GFBT wheisea conical region. It is proven [25]
analytically that union bound is not tighter than the TB ahd tatter is also not tighter than the TSB.
Also, through extensive numerical analysis, it has beenvehand is well established today that the SB
is not tighter than the TSB. As a matter of fact, TSB is thghtest bound on the ML decoding error
probability of binary block codes in AWGN interference knowo-date [5], [6], [15], [27], [29].

The tightening of upper bounds on the ML decoding error plodi of binary block codes within
the format of the GFBT has been an evolutionary process: afutean of the Gallager region from
a half-space in the TB to a sphere in the SB and eventually ton@ @n the TSB [30]. Yousefi and
Khandani [30] observed the similarity between the Gallaggions for the TB, SB, and TSB and argued
that the underlying Gallager regions for these bounds aeeiabinstances of a generatdimensional
geometrical body with azimuthal symmetry along an axis.yTteferred to this as a Hyper-Surface of
Revolution (HSR). As such, a so-called Generalized Tangle®phere Bound (GTSB) was proposed whose
Gallager region is a generic HSR. For an equi-probable &tepignal set, the optimum HSR is found to
be a right circular cone and hence TSB is the tightest bousddapon the GTSB groundwork [30].

In the TSB method, the fact that codewords of a binary codh BRSK modulation are not uniformly
distributed on a sphere is ignored and furthermore a simpienubound is applied to the calculation
of the first term in the GFBT, viz., within the region of manya@s. These shortcomings provide more
room for further tightening of the TSB. In this work we use th&er imperfection as the basis for our
improvement. It is to be noted that as the conical regionsl@yeg in the development of the TSB do
not form a dense packing of the Euclidean space one canneteitpe TSB to be asymptotically tight.

The rest of this article is organized as follows. We startwgteliminaries and notations in section lll.
Following, we propose a general upper bound applicable yosphere signal set. The initial form of the
proposed bound will require more information from the codant what the spectrum offers and hence
will be complicated. We propose a method to get over this derily and come up with a bound which
is a mere function of the code spectrum at the expense of sosseof tightness. The resulting bound is
still easy to evaluate and for cases under considerationlytrequires optimization over one variable. In
section IV, we provide a few examples. Improvements arertegdawith respect to the TSB of Poltyrev
for some average binary codes (BCH codes of length 63). Téedes are long enough to render the ML
decoding prohibitively complex while they have a spectruhich is very close to the average spectrum.
The paper in concluded in section V with some discussionsramirks on the newly developed bounds
in comparison with some other known bounds.

I1l. PRELIMINARIES

Consider a binary cod€' = {c,cy,...,cos_1} With parametergn, k, d,.;»), to be used along with
BPSK modulation (antipodal signaling) on an AWGN channdle Tesulting signal set will be

S ={so,s1,--,80k_1}
Whel’esi = m(cl) e R". Forc; = (Cib Ci2y ey Cm),
m(c;) = (m(ci), m(ciz), ..., m(cin))

wherem(a) = vE,(2a — 1), a € {0,1}, and E, is the symbol enerdy The resulting signal set is a
Slepian signal set. In particular for BPSK, denoting thelElean distance between two signal poists
ands; by d(s;,s;) or simplyé;;, we have

522] = 52<Si7 Sj) = HSZ - Ssz = 4E3d(ci, Cj) = 4REbd(CZ’, Cj) (1)

3without loss of generalityFs will be chosen to be unity.



whereR = k/n is the binary code rate|.|| is the usual Euclidean nornj, is the information bit energy,
andd(, ) is Hamming distance. Assuming AWGN interference, the oughuhe channel will be a vector
r = s; + n, wheren is an n-dimensional vector whose elements are independent zeemr®Gaussian
random variables with a variance of. Probability of word error for communicating one 2f messages
in S through an AWGN channel will be:

2k 1

Pu(E) =" P(E|s)P(s) )

If the resultingGeometrically-Uniform (GU) signal set [23] is equi-probable, the optimum ML decagdi
rule will actually reduce to minimum Euclidean distance atéing strategy and

Pu(E) = P(E | si) @)

wheres; can be any signal point. We assume thgtsignal corresponding to the all-zero codewargl,
has been transmitted.

IV. EXPANSION OF THENEW BOUND BASED ON THEGFBT

The proposed new upper bound is primarily based on the Galéafiyst bounding technique. According
to the GFBT, given a transmitted signal, the word error pbdiig can be decomposed as in

P,(E) = P{word errotr € ®} + P{word errorr ¢ R}
=P{EreR}+ P{E|r ¢ R} - P{r ¢ R} 4)
< P{E,r e R} + P{r ¢ R}

wherer is the received signal vector aitl referred to as the Gallager region, is an appropriate negio
around the transmitted signal point. The choice of regibms of utmost significance in this bounding
method. Different choices of this region have resulted imos tight bounds in different ranges of signal-
to-noise ratio. Examples of Gallager regions which havalted in the tightest upper bounds are spheres
(SB) [24] and right circular cones (TSB) [26].

The bound we are about to expand in this correspondence &aped for Slepian signal sets. For
such codes, the Voronoi regions are all congruent to eacér @thd they all include the origin of the
n-space g-dimensional space) [22], [31]. Within a general geomeYigusefi and Khandani developed
the so-called Generalized Tangential Sphere Bound (GTS8B) (ising a generic Gallager region and
proved that for sphere codes, hyper-cone indeed providesghtest bound within the GTSB framework;
thus climaxing at the TSB of Poltyrev. The new bound is simitathe GTSB and the TSB in that it is
based upon multiple levels of separation of noise comparieom the rest of the noise vector; the first
of which being the radial component of the noise.

Considering the transmission sf (see Fig. 1) the radial component of noise is merely the qorif
the Gaussian noise along the vecigo.

Separating the radial component of noisg,form the rest of the noise vector one can expand the word
error probabilityP,,(E) as

“+00
Pu(B) = [ P(EL) () ©)
where f., () is the zero-mean Gaussian probability density functiorf)(pith a variance ofo?.

As suggested by the TSB and GTSB, we choose the “first” Galleggion®; to be a hyper-cone as
shown in Fig. 1. The cross sections of this hyper-cone algngre hyper-spheres. As a result, for any
eventF, denotingP(E|z;) by P,,(E), the error can be expanded as

P, (E) < {P.(E,y < r*(z1)) + Ply > r*(=1)) } (6)



Fig. 1. Geometry of the TSBs, the transmitted codeword, asg are both on the surface of a hyper-sphere with ragiisscentered at
the origin of the spacey. For more explanation of the parameters and the geometryiofigure, see [26].

wherey = 3" , 22 is a random variable with Chi-square distribution with—1) degrees of freedom [32],
ie.,

fu() i_ ceTmry T U(y) 7)

a 2" (2L )on—1

2
in whichT'(.) andU(.) are the complete gamma and the unit step functions, resplctiith 1/ = 2¢—1,
we have

M M
Pz1(E7y§T2(Zl)) :Pz1 (U Ek,y§T2(21)> :Pz1 <U (Ekaygrz(zl))> (8)

k=1 k=1
where the pairwise error evelli, is the error event that the received vectois closer tos,, than the

transmitteds,, that is,
By, = {llr — sil| < [lr —sol|[so}- ©)

In TSB, (8) is bounded by further separating the tangentmmhmonent of noisez, (where z; is
orthogonal toz;: z, L z;), form the complete noise vector and applying a simple urboond. As
a result, (6) can be seen as (see Fig. 1 and [26])

P (E) < > AP (Bry <ri(z) + Ply > 1r(2))
k:Br(z1)<r(z1)

(10)

= Yo [APBu(z1) < 2 < r(z),m <7 (2) = 25)] + Ply > (1))

2
E:dy < { ’"%J
- 7L+r'0

where A;’s are the number of signal points at a Euclidean distancé,of 21/d, from s,; i.e., the
coefficients of the euclidean weight enumerating (ewe) tiont

ewgw) = i A’ (11)
k=1

“For simplicity 6,0 anddyo are represented by, anddy, respectively.



and 5i(z1), as seen from Fig. 1, is the projection of the perpendicuisedbor hyper-plane of the line
joining sy, ands, onto thez; — z, plane, that is, the straight line

Bul) = VA2 12)
JaE—1
andy; is a Chi-square distribution wittv. — 2) degrees of freedom

1 n21

ey, U). (13)

fyl(yl) 2%F(NT_2)0%_2
2, is also a zero-mean Gaussian random variable with a variaingg 3, (z;) is in fact the only entity in
the development of the bound that solely applies to sphamstethations, hence, making the TSB limited
to the equi-energy signal sets.

It is noted that in TSB we are only concerned with the uppempeapf the Gallager cone, i.e., where
both ,(z1) andr(z;) are nonnegative. This is a valid argument as for all practodes and ranges of
error probability the probability of being in the lower napjs infinitesimally close to zero [15].

TSB can be further tightened by improving the tightness ef hion-based upper bound in the first
term of (10). Union bound is a Bonferroni-type inequalityliging first order probabilities only. We
propose the application of a Bonferroni-type inequalitghwilegree 2 (utilizing first- and second-order
probabilities).

For any set of event#), F,, ..., Ey;, we have,

M
P (U Ej> = P(E) + P(E;NES) + ...+ P(EyNESNESN..NES, )=

j=1
o i (14)
> r(s0|N=|)
j=1 i=1
which can result in the second-order Bonferroni-type iradity
(U E; ) < P(Ey) + P(E;NEY) + P(EsNES)+ ...+ P(EyNES, ) (15)

where naturally the ordering of the events as well as theceisofor the indicesi, € {1,2},j, €
{1,2,3}, ..., jm—2 € {1,2,..., M — 1} control the tightness of the bound. Denoting any of Mi&possible
permutations of the indices of the error evettis to £, by II(1,2,..., M) = (m,m2,...,my), the
tightest upper bound in the form of (15) will be

<U E; ) < min { (Ex,) + P(Eqry N EL) + P(Er, NEE) +
(16)
+P(E7r]\{ N Ei]u))}
with A = {7y, 73, ..., p }, in Which 7, € {m,ma, ..., 71}, j = 2,3,..., M, is the index of the event

that minimizes the corresponding pairwise probabilitye Tdbove independently-developed upper bound
of ours has been previously reported by Hunter in [33] in tiéoiving equivalent form

P <U Ej) < min { Z P(E.) =Y P(E. N Eﬁj)}. (17)



Applying (16) to (8) results in the bound

400 M
PU)(E> < / {le (Eﬂ'wy < T2<Z1>) + szl (Eﬂ'j?E;rj?y < TZ(Zl))_'_
a = (18)

Ply > 7“2(21))}fZ1(21)dz1

where 71, € {m,m,...,mj_1}, 5 = 2,3,..., M, is the index oferror event that minimizes the
corresponding pairwise error probability.
P, (Eq,y <1?%(z)) in similarity with the TSB equals (see Fig. 1)

P(Bry(21) < 22 < 7(21), 91 < 7%(21) — 23) (19)
where
B, (21) = vnza (20)
ﬁ —1

For probabilities of the formP,, (E;, ES,y < r*(z1)) encountered in (18), we use ttedimensional

o) - arccos(p) 2

@) (b)
Fig. 2. Geometry of the proposed bound in (a) 3 dimensiond,(B}in 2 dimensions.

geometry in Fig. 2-a where the transmitted pagtis shown in relation to two other points ands;
(corresponding to error events and E)). sy, s;, ands; are all on the surface of a hyper-sphere centered
at the origin of the spac®, with radius,/n. The 2-dimensional planeg; andp, are constructed by the
pointso, s, ands;; ando, sy, ands;, respectively. These two planes hinge an the radial component
of noise. The lines © and g are the projections of the perpendicular bisectors of ljogsng s, to s;



ands, to s; onto the planeg; andp,, respectively. For sphere signal sets these perpendibidactors

go through the origin of the signal space and therefore, sthedines a and q,. Then, the two noise
components, and z; on the plane, andp, are adopted as the noise components along the directions
— —

ny andns; where

— = = — — — =
N S0S;i— < S8, N1 > Ny N S08;— < 8085, N1 > Ny (21)

Ng = s =
P e <ssim >l " e < o >l

wheren; is the unit vector in the direction of;, and< . > is the inner product operation. Then, choosing
the two orthogonal noise componenis and z3 appropriately (see Fig. 2 along with Appendix A) we
have

P (Ei, B,y <r*(2)) = P(ﬁi(zl) <z <r(z1), —r(21) < 23 < L(21, 22),
(22)
Yo <13 (21) — 25 — 232,)

with (see Appendix A)
Uz, 29) = Bi(z1) — pza  Bi(21) — p2z 05

sin(arccos p) V1—p?

andy, a random variable with Chi-square distribution with — 3) degrees of freedom, i.e.,

1 yg n=3_1

e 2wty U(y) (24)

fyz(y2) = 2ﬂ

STt

p = cos(¢) = p(za, 23) is the correlation coefficient of, and z; shown in Fig. 2.
Plugging (19) and (22) in (18) yields the overall bound as

r%(21)—23

Py(E) < rénl)i,rnl,/\{ 70[ 71) fon(22) / for (y1)dyy - dzp+

—00 Y, (21) 0

r(z1) £(z1,22) r2(zl)—z§—z§

2 (/ /fz(zws) / ny(yz)dyzszd23)+ (25)

ILb; ()< (1) g () —r(a) 0
+oo
/ fy(y)dy] for(21)dz }

72(21)

The above bound is too tedious for the following reasonstlyiras the bound depends on the correlation
coefficients between noise vectars andns, it will require the global geometrical properties of thedeo
and only the spectrum would not suffice. Furthermore, th@etrminimization overr(z;), II, and A is
prohibitively complex.

The choice of the optimum permutation and the optimum /setoncurrently is tantamount to the
problem of finding the optimum directed spanning graph ¥érnodes/vertices. This is a graph with
order|G| = M and is constrained to hayg~|| = M — 1 directed edges [34]~ is also constrained such
that firstly, each vertex, except only one (referred to aseiukchild®), is parent to exactly one other
vertex; secondly, the end child is parent to no vertex; amdl§h edges chosen to construct the spanning

5This is simply the first point of the constellation (with inde; within the formulation in (18)) selected.



graph are such that each vertex becomes a parent to eithenthehild or to a vertex already a parent.
Each directed edge going from the parent verteéa the child vertex; has a cost of

Pz1 (Ei7 cha ) S Tz(zl)) (26)

and each vertex has a cost of
P (Ei,y < (). (27)

The total cost of the graph constructed as such is definedeasast of the end child plus the cost of
all the edges. The graph with the above properties that lesrtfallest cost will be the optimum choice.
Finding such a graph is a prohibitively sophisticated peainl Hunter [33] proves systematically that any
spanning trezof the M vertices of events can be used in (17), and thus also in o)rgié (25). In
[33], Kruskal's [35] minimal spanning tree algorithm hasheproposed to tighten the upper bound. The
other possibility is the well known greedy minimal spanninge algorithm of Prim [36]. In both cases
the local and global optima coincide [37], [38]. In smalleolplems such as the uncoded modulation case
considered in [3] such greedy algorithms are very efficiantib cases like the problem in this article,
the small improvements obtained are well canceled out bysigeificant algorithm overhead. This is
even more pronounced here as the bounds in this paper areléstdor longer and larger codes and
high-dimensional constellations.

To detour the above-mentioned tedious obstacles and alsavea bound requiring only the spectrum
of the code, we suggest the following simpler but looser looun

For two error eventdy, and E; corresponding to codewords with Hamming weigHfsand d;, the
probability in (22) involves a correlation coefficieptwhich can not be obtained from merely Hamming
weights. If one allows the second error eveht)(to correspond to the BPSK image of a binarjuple
of Hamming weightd; (and not necessarily a codeword), themill satisfy (see Appendix B)

- . did; (n — di)(n — d;)
Prmin =~ <\/(”—di)(”—dj)’\/ did; ) =0

(28)
. min(di, dj) [n — max(di, dj):|
" Vddiin—d)(n—d;)
On the other hand, the probability in (22) is capped as in
P.(BuBiy <) < Pu(BLE) 29)

where the right hand side in (29) is a monotonically decrep$inction of the correlation coefficient
in the interval(—1,1). This is obvious as it has been proven that probabilitieshefform P,, (E;, E;)
are monotonically increasing with the correlation coedinti[39].

If A, is the number of the codewords with a Hamming weightwofthen by adding the remaining

(1)~

n-tuples to the codebook, an extended codebook is obtainestewhll the correlation coefficients
(combinatorially possible) between two codewords with anmg weightsd; andw are available. Thus,
for each layer of the signal constellation, we can chooséayesty available with respect to am-tuple
of Hamming weightw. In this way, one only needs to find the optimum layer at which todebook

®Definition: A spanning tree of\/ nodes is a connected graph with/ — 1) branches such that at least one branch is incident on any
of the nodes. This means that there is exactly one path betamee two vertices of the spanning tree.
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extension is done i.e., finding the optimum < w < n. As suggested by the TSB, we choose the curve
in z;, which specifies the boundary of the Gallager region, to bheeaf function ofz;

r(z1) = ro(v/n — 21) (30)

where the constant, is to be optimized. With the above applied to the bound, th@&mopation will be

over w andry the choice of which are interrelated. For average codes,terative optimization over
these two parameters indicated that the optimyns marginally the same as the radiysfor the TSB

case [26]. The overall bound with optimur of the TSB is

400 r(z1) % (21)—23
Pw(E) S HEH{ / [ < ZJ ) / fZQ(ZZ) / fy1(y1)dy1 . d22+
0

o0 510(21)
7(z1) €5 (21,22) 72 (21)—23—22
<Ak‘/‘ /ﬁ f(z2, 23) t/ (ﬁxyﬂdmd@d%)+- (31)
kifr(z1)<r(z1) Br(z1) —r(z1) 0

/ fy(y)dy] le(zl)dzl}

72(21)

with Suon)
w\21) = Pmaz,k?

min(dg,w) | n—max(dg 7w):|

\/dkw(n—dk)(n—w)

(32)

Pmaz.k =

and,

2
1 <w < Whpgr = { nTOQJ (33)
1+75

wherew,,., IS the Hamming weight of the last layer of the code contaimethe conical Gallager region.
The term in the first line of (31) corresponds to the error imitthe Gallager cone corresponding to

the codewords (of the extended codebook) of Hamming weight v; is the BPSK image of one of a

codeword of the extended codebook, then the perpendicidactor of the line joinings; ands, (which

is an (n — 1)-dimensional hyper-plane) defines an error half-space fitoerfamily

Hi=(re R vl <lr=sl) . =12 =( 1) 34)

Thus, P(r € H,lsy) is the probability that the received vectat, is closer to the point; than the
transmitted vectos,; given the latter was transmitted. Each inequality in (3#hen changed to an
equality, defines a boundary hyper-planenispacé.

Equivalently, the bound in (31) can be obtained by applyingeaond stage of the GFBT, with a
“polyhedral set’ as its underlying Gallager region to the first term in the axgion (6) (see Appendix
C).

The second Gallager regioi,, is defined to be the following polyhedral set

"Instead of only at one layer/weighi), one can also extend the codebook at multiple layers. bwlirk, to keep the bound simple we
only use one weight for the extension.

8Note that one definition of afn — 1)-dimensional hyper-plane is the locus of the points insthspace which are at the same Euclidean
distance from 2 points.

®Definition: A polyhedral set is the intersection of a finite number of closed half-spadé. [
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Ry =) H. (35)

As the definition of our second Gallager region based on thgper-planes is consequential in the
derivation of the simple version of the bound in (31), we rdfe the latter as the Added-Hyper-Plane
(AHP) bound.

As for most codesd,, <« ZJ , the major portion of the first term in (31) is the overheadeatidue

to the addition of the hyper-planes. The extra terms areutaked naively using simple additive (union)
bound. The same methodology applied to the improvementeflthB towards the AHP by changing
probabilities of the form (27) to probabilities of the forra6) can be applied to the joint probability of
error inside the cone and outside the hyper-planes comespy to codewords (of extended codebook)
at Hamming layerw. As such, the final form of the AHP bound is

2

+00 r(z1) 7‘2(21)—22
Pw<E>gmm{ / [ [ 2 [ tawdndar

w

—o0 510(21) 0
r(z1) Lw(z1,22) r2(21)—22—22
n

{( w ) B 1} / / fe(22, 23) / fys (Y2)dyadzadzz+
Bw(z1) —r(z1) 0 (36)
r(z1) €& (21,22) 72 (21)—23—22

Z <Ak / / f2<227 23) / fy2 (yg)dy2d22dz3) +

k:Br(z1)<r(21) Bu(z1) —r(z1) 0

/ fy(y)dy] le(zl)d21}

r2(21)
with (see Appendix D)

N . (37)
pmam,wzl_ — 5 w;éO,n

w(n—w)

V. EXAMPLES

Our exhaustive optimization ovear < w < L’_fiJ showed that due to the severeness of the added
0

2
nrg

overhead at low SNR's and smatls, minimum error probability is generally achievedwat,.. = | = |,
0

i.e., the added hyper-planes reside in the last shell ofdde within the Gallager cone. Thus, optimization
is completely waived from the bound, resulting in great diaiy. In particular for longer codes such as
long Turbo or LDPC codes, this provides significant redurciio the complexity of the bound.

Table | lists the optimum, for the TSB,w,,., for the AHP bound, ands; s of Shannon Lower Bound
(SLB) for some BCH codes of lengiB.

The well known Shannon lower bound, which is based on magcthie shape of the Voronoi region
of the constellation, is more exact for low SNR values andaict oincides with the TSB as very low
SNR. SLB on the performance of ML decoding of Slepian coddmed on upper bounding the Voronoi
region of the transmitted point by a spheriecatone with a solid angle equal to the solid angle of the
n-sphere divided by the number points in the constellatiath fan a binary codgn, k) is given by [1],
[39]:
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Fig. 3. Bounds on word error probability for BCH(63,24); finctop to bottom: TSB, AHP withy = 39, and SLB.

2= T ("T_l J No

P.(E) > ;) / W25 Q) ( 2nREy _, Cot(QSLB)> du (38)

where the optimal anglés; 5 is obtained from

OsLB
: n—2 _ nﬁ . I (n-Zi_l)
(sinw)" *du = (n— 12 T (=)

(39)
0

Shannon lower bound is shown through extensive numerisailteeto be the tightest lower bound on
the ML decoding error probability at low SNR’s [39], [41].

The comparisons between the TSB, AHP with= w,,,.,, and the SLB for two BCH codes of length 63
at low SNR’s are presented in Figs. 3-4. For high SNR’s, TS8 very tight bound. Small but significant
improvements over the TSB are observed even at very low SR, for instance, that for BGld3, 24)
at a word error probability 0.1 the difference between the TSB and SLB is met@hio dB where we
report a0.08 dB (more thanl0%) tightening with the simplest form of the AHP.

We have observed that a significant part of the error at highenpowers is due to the added hyper-
planes in the final form of the AHP in (36). A better solutiontb@ optimization in (25) would result in
tighter bounds but will naturally be more complex. Neveleks, any solution to these problems should
merely depend on the spectrum of the code in order to keepdhedosimple.

Code || (63,24) | (63,30) | (63,36) | (63,39) | (63,51)
70 1.2964 | 1.1024 | 0.9433 | 0.8738 | 0.6478

Winae 39 34 29 27 18

fscp || 0.9210 | 0.8415 | 0.7727 | 0.7414 | 0.6328

TABLE |
THE OPTIMUM r9 FOR THETSB,w FORAHP, AND 57,5 FOR SOMEBCH CODES OF LENGTHG3.

VI. CONCLUSION

The proposed bound in its original form in (25) is too comaléd due to the triple minimization
involved. Even using the same conical Gallager region akenliSB, the optimization is still tantamount
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Fig. 4. Bounds on word error probability for BCH(63,30); inrctop to bottom: TSB, AHP withy = 34, and SLB.

to finding an optimum directed spanning graph for a vertex\Wetaddress the above-mentioned problems
by the addition of certain hyper-planes forming a secondagal region and thus proposing the AHP
bound. AHP relies solely on the spectrum of the code and gesvimprovements at low SNR’s with a
small addition of complexity.

The proposed bound applies to any Slepian signal set and igmited to the BPSK-modulated binary
block codes.

It is also to be noted that, although it has been the tightepeubound on the performance of fixed
codes, the TSB fails to achieve the random coding exponédit T¥pically, the random coding exponent
E(R) as a function of the code rafe can be studied in the three regionsof R < R.;, R; < R < Reo,
and R, < R < C; referred to as the expurgated, straight-line, and sppac&ing bounds, respectively.
C is the channel capacity and the two critical rate vallies and R., are the boundaries of the three
regions [11]. It is possible to show that for codes with agerapectrum, the exponent of the TSB
coincides with the random coding exponent in expurgatedsairaiight-line regions but not in the sphere-
packing region [26]. TB is also known to be asymptoticallgarrect while the SB for an average code
coincides asymptotically with the random coding bound.héitgh the difference between the random
coding exponent and the exponent of TSB for binary codes ite gmall (specially for low rate codes),
since the codewords of a binary code are not uniformly dlisted on the Euclidean sphere, the conical
regions do not form a dense sphere packing and therefore TiilbBovbe expected to be asymptotically
tight. In the AHP bound, the underlying Gallager region i@téd from the TSB and the difference is
primarily due to the use of a second-order Bonferroni inétyusn place of the union bound. Thus, it is
natural to not expect the AHP to be asymptotically tight, anéct, our results are consistent with this
observation offering no significant improvement for theoemxponent. Though, It is worth noticing that
the second version of Duman and Salehi (DS2) bound [12], [@2}he other hand, does give the correct
random coding exponent [5], [29] (also relevant is the vergent works of Cohen et al. [4]).
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B;(z1)

z2

Fig. 5. Geometry for the probabilitieB., (E;, ES,y < r*(z1)) in the z2 — 23 plane.

APPENDIX A
PROOF OF(22) AND (23)

Using the geometry of Fig. 5 in the plane of poifitand noise vectors, and z; defined in directions
given in (21), we have

P (E;, ES,y < (1)) = P, (ﬂz’(zl) < 29,25 < fi(21),y < 7“2(21)) =
P(r e R)

wherer is the received vector from the channel and R is the crossedteegion shown in Fig. 5. (40)
in terms of two orthogonal noise componentsand z3 will be

(40)

Po(Bi By < (1)) = P(@(zl) < 2 < (1) =) < 20 < Lo, ),
(41)

Yo <13 (2) — 25 — Z?z’)

where/(z1, z3) is the representation for the straight line perpendicuwar,tas shown in Fig. 5. In above
and (22),z, and z3 are independent zero-mean Gaussian random variables wikiance ofo2.
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APPENDIX B
PROOF OF(28)

To study the correlation coefficient
p = p(ns,ng) =< nz,ng >
we note that
SQZm(CQ):(—l—l—l)
N———

Notation: For a bi-valued vectorv” = (vy,vs,...,v,) With d and (n — d) elements beingx and 1,

respectively, we say that’ belongs to the clas§(a)?, (y)" %} containing< Z ) such vectors, i.e.,

v e {(a) (m)" 1. (42)
Using the above class notatios),ands; are alson-tuples with+1 components, where the number of
ones in them isl; andd; respectively, i.e.,

si € {(+1)%, (=1)"~"}
s; € {(+1)%, (=1)"™}

and thus,
sos; € {(2)", (0)"™"}
sos; € {(2)%, (0)""%}
Also,
.
" sodl
Using (21) along with the definition af; and straightforward manipulations we have,
— 1 dz . dz n—d;
e -t -y ) =
and 1 d d
e e {1 2y, -y} (a4)
2(n—dj)

The value ofp =< n3,n3; > would then depend on the location of the elements:ofand n; with
respect to each other but it is noted that the maximum andmoimi of it would correspond to maximum
and minimum overlap scenarios, i.e., when the maximumfmina number of positive elements of
coincide with positive elements of;.

Then, it is straightforward to see that for maximwmnwe have,

V/didj(n—d;)(n—d;) di(n—d; ) v =
Pmaz = (45)

ai(n-a,) _ [di(n-d;) g <d

\/didj(n_di)(n_dj) dj (n—di) b= g

and for minimump, we have,
did; :
o 7@_%)(2_%) if d; + dj <n 46
Pmin = (n—di)(n—dj) f d d S . ( )
— T | i+ j =M

(45) and (46) together are equivalent to (28).
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APPENDIX C:

AHP OBTAINED BY THE APPLICATION OF A SECOND STAGE OF THEGFBT
Applying the GFBT with

as the second Gallager region, o (E,y < r?(z1)), we have

P (B.y <1*(21)) < Py (E,y <r¥(z1),r € Ro) + Py (y < (=)

n n
47
= P(E.y < r(a)r € (B + Puly < r(a)r € | H)) “n
j=1 j=1
We bound each of the terms in the above separately. First

r ¢ Ro)

Paty < ria)x e ) = PoUw € By < *(:)

n
Z (re Hj,y<ri(zn))
<

(48)
NP (Bu(21) < 20 < 1(z1), 51 < 7%(21) — 23)
with
n—=z
Bulen) = V22 (49)

The last equality in (48) is simply due to the SB with a geomstmilar to that of Fig
in (10).

Also,

ig. 1 and expressions

"
P.(E,y <r*(z),rc ﬂ Hf) = le(
j=1

=

Ek,ygrz z1 reﬂ

S =
T

C=e*-

<P (
k

(50)
(Ex,y <1r*(z1),r € HS,

]opt

[y

M
<> P, (Eky <r?(z),
k=1

),r € H,

0)

le< (E,y <r(z), reﬂHc>
)

)

jopt

where the unlonﬁ1 HY is replaced by only one region, nameﬂbk , Wherejopt € {1,2
J
chosen to minimize the upper bound

,...,m} can be
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APPENDIX D
CALCULATION OF pyngqw IN (37)

In the proposed AHP upper bound, the second Gallager regnaoives all the codewords (in the
extended codebook) of weight. Thus, to calculate the probability., (E,y < r?(z;)), we deal with
probabilities of the formP,, (E;, Ef,y < r*(z1)) where both of the event&; and E; correspond tan-
tuples of weightw and are chosen such that they differ from each other mingmadl., have a Hamming
distance of2. As such,p,...., IS the maximum correlation coefficient achievable betwego vectors
from the class

n—w

1—w/n B —w/n

)

2(n —w) “(n —w)

It is trivial to see that the maximum correlation will be

(1]

(2]
(3]

(4]
(5]
(6]
(7]
(8]
(9]
(10]

(11]
(12]

(13]
(14]

(15]
(16]
(17]
(18]
(19]
(20]
(21]
[22]
(23]
(24]
(25]

(26]

n

maxw:1_7~
Pmas, w(n —w)
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