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Abstract

Performance evaluation of Maximum-Likelihood (ML) soft-decision-decoded binary block codes is usually
carried out using bounding techniques. Many tight upper bounds on the error probability of binary codes are based
on the so-called Gallager’s First Bounding Technique (GFBT). The Tangential Sphere Bound (TSB) of Poltyrev
which is believed for many years to offer the tightest bound developed for binary block codes is an example. Within
the framework of the TSB and GFBT, we apply a new method referred to as the “Added-Hyper-Plane” (AHP)
technique, to the decomposition of the error probability. This results in a bound developed upon the application of
two stages of the GFBT with two different Gallager regions culminating to a tightened upper bound beyond the
TSB. The proposed bound is simple and only requires the spectrum of the binary code.

Index Terms

Additive White Gaussian Noise (AWGN) channel, block codes,bounds, decoding error probability, distance
spectrum, Gallager bounds, linear binary block codes, maximum-likelihood (ML) decoding, probability of error,
union bound, upper bounds.

I. INTRODUCTION

T HE problem of performance evaluation of linear binary blockcodes with soft decision Maximum-
Likelihood (ML) decoding in Additive White Gaussian Noise (AWGN) interference has long been

a central problem in coding theory and practice [1]. In most of the cases, the derivation of a closed-form
expression for the bit or word error probabilities is intractable. Thus, one usually resorts to bounding
techniques for the aforementioned probabilities.

The most commonly used upper bound on the error probability of a digital communication system is
theunion bound. Union bound is in fact an inequality from the class ofBonferroni-type [2] inequalities in
probability theory. These are inequalities that are universally true regardless of the underlying probability
space and for all choices of the basic events. There are various Bonferroni-type upper as well as lower
bounds exploited in communication theory such as KAT bound by Kuai et al. [3] (also see references
in [3]–[6]). For the calculation of the union bound on the error probability of a binary code1, one only
needs to have the weight enumerating function (spectrum) ofthe code which results in much simplicity
of calculation. The union bound is quite accurate for high SNR’s while for other SNR’s, it is a very poor
upper bound. For some applications such as concatenated coding schemes where the inner code is a binary
block code, the low-SNR coding gain of the code is needed for the performance evaluation of the overall
scheme which explains the need to have tighter bounds at low SNR regions. Also, for longer binary block
codes ML decoding becomes prohibitively complex. Within this context, tighter upper bounds on the ML
decoding performance of binary block codes used in conjunction with Binary Phase Shift Keying (BPSK)
modulation will provide means of assessing the performanceof these codes. Besides, as Shannon noted
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[1], [4] the performance study of block codes is worthwhile regardless of the immediate application in
mind; having made it a classical problem for decades.

The recent overwhelming attention given to the bounding techniques for performance evaluation of
codes is mainly due to the introduction of some near-Shannon-limit performing schemes. Turbo codes,
invented by Berrou et al. [7] in 1993, Repeat-Accumulate (RA) codes of Divsalar et al. [8], and Low
Density Parity Check (LDPC) codes of Gallager [9], resurrected by MacKay et al. [10] in 1996 are the best
examples. In addition to simulations, the aforementioned schemes can be analyzed using the union bound
which is a very loose measure of performance for rates above the cutoff rate of the channel [11]. This
is a region which is of particular interest for long near-Shannon-limit performing block codes. Therefore,
there has been an increasing demand for tighter bounds on theML decoding of such codes above the
cutoff rate [5], [12]–[17].

One of the first works devoted to the performance of binary codes at low signal-to-noise ratios is
that of Posner [18] which mainly revolves around quantized channel, i.e., with hard decision. A belated
continuation to the work of Posner for the un-quantized channel output (soft decision) is that of Chao et.
al [19]. In this work, a power series expansion of the probability of correct decision around zero SNR is
used to compute a relatively accurate, albeit complex, approximation to the word error probability. The
complexity of their result is due to the fact that their expression for the error probability is a function of
a parameter which depends on the “global” geometrical properties of the code.

One important improvement to the union bound is that of Hughes [20]. Hughes represented the
complement of the Voronoi region (all Voronoi regions are congruent to each other for Slepian codes2 [21],
[22]) as the union of a set of truncated polyhedral cones and then cleverly upper-bounded the error
probability by replacing those truncated cones by truncated right circular cones with the same solid angle.
For the latter the corresponding probabilities are larger but can be easily evaluated. Since the codewords
of a binary code used with binary modulation are not spread uniformly on the Euclidean sphere, Hughes’
bound cannot be asymptotically tight. Hughes work launcheda number of similar works with applications
from linear binary block codes to coded modulation and concatenated codes both in AWGN and fading
environments [24]–[26].

II. BOUNDS BASED ONGALLAGER ’ S FIRST BOUNDING TECHNIQUE

Many tight upper bounds, as noted by Divsalar [27], “essentially use a general bounding technique
developed by Gallager [9]”. In this method, Gallager bisects the error probability to the joint probability
of error and noise residing in a regionℜ (here referred to as theGallager region) plus joint probability of
error and noise residing in the complement ofℜ, ℜc (referred to as first and second terms, respectively);
whereℜ is a volume around the transmitted codeword. For obvious reasons, the regionsℜ andℜc are
sometimes referred to as the regions ofmany and few errors. Divsalar [27] refers to this as “Gallager’s
First Bounding Technique” (GFBT). In original Gallager’s work ℜ is a complicated region inRn.

For instance, the well-known Tangential Bound (TB) of Berlekamp [28] uses Gallager’s first bounding
technique combined with union bound to provide a significantly tightened bound than the conventional
union bound at low SNR’s. This is achieved by separating the radial and tangential components of the
Gaussian noise with a half-space as the underlying Gallagerregion.

Herzberg and Poltyrev [24] use GFBT to derive a tight bound tighter than the TB of Berlekamp.ℜ is
chosen to be a hyper-sphere and then the bound is tightened over the radius. This is referred to as the
Sphere Bound (SB) of Herzberg and Poltyrev. They also apply their method to Block-Coded Modulation
(BCM) schemes communicated over AWGN channel. BCM schemes involving MPSK (M-ary Phase Shift
Keying) constellations are analogous to binary codes alongwith BPSK modulation as both are sphere

2Definition: A Slepian signal set inRn is the orbit of a point inRn under a finite group of orthogonal transformations ofR
n. As such,

Slepian signal sets exhibit strong symmetry properties. All points of a Slepian signal set are exactly equivalent in every aspect except for
their absolute position in the Euclidean space. From the above, it is obvious that the points of a Slepian signal set are all on the surface of a
sphere (hyper-sphere) in the Euclideann-space centered at the origin. A Slepian signal set is therefore a Geometrically-Uniform (GU) [23]
and equi-energy (sphere) signal set.
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signal sets, i.e., all the signal points reside on the surface of a hyper-sphere and therefore have the same
energy.

The Tangential Sphere Bound (TSB) proposed for binary codesby Poltyrev [26] and for MPSK BCM
schemes by Herzberg and Poltyrev [25] also uses GFBT whereℜ is a conical region. It is proven [25]
analytically that union bound is not tighter than the TB and the latter is also not tighter than the TSB.
Also, through extensive numerical analysis, it has been shown and is well established today that the SB
is not tighter than the TSB. As a matter of fact, TSB is thetightest bound on the ML decoding error
probability of binary block codes in AWGN interference known to-date [5], [6], [15], [27], [29].

The tightening of upper bounds on the ML decoding error probability of binary block codes within
the format of the GFBT has been an evolutionary process: an evolution of the Gallager region from
a half-space in the TB to a sphere in the SB and eventually to a cone in the TSB [30]. Yousefi and
Khandani [30] observed the similarity between the Gallagerregions for the TB, SB, and TSB and argued
that the underlying Gallager regions for these bounds are special instances of a generaln-dimensional
geometrical body with azimuthal symmetry along an axis. They referred to this as a Hyper-Surface of
Revolution (HSR). As such, a so-called Generalized Tangential Sphere Bound (GTSB) was proposed whose
Gallager region is a generic HSR. For an equi-probable Slepian signal set, the optimum HSR is found to
be a right circular cone and hence TSB is the tightest bound based upon the GTSB groundwork [30].

In the TSB method, the fact that codewords of a binary code with BPSK modulation are not uniformly
distributed on a sphere is ignored and furthermore a simple union bound is applied to the calculation
of the first term in the GFBT, viz., within the region of many errors. These shortcomings provide more
room for further tightening of the TSB. In this work we use thelatter imperfection as the basis for our
improvement. It is to be noted that as the conical regions employed in the development of the TSB do
not form a dense packing of the Euclidean space one cannot expect the TSB to be asymptotically tight.

The rest of this article is organized as follows. We start with preliminaries and notations in section III.
Following, we propose a general upper bound applicable to any sphere signal set. The initial form of the
proposed bound will require more information from the code than what the spectrum offers and hence
will be complicated. We propose a method to get over this complexity and come up with a bound which
is a mere function of the code spectrum at the expense of some loss of tightness. The resulting bound is
still easy to evaluate and for cases under consideration it only requires optimization over one variable. In
section IV, we provide a few examples. Improvements are reported with respect to the TSB of Poltyrev
for some average binary codes (BCH codes of length 63). Thesecodes are long enough to render the ML
decoding prohibitively complex while they have a spectrum which is very close to the average spectrum.
The paper in concluded in section V with some discussions andremarks on the newly developed bounds
in comparison with some other known bounds.

III. PRELIMINARIES

Consider a binary codeC = {c0, c1, ..., c2k−1} with parameters(n, k, dmin), to be used along with
BPSK modulation (antipodal signaling) on an AWGN channel. The resulting signal set will be

S = {s0, s1, ..., s2k−1}
wheresi = m(ci) ∈ R

n. For ci = (ci1, ci2, ..., cin),

m(ci) = (m(ci1), m(ci2), ..., m(cin))

wherem(α) =
√

Es(2α − 1), α ∈ {0, 1}, and Es is the symbol energy3. The resulting signal set is a
Slepian signal set. In particular for BPSK, denoting the Euclidean distance between two signal pointssi

andsj by δ(si, sj) or simply δij , we have

δ2
ij = δ2(si, sj) = ‖si − sj‖2 = 4Esd(ci, cj) = 4REbd(ci, cj) (1)

3Without loss of generality,Es will be chosen to be unity.
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whereR = k/n is the binary code rate,‖.‖ is the usual Euclidean norm,Eb is the information bit energy,
andd(, ) is Hamming distance. Assuming AWGN interference, the output of the channel will be a vector
r = si + n, wheren is an n-dimensional vector whose elements are independent zero-mean Gaussian
random variables with a variance ofσ2. Probability of word error for communicating one of2k messages
in S through an AWGN channel will be:

Pw(E) =
2k−1∑

i=0

P (E | si)P (si). (2)

If the resultingGeometrically-Uniform (GU) signal set [23] is equi-probable, the optimum ML decoding
rule will actually reduce to minimum Euclidean distance decoding strategy and

Pw(E) = P (E | si) (3)

wheresi can be any signal point. We assume thats0, signal corresponding to the all-zero codeword,c0,
has been transmitted.

IV. EXPANSION OF THENEW BOUND BASED ON THEGFBT

The proposed new upper bound is primarily based on the Gallager’s first bounding technique. According
to the GFBT, given a transmitted signal, the word error probability can be decomposed as in

Pw(E) = P{word error, r ∈ ℜ} + P{word error, r /∈ ℜ}
= P{E, r ∈ ℜ} + P{E | r /∈ ℜ} · P{r /∈ ℜ}
≤ P{E, r ∈ ℜ} + P{r /∈ ℜ}

(4)

wherer is the received signal vector andℜ, referred to as the Gallager region, is an appropriate region
around the transmitted signal point. The choice of regionℜ is of utmost significance in this bounding
method. Different choices of this region have resulted in various tight bounds in different ranges of signal-
to-noise ratio. Examples of Gallager regions which have resulted in the tightest upper bounds are spheres
(SB) [24] and right circular cones (TSB) [26].

The bound we are about to expand in this correspondence is developed for Slepian signal sets. For
such codes, the Voronoi regions are all congruent to each other and they all include the origin of the
n-space (n-dimensional space) [22], [31]. Within a general geometry,Yousefi and Khandani developed
the so-called Generalized Tangential Sphere Bound (GTSB) [30] using a generic Gallager region and
proved that for sphere codes, hyper-cone indeed provides the tightest bound within the GTSB framework;
thus climaxing at the TSB of Poltyrev. The new bound is similar to the GTSB and the TSB in that it is
based upon multiple levels of separation of noise components from the rest of the noise vector; the first
of which being the radial component of the noise.

Considering the transmission ofs0 (see Fig. 1) the radial component of noise is merely the portion of
the Gaussian noise along the vector−→

s0o.
Separating the radial component of noise,z1, form the rest of the noise vector one can expand the word

error probabilityPw(E) as

Pw(E) =

∫ +∞

−∞

P (E|z1)fz1
(z1)dz1 (5)

wherefz1
(z1) is the zero-mean Gaussian probability density function (pdf) with a variance ofσ2.

As suggested by the TSB and GTSB, we choose the “first” Gallager regionℜ1 to be a hyper-cone as
shown in Fig. 1. The cross sections of this hyper-cone alongz1 are hyper-spheres. As a result, for any
eventE, denotingP (E|z1) by Pz1

(E), the error can be expanded as

Pz1
(E) ≤

{
Pz1

(E, y ≤ r2(z1)) + P (y > r2(z1))
}

(6)
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s0

z1
sk

r(z1)

βk(z1)
z2

δk0/2

√
no

r0

Fig. 1. Geometry of the TSB.s0, the transmitted codeword, andsk are both on the surface of a hyper-sphere with radius
√

n centered at
the origin of the space,o. For more explanation of the parameters and the geometry of this figure, see [26].

wherey =
∑n

i=2 z2
i is a random variable with Chi-square distribution with(n−1) degrees of freedom [32],

i.e.,

fy(y) =
1

2
n−1

2 Γ(n−1
2

)σn−1
· e−

y

2σ2 y
n−1

2
−1U(y) (7)

in whichΓ(.) andU(.) are the complete gamma and the unit step functions, respectively. With M = 2k−1,
we have

Pz1
(E, y ≤ r2(z1)) = Pz1

(
M⋃

k=1

Ek, y ≤ r2(z1)

)

= Pz1

(
M⋃

k=1

(
Ek, y ≤ r2(z1)

)

)

(8)

where the pairwise error eventEk is the error event that the received vectorr is closer tosk, than the
transmitteds0, that is,

Ek = {‖r − sk‖ ≤ ‖r − s0‖|s0}. (9)

In TSB, (8) is bounded by further separating the tangential component of noise,z2 (where z2 is
orthogonal toz1: z2 ⊥ z1), form the complete noise vector and applying a simple unionbound. As
a result, (6) can be seen as (see Fig. 1 and [26])

Pz1
(E) ≤







∑

k:βk(z1)≤r(z1)

AkPz1
(Ek, y ≤ r2(z1)) + P (y > r2(z1))







=







∑

k:dk≤

—

nr2
0

n+r2
0

�

[
AkP (βk(z1) ≤ z2 ≤ r(z1), y1 ≤ r2(z1) − z2

2)
]
+ P (y > r2(z1))







(10)

where Ak’s are the number of signal points at a Euclidean distance ofδk = 2
√

dk from s0; i.e., the
coefficients of the euclidean weight enumerating (ewe) function4

ewe(w) =

n∑

k=1

Akw
δk (11)

4For simplicity δk0 anddk0 are represented byδk anddk, respectively.
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and βk(z1), as seen from Fig. 1, is the projection of the perpendicular bisector hyper-plane of the line
joining s0 andsk onto thez1 − z2 plane, that is, the straight line

βk(z1) =

√
n − z1

√
n
dk

− 1
(12)

andy1 is a Chi-square distribution with(n − 2) degrees of freedom

fy1
(y1) =

1

2
n−2

2 Γ(n−2
2

)σn−2
· e−

y1

2σ2 y
n−2

2
−1

1 U(y1). (13)

z2 is also a zero-mean Gaussian random variable with a varianceof σ2. βk(z1) is in fact the only entity in
the development of the bound that solely applies to sphere constellations, hence, making the TSB limited
to the equi-energy signal sets.

It is noted that in TSB we are only concerned with the upper nappe of the Gallager cone, i.e., where
both βk(z1) and r(z1) are nonnegative. This is a valid argument as for all practical codes and ranges of
error probability the probability of being in the lower nappe is infinitesimally close to zero [15].

TSB can be further tightened by improving the tightness of the union-based upper bound in the first
term of (10). Union bound is a Bonferroni-type inequality utilizing first order probabilities only. We
propose the application of a Bonferroni-type inequality with degree 2 (utilizing first- and second-order
probabilities).

For any set of eventsE1, E2, ..., EM , we have,

P

(
M⋃

j=1

Ej

)

= P (E1) + P (E2 ∩ Ec
1) + ... + P (EM ∩ Ec

1 ∩ Ec
2 ∩ ... ∩ Ec

M−1) =

M∑

j=1

P

(

Ej

⋂
[

j−1
⋂

i=1

Ec
i

]) (14)

which can result in the second-order Bonferroni-type inequality

P

(
M⋃

j=1

Ej

)

≤ P (E1) + P (E2 ∩ Ec
1) + P (E3 ∩ Ec

j1
) + ... + P (EM ∩ Ec

jM−2
) (15)

where naturally the ordering of the events as well as the choices for the indicesj1 ∈ {1, 2}, j2 ∈
{1, 2, 3}, ..., jM−2 ∈ {1, 2, ..., M −1} control the tightness of the bound. Denoting any of theM ! possible
permutations of the indices of the error eventsE1 to EM by Π(1, 2, . . . , M) = (π1, π2, . . . , πM), the
tightest upper bound in the form of (15) will be

P

(
M⋃

j=1

Ej

)

≤ min
Π,Λ

{

P (Eπ1
) + P (Eπ2

∩ Ec
π̂2

) + P (Eπ3
∩ Ec

π̂3
) + ...

+P (EπM
∩ Ec

π̂M
))

} (16)

with Λ = {π̂2, π̂3, . . . , π̂M}, in which π̂j ∈ {π1, π2, . . . , πj−1}, j = 2, 3, . . . , M , is the index of the event
that minimizes the corresponding pairwise probability. The above independently-developed upper bound
of ours has been previously reported by Hunter in [33] in the following equivalent form

P

(
M⋃

j=1

Ej

)

≤ min
Π,Λ

{ M∑

j=1

P (Eπj
) −

M∑

j=2

P (Eπj
∩ Eπ̂j

)

}

. (17)
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Applying (16) to (8) results in the bound

Pw(E) ≤
+∞∫

−∞

{

Pz1

(
Eπ1

, y ≤ r2(z1)
)

+

M∑

j=2

Pz1

(
Eπj

, Ec
π̂j

, y ≤ r2(z1)
)
+

P (y > r2(z1))

}

fz1
(z1)dz1

(18)

where π̂j ∈ {π1, π2, . . . , πj−1}, j = 2, 3, . . . , M , is the index of error event that minimizes the
corresponding pairwise error probability.

Pz1
(Eπ1

, y ≤ r2(z1)) in similarity with the TSB equals (see Fig. 1)

P (βπ1
(z1) ≤ z2 ≤ r(z1), y1 ≤ r2(z1) − z2

2) (19)

where

βπ1
(z1) =

√
n − z1

√
n

dπ1

− 1
. (20)

For probabilities of the formPz1
(Ei, E

c
j , y ≤ r2(z1)) encountered in (18), we use the3-dimensional

A

s0

sj

z′3z3

z1

(a) (b)

βi(z1)

z2

z2

p1

φ = arccos(ρ)

A z′3

p2

βj(z1)

si

o

φ

x y

Fig. 2. Geometry of the proposed bound in (a) 3 dimensions, and (b)in 2 dimensions.

geometry in Fig. 2-a where the transmitted points0 is shown in relation to two other pointssi and sj

(corresponding to error eventsEi andEj). s0, si, andsj are all on the surface of a hyper-sphere centered
at the origin of the space,o, with radius

√
n. The2-dimensional planesp1 andp2 are constructed by the

points o, s0 and si; and o, s0, andsj, respectively. These two planes hinge onz1, the radial component
of noise. The lines ox and oy are the projections of the perpendicular bisectors of linesjoining s0 to si
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and s0 to sj onto the planesp1 andp2, respectively. For sphere signal sets these perpendicularbisectors
go through the origin of the signal space and therefore, so dothe lines ox and oy. Then, the two noise
componentsz2 andz′3 on the planesp1 andp2 are adopted as the noise components along the directions−→n2 and−→n3 where

−→n2 =
−−→s0si− < −−→s0si,

−→n1 > −→n1

‖−−→s0si− < −−→s0si,
−→n1 > −→n1‖

, −→n3 =
−−→s0sj− < −−→s0sj,

−→n1 > −→n1

‖−−→s0sj− < −−→s0sj,
−→n1 > −→n1‖

(21)

where−→n1 is the unit vector in the direction ofz1, and< . > is the inner product operation. Then, choosing
the two orthogonal noise componentsz2 and z3 appropriately (see Fig. 2 along with Appendix A) we
have

Pz1
(Ei, E

c
j , y ≤ r2(z1)) = P

(

βi(z1) ≤ z2 ≤ r(z1),−r(z1) ≤ z3 ≤ ℓ(z1, z2),

y2 ≤ r2(z1) − z2
2 − z2

3

) (22)

with (see Appendix A)

ℓ(z1, z2) =
βj(z1) − ρz2

sin(arccos ρ)
=

βj(z1) − ρz2
√

1 − ρ2
(23)

andy2 a random variable with Chi-square distribution with(n − 3) degrees of freedom, i.e.,

fy2
(y2) =

1

2
n−3

2 Γ(n−3
2

)σn−3
· e−

y2

2σ2 y
n−3

2
−1

2 U(y2). (24)

ρ = cos(φ) = ρ(z2, z
′
3) is the correlation coefficient ofz2 andz′3 shown in Fig. 2.

Plugging (19) and (22) in (18) yields the overall bound as

Pw(E) ≤ min
r(z1),Π,Λ

{ +∞∫

−∞

[ r(z1)∫

βπ1
(z1)

fz2
(z2)

r2(z1)−z2
2∫

0

fy1
(y1)dy1 · dz2+

∑

j>1:βπj
(z1)<r(z1)

(
r(z1)∫

βπj
(z1)

ℓ(z1,z2)∫

−r(z1)

fz(z2, z3)

r2(z1)−z2
2−z2

3∫

0

fy2
(y2)dy2dz2dz3

)

+

+∞∫

r2(z1)

fy(y)dy

]

fz1
(z1)dz1

}

.

(25)

The above bound is too tedious for the following reasons. Firstly, as the bound depends on the correlation
coefficients between noise vectors−→n2 and−→n3, it will require the global geometrical properties of the code
and only the spectrum would not suffice. Furthermore, the triple minimization overr(z1), Π, and Λ is
prohibitively complex.

The choice of the optimum permutation and the optimum setΛ concurrently is tantamount to the
problem of finding the optimum directed spanning graph forM nodes/vertices. This is a graphG with
order |G| = M and is constrained to have‖G‖ = M − 1 directed edges [34].G is also constrained such
that firstly, each vertex, except only one (referred to as theend child5), is parent to exactly one other
vertex; secondly, the end child is parent to no vertex; and thirdly, edges chosen to construct the spanning

5This is simply the first point of the constellation (with index π1 within the formulation in (18)) selected.
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graph are such that each vertex becomes a parent to either theend child or to a vertex already a parent.
Each directed edge going from the parent vertexi to the child vertexj has a cost of

Pz1
(Ei, E

c
j , y ≤ r2(z1)) (26)

and each vertex has a cost of
Pz1

(Ei, y ≤ r2(z1)). (27)

The total cost of the graph constructed as such is defined as the cost of the end child plus the cost of
all the edges. The graph with the above properties that has the smallest cost will be the optimum choice.
Finding such a graph is a prohibitively sophisticated problem. Hunter [33] proves systematically that any
spanning tree6 of the M vertices of events can be used in (17), and thus also in our (16) and (25). In
[33], Kruskal’s [35] minimal spanning tree algorithm has been proposed to tighten the upper bound. The
other possibility is the well known greedy minimal spanningtree algorithm of Prim [36]. In both cases
the local and global optima coincide [37], [38]. In smaller problems such as the uncoded modulation case
considered in [3] such greedy algorithms are very efficient but in cases like the problem in this article,
the small improvements obtained are well canceled out by thesignificant algorithm overhead. This is
even more pronounced here as the bounds in this paper are intended for longer and larger codes and
high-dimensional constellations.

To detour the above-mentioned tedious obstacles and also tohave a bound requiring only the spectrum
of the code, we suggest the following simpler but looser bound.

For two error eventsEi and Ej corresponding to codewords with Hamming weightsdi and dj , the
probability in (22) involves a correlation coefficientρ which can not be obtained from merely Hamming
weights. If one allows the second error event (Ej) to correspond to the BPSK image of a binaryn-tuple
of Hamming weightdj (and not necessarily a codeword), thenρ will satisfy (see Appendix B)

ρmin = −min

(
√

didj

(n − di)(n − dj)
,

√

(n − di)(n − dj)

didj

)

≤ ρ ≤

ρmax =
min(di, dj)

[
n − max(di, dj)

]

√

didj(n − di)(n − dj)
.

(28)

On the other hand, the probability in (22) is capped as in

Pz1

(

Ei, E
c
j , y ≤ r2(z1)

)

≤ Pz1
(Ei, E

c
j ) (29)

where the right hand side in (29) is a monotonically decreasing function of the correlation coefficientρ
in the interval(−1, 1). This is obvious as it has been proven that probabilities of the form Pz1

(Ei, Ej)
are monotonically increasing with the correlation coefficient [39].

If Aw is the number of the codewords with a Hamming weight ofw, then by adding the remaining
(

n
w

)

− Aw

n-tuples to the codebook, an extended codebook is obtained where all the correlation coefficients
(combinatorially possible) between two codewords with Hamming weightsdi andw are available. Thus,
for each layer of the signal constellation, we can choose thelargestρ available with respect to ann-tuple
of Hamming weightw. In this way, one only needs to find the optimum layer at which the codebook

6Definition: A spanning tree ofM nodes is a connected graph with(M − 1) branches such that at least one branch is incident on any
of the nodes. This means that there is exactly one path between any two vertices of the spanning tree.
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extension is done7, i.e., finding the optimum1 ≤ w ≤ n. As suggested by the TSB, we choose the curve
in z1, which specifies the boundary of the Gallager region, to be a linear function ofz1

r(z1) = r0(
√

n − z1) (30)

where the constantr0 is to be optimized. With the above applied to the bound, the optimization will be
over w and r0 the choice of which are interrelated. For average codes, ouriterative optimization over
these two parameters indicated that the optimumr0 is marginally the same as the radiusr0 for the TSB
case [26]. The overall bound with optimumr0 of the TSB is

Pw(E) ≤ min
w

{ +∞∫

−∞

[(
n
w

) r(z1)∫

βw(z1)

fz2
(z2)

r2(z1)−z2
2∫

0

fy1
(y1)dy1 · dz2+

∑

k:βk(z1)<r(z1)

(

Ak

r(z1)∫

βk(z1)

ℓk
w(z1,z2)∫

−r(z1)

fz(z2, z3)

r2(z1)−z2
2
−z2

3∫

0

fy2
(y2)dy2dz2dz3

)

+

+∞∫

r2(z1)

fy(y)dy

]

fz1
(z1)dz1

}

(31)

with 





ℓk
w(z1, z2) =

βw(z1)−ρmax,kz2√
1−ρ2

max,k

ρmax,k =
min(dk ,w)

[
n−max(dk ,w)

]

√
dkw(n−dk)(n−w)

(32)

and,

1 ≤ w ≤ wmax =

⌊
nr2

0

1 + r2
0

⌋

(33)

wherewmax is the Hamming weight of the last layer of the code contained in the conical Gallager region.
The term in the first line of (31) corresponds to the error within the Gallager cone corresponding to

the codewords (of the extended codebook) of Hamming weightw. If vj is the BPSK image of one of a
codeword of the extended codebook, then the perpendicular bisector of the line joiningvj ands0 (which
is an (n − 1)-dimensional hyper-plane) defines an error half-space fromthe family

Hj = {r ∈ Rn : ‖r − vj‖ < ‖r − s0‖} , j = 1, 2, . . . , η =

(
n
w

)

(34)

Thus, P (r ∈ Hj |s0) is the probability that the received vector,r, is closer to the pointvj than the
transmitted vectors0; given the latter was transmitted. Each inequality in (34),when changed to an
equality, defines a boundary hyper-plane inn-space8.

Equivalently, the bound in (31) can be obtained by applying asecond stage of the GFBT, with a
“polyhedral set9” as its underlying Gallager region to the first term in the expansion (6) (see Appendix
C).

The second Gallager region,ℜ2, is defined to be the following polyhedral set

7Instead of only at one layer/weight (w), one can also extend the codebook at multiple layers. In this work, to keep the bound simple we
only use one weight for the extension.

8Note that one definition of an(n− 1)-dimensional hyper-plane is the locus of the points in then-space which are at the same Euclidean
distance from 2 points.

9Definition: A polyhedral set is the intersection of a finite number of closed half-spaces [40].
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ℜ2 =

η
⋂

j=1

Hc
j . (35)

As the definition of our second Gallager region based on thesehyper-planes is consequential in the
derivation of the simple version of the bound in (31), we refer to the latter as the Added-Hyper-Plane
(AHP) bound.

As for most codes,Aw ≪
(

n
w

)

, the major portion of the first term in (31) is the overhead added due

to the addition of the hyper-planes. The extra terms are calculated naively using simple additive (union)
bound. The same methodology applied to the improvement of the TSB towards the AHP by changing
probabilities of the form (27) to probabilities of the form (26) can be applied to the joint probability of
error inside the cone and outside the hyper-planes corresponding to codewords (of extended codebook)
at Hamming layerw. As such, the final form of the AHP bound is

Pw(E) ≤ min
w

{ +∞∫

−∞

[ r(z1)∫

βw(z1)

fz2
(z2)

r2(z1)−z2
2∫

0

fy1
(y1)dy1dz2+

[(
n
w

)

− 1

] r(z1)∫

βw(z1)

ℓw(z1,z2)∫

−r(z1)

fz(z2, z3)

r2(z1)−z2
2
−z2

3∫

0

fy2
(y2)dy2dz2dz3+

∑

k:βk(z1)<r(z1)

(

Ak

r(z1)∫

βk(z1)

ℓk
w(z1,z2)∫

−r(z1)

fz(z2, z3)

r2(z1)−z2
2
−z2

3∫

0

fy2
(y2)dy2dz2dz3

)

+

+∞∫

r2(z1)

fy(y)dy

]

fz1
(z1)dz1

}

(36)

with (see Appendix D)
{

ℓw(z1, z2) = βw(z1)−ρmax,wz2√
1−ρ2

max,w

ρmax,w = 1 − n
w(n−w)

, w 6= 0, n
. (37)

V. EXAMPLES

Our exhaustive optimization over1 ≤ w ≤
⌊

nr2
0

1+r2
0

⌋

showed that due to the severeness of the added

overhead at low SNR’s and smallw’s, minimum error probability is generally achieved atwmax =
⌊

nr2
0

1+r2
0

⌋

,
i.e., the added hyper-planes reside in the last shell of the code within the Gallager cone. Thus, optimization
is completely waived from the bound, resulting in great simplicity. In particular for longer codes such as
long Turbo or LDPC codes, this provides significant reduction in the complexity of the bound.

Table I lists the optimumr0 for the TSB,wmax for the AHP bound, andθSLB of Shannon Lower Bound
(SLB) for some BCH codes of length63.

The well known Shannon lower bound, which is based on matching the shape of the Voronoi region
of the constellation, is more exact for low SNR values and in fact coincides with the TSB as very low
SNR. SLB on the performance of ML decoding of Slepian codes isbased on upper bounding the Voronoi
region of the transmitted point by a sphericaln-cone with a solid angle equal to the solid angle of the
n-sphere divided by the number points in the constellation and for a binary code(n, k) is given by [1],
[39]:
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Fig. 3. Bounds on word error probability for BCH(63,24); from top to bottom: TSB, AHP withw = 39, and SLB.

Pw(E) ≥ 1

2
n−3

2 Γ
(

n−1
2

)

∞∫

0

un−2e−
u2

2 Q

(√

2nREb

N0

− u cot(θSLB)

)

du (38)

where the optimal angleθSLB is obtained from
θSLB∫

0

(sin u)n−2du =
n
√

π

(n − 1)2k
· Γ
(

n+1
2

)

Γ
(

n+2
2

) . (39)

Shannon lower bound is shown through extensive numerical results to be the tightest lower bound on
the ML decoding error probability at low SNR’s [39], [41].

The comparisons between the TSB, AHP withw = wmax, and the SLB for two BCH codes of length 63
at low SNR’s are presented in Figs. 3-4. For high SNR’s, TSB isa very tight bound. Small but significant
improvements over the TSB are observed even at very low SNR’s. Note, for instance, that for BCH(63, 24)
at a word error probability of0.1 the difference between the TSB and SLB is merely0.59 dB where we
report a0.08 dB (more than10%) tightening with the simplest form of the AHP.

We have observed that a significant part of the error at high noise powers is due to the added hyper-
planes in the final form of the AHP in (36). A better solution tothe optimization in (25) would result in
tighter bounds but will naturally be more complex. Nevertheless, any solution to these problems should
merely depend on the spectrum of the code in order to keep the bound simple.

Code (63, 24) (63, 30) (63, 36) (63, 39) (63, 51)
r0 1.2964 1.1024 0.9433 0.8738 0.6478

wmax 39 34 29 27 18
θSLB 0.9210 0.8415 0.7727 0.7414 0.6328

TABLE I

THE OPTIMUM r0 FOR THETSB,w FOR AHP, AND θSLB FOR SOMEBCH CODES OF LENGTH63.

VI. CONCLUSION

The proposed bound in its original form in (25) is too complicated due to the triple minimization
involved. Even using the same conical Gallager region as in the TSB, the optimization is still tantamount
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Fig. 4. Bounds on word error probability for BCH(63,30); from top to bottom: TSB, AHP withw = 34, and SLB.

to finding an optimum directed spanning graph for a vertex set. We address the above-mentioned problems
by the addition of certain hyper-planes forming a second Gallager region and thus proposing the AHP
bound. AHP relies solely on the spectrum of the code and provides improvements at low SNR’s with a
small addition of complexity.

The proposed bound applies to any Slepian signal set and is not limited to the BPSK-modulated binary
block codes.

It is also to be noted that, although it has been the tightest upper bound on the performance of fixed
codes, the TSB fails to achieve the random coding exponent [11]. Typically, the random coding exponent
E(R) as a function of the code rateR can be studied in the three regions of0 ≤ R ≤ Rc1, Rc1 ≤ R ≤ Rc2,
andRc2 ≤ R ≤ C; referred to as the expurgated, straight-line, and sphere-packing bounds, respectively.
C is the channel capacity and the two critical rate valuesRc1 and Rc2 are the boundaries of the three
regions [11]. It is possible to show that for codes with average spectrum, the exponent of the TSB
coincides with the random coding exponent in expurgated andstraight-line regions but not in the sphere-
packing region [26]. TB is also known to be asymptotically incorrect while the SB for an average code
coincides asymptotically with the random coding bound. Although the difference between the random
coding exponent and the exponent of TSB for binary codes is quite small (specially for low rate codes),
since the codewords of a binary code are not uniformly distributed on the Euclidean sphere, the conical
regions do not form a dense sphere packing and therefore TSB will not be expected to be asymptotically
tight. In the AHP bound, the underlying Gallager region is adopted from the TSB and the difference is
primarily due to the use of a second-order Bonferroni inequality in place of the union bound. Thus, it is
natural to not expect the AHP to be asymptotically tight, andin fact, our results are consistent with this
observation offering no significant improvement for the error exponent. Though, It is worth noticing that
the second version of Duman and Salehi (DS2) bound [12], [42], on the other hand, does give the correct
random coding exponent [5], [29] (also relevant is the very recent works of Cohen et al. [4]).
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Fig. 5. Geometry for the probabilitiesPz1
(Ei, E

c
j , y ≤ r2(z1)) in the z2 − z3 plane.

APPENDIX A
PROOF OF(22) AND (23)

Using the geometry of Fig. 5 in the plane of pointA and noise vectorsz2 andz′3 defined in directions
given in (21), we have

Pz1
(Ei, E

c
j , y ≤ r2(z1)) = Pz1

(

βi(z1) ≤ z2, z
′
3 ≤ βj(z1), y ≤ r2(z1)

)

=

P (r ∈ R)

(40)

wherer is the received vector from the channel and R is the crosshatched region shown in Fig. 5. (40)
in terms of two orthogonal noise componentsz2 andz3 will be

Pz1
(Ei, E

c
j , y ≤ r2(z1)) = P

(

βi(z1) ≤ z2 ≤ r(z1),−r(z1) ≤ z3 ≤ ℓ(z1, z2),

y2 ≤ r2(z1) − z2
2 − z2

3

) (41)

whereℓ(z1, z2) is the representation for the straight line perpendicular to z′3 as shown in Fig. 5. In above
and (22),z2 andz3 are independent zero-mean Gaussian random variables with avariance ofσ2.
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APPENDIX B
PROOF OF(28)

To study the correlation coefficient

ρ = ρ(−→n2,
−→n3) =< −→n2,

−→n3 >

we note that
s0 = m(c0) = (−1 − 1 · · · − 1

︸ ︷︷ ︸

n

).

Notation: For a bi-valued vector−→v = (v1, v2, . . . , vn) with d and (n − d) elements beingα and γ,

respectively, we say that−→v belongs to the class{(α)d, (γ)n−d} containing

(
n
d

)

such vectors, i.e.,

−→v ∈ {(α)d, (γ)n−d}. (42)

Using the above class notation,si andsj are alson-tuples with±1 components, where the number of
ones in them isdi anddj respectively, i.e.,

si ∈ {(+1)di , (−1)n−di}
sj ∈ {(+1)dj , (−1)n−dj}

and thus, −−→
s0si ∈ {(2)di, (0)n−di}
−−→
s0sj ∈ {(2)dj , (0)n−dj}

Also,
−→n1 =

−→
s0o

‖−→s0o‖
Using (21) along with the definition of−→n1 and straightforward manipulations we have,

−→n2 ∈
1

√
di

n
(n − di)

{

(1 − di

n
)di , (−di

n
)n−di

}

(43)

and
−→n3 ∈

1
√

dj

n
(n − dj)

{

(1 − dj

n
)dj , (−dj

n
)n−dj

}

. (44)

The value ofρ =< −→n2,
−→n3 > would then depend on the location of the elements of−→n2 and−→n3 with

respect to each other but it is noted that the maximum and minimum of it would correspond to maximum
and minimum overlap scenarios, i.e., when the maximum/minimum number of positive elements of−→n2

coincide with positive elements of−→n3.
Then, it is straightforward to see that for maximumρ, we have,

ρmax =







dj

(
n−di

)

√
didj(n−di)(n−dj)

=

√

dj

(
n−di

)

di

(
n−dj

) if di ≥ dj

di

(
n−dj

)

√
didj(n−di)(n−dj)

=

√

di

(
n−dj

)

dj

(
n−di

) if di ≤ dj

(45)

and for minimumρ, we have,

ρmin =







−
√

didj

(n−di)(n−dj)
if di + dj ≤ n

−
√

(n−di)(n−dj)

didj
if di + dj ≥ n

. (46)

(45) and (46) together are equivalent to (28).
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APPENDIX C:
AHP OBTAINED BY THE APPLICATION OF A SECOND STAGE OF THEGFBT

Applying the GFBT with

ℜ2 =

η
⋂

j=1

Hc
j

as the second Gallager region, toPz1
(E, y ≤ r2(z1)), we have

Pz1
(E, y ≤ r2(z1)) ≤ Pz1

(E, y ≤ r2(z1), r ∈ ℜ2) + Pz1
(y ≤ r2(z1), r /∈ ℜ2)

= Pz1
(E, y ≤ r2(z1), r ∈

η
⋂

j=1

Hc
j ) + Pz1

(y ≤ r2(z1), r ∈
η
⋃

j=1

Hj)
(47)

We bound each of the terms in the above separately. First,

Pz1
(y ≤ r2(z1), r ∈

η
⋃

j=1

Hj) = Pz1
(

η
⋃

j=1

(r ∈ Hj , y ≤ r2(z1)))

≤
η
∑

j=1

Pz1
(r ∈ Hj , y ≤ r2(z1))

= ηP (βw(z1) ≤ z2 ≤ r(z1), y1 ≤ r2(z1) − z2
2)

(48)

with

βw(z1) =

√
n − z1

√
n
w
− 1

. (49)

The last equality in (48) is simply due to the SB with a geometry similar to that of Fig. 1 and expressions
in (10).

Also,

Pz1
(E, y ≤ r2(z1), r ∈

η
⋂

j=1

Hc
j ) = Pz1

( M⋃

k=1

Ek, y ≤ r2(z1), r ∈
η
⋂

j=1

Hc
j

)

= Pz1

( M⋃

k=1

(Ek, y ≤ r2(z1), r ∈
η
⋂

j=1

Hc
j )
)

≤ Pz1

( M⋃

k=1

(Ek, y ≤ r2(z1), r ∈ Hc
jk
opt

)
)

≤
M∑

k=1

Pz1

(

Ek, y ≤ r2(z1), r ∈ Hc
jk
opt

)

(50)

where the union
η⋂

j=1

Hc
j is replaced by only one region, namely,Hc

jk
opt

, wherejk
opt ∈ {1, 2, . . . , η} can be

chosen to minimize the upper bound.
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APPENDIX D
CALCULATION OF ρmax,w IN (37)

In the proposed AHP upper bound, the second Gallager region involves all the codewords (in the
extended codebook) of weightw. Thus, to calculate the probabilityPz1

(E, y ≤ r2(z1)), we deal with
probabilities of the formPz1

(Ei, E
c
j , y ≤ r2(z1)) where both of the eventsEi and Ej correspond ton-

tuples of weightw and are chosen such that they differ from each other minimally, i.e., have a Hamming
distance of2. As such,ρmax,w is the maximum correlation coefficient achievable between two vectors
from the class {(

1 − w/n
√

w
n
(n − w)

)w

,

(

−w/n
√

w
n
(n − w)

)n−w}

.

It is trivial to see that the maximum correlation will be

ρmax,w = 1 − n

w(n − w)
.
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