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Abstract� A number of di�erent iterative decoding methods are proposed for the multi�user

interference cancelation in a Code Division Multiple Access �CDMA� system where Turbo�codes

are utilized for Forward Error Correction �FEC�� In the proposed methods� the individual users

are decoded separately with the operation of iterative interference cancelation being mixed with

the iterative decoding of Turbo�code� This results in a modest increase in the overall complex�

ity as compared to a conventional single user receiver utilizing Turbo�code for FEC� Numerical

results are presented showing that the proposed iterative decoders show an improvement in the

BER performance� and�or a reduction in the computational complexity as compared to similar

previously known methods reported in �	
� ��
�

I� Introduction

The received signal in a DS�CDMA �Direct Sequence Code Division Multiple Access� system

is a superposition of the individual transmitted information signals� The conventional CDMA

receiver is composed of a bank of single�user detectors� each with a correlator matched to a

speci�c spreading signal� This is the simplest receiver for the CDMA system and is optimum only

if the received signals are orthogonal� Such a receiver does not take into account the structure of

the Multiple Access Interference �MAI�� treating the interference from the other users as additive

noise� The performance of the conventional receiver is reasonable when the number of users is

small� but deteriorates rapidly as the number of users increases�

The performance of a CDMA system can be greatly enhanced by jointly decoding all the users

instead of decoding them separately as done in the conventional receiver� Sergio Verd
u �rst

introduced the optimal uncoded multi�user receiver in ��
 and discussed it further in ��
� ��
�
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His derivation of the optimum multi�user receiver is based on a maximum likelihood sequence

detection formulation for asynchronous users transmitting over an Additive White Gaussian Noise

�AWGN� channel� The complexity of the optimal multi�user receiver increases exponentially with

the number of users� making it infeasible for implementation in a practical communication system�

Since the main drawback of the optimal multi�user detector is complexity� most of the recent

research works have addressed the problem of simplifying multi�user detection for implementation

in a practical communication system with a wide�range of performance versus complexity tradeo�s�

Early works on multi�user detection for uncoded synchronous systems are reported in ��
� ��
� ��
�

Some linear complexity sub�optimal receivers that have been proposed include the decorrelating

detector ���
� ���
� the minimum mean�square�error sequence detector ��	
� and the projection

receiver ���
� Several other sub�optimal multi�user detectors that utilize feedback to reduce the

e�ect of the MAI in the received signal include multistage detectors ���
� ���
� decision�feedback

detectors ���
� ���
� and successive or parallel interference cancellation ���
� ���
� Duel�Hallen et

al� �	�
 and the references within provide a further description of most of these receivers�

Most of the proposed sub�optimal multi�user detectors in the literature are designed with no

consideration to channel coding� Only recently there has been a focus on developing multi�user

detectors in combination with various channel coding methods�

Giallorenzi and Wilson �	�
 extended the optimal uncoded receiver of Verd
u ��
 to incorporate

convolutional coding for FEC� They showed that this receiver could achieve single�user performance

for reasonable cross�correlation values typical in CDMA systems� However� the complexity of this

receiver is exponentially dependent on the number of users and the number of states of each

convolutional code� Due to the high complexity� they proposed a sub�optimal receiver �		
 which

for a large number of users achieves a performance within a couple of dB of the single�user bound�

The sub�optimal multi�user decoders in the literature that incorporate channel coding can be

divided into the categories of non�iterative and iterative receivers� The non�iterative sub�optimal

decoders include those proposed in �	�
 and �	�
�

Reference �	�
 describes an iterative detection and decoding scheme in a convolutionally coded

DS�CDMA system using MAP decoding and reduces the complexity through an iterative inter�

ference cancellation scheme combined with a suboptimal channel decoding algorithm� They also

investigate the performance achievable by a low complexity scheme and observe that it is close to

optimal�

In �	�
� Hagenauer proposes an interference cancellation receiver for a synchronous system based

	



on viewing the CDMA channel as a block code� This result led to the proposal of more complex

sub�optimal multi�user receivers for asynchronous systems in �	�
� �	�
� �	�
� ���
� and ���
�

Reed et al� �	
� ��
� ��	
� ���
� ���
 also proposed an iterative multi�user decoder for synchronous

CDMA systems� These decoders utilize both convolutional code ��	
� ���
� ���
� and Turbo�code �	
�

��
 for FEC� In both cases� near single�user performance was achieved� However� the complexity

in both decoders is still exponential with respect to the number of users� Reference �	
� ��
 also

proposes a lower complexity decoder which however results in a noticeable degradation in the

performance �in the order of a dB��

Alexander� Grant and Reed ���
 further extended ��	
� ���
� ���
 to the asynchronous CDMA

system using convolutional codes for FEC� Their proposed sub�optimal iterative decoder operates

on a sequence of received symbols resulting in a linear per�bit complexity� It views the concate�

nation of direct�sequence spreading with the asynchronous multiple�access channel as a special

form of convolutional code� implementing the interference cancellation operation as part of the

decoding� This decoder performed within a fraction of a dB of the single�user bound for a heavily

loaded system at high signal to noise ratio values� More recently� Wang et al� ���
 and El Gamal

et al� ���
 have proposed more advanced iterative sub�optimal receivers using convolutional code

for FEC�

Note that most of the iterative interference cancelation schemes based on considering the spread�

ing and the channel coding operations as a concatenated coding scheme require a fairly high signal

to noise ratio to perform close to the single user bound� However� this restriction on the admissible

range of signal to noise ratio does not apply to the schemes proposed in this article� This feature

may be desirable in situations where higher values of error probability are admissible �for example

in speech communication��

In ����� Claude Berrou et al� ���
 introduced a class of parallel concatenated convolutional

codes known as Turbo�code that produce results close to the Shannon limit� The Turbo�code

technique combines the concepts of iterative decoding� soft�in�soft�out decoding� and pseudo�

random interleaving� Independent of ���
� channel coding techniques following a similar line of

thinking were presented in ���
� ���
�

This paper proposes a number of di�erent sub�optimal iterative multi�user receivers for CDMA�

utilizing Turbo�code for FEC� over an AWGN channel� The iterative structure of these receivers

is similar to the iterative structure utilized by Reed et al� �	
� ��
 in the sense that the joint

detection is combined with channel decoding� However� unlike �	
� ��
� the proposed receivers
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use the individual Turbo decoders to perform the task of interference cancellation� while adding

minimal complexity to the Turbo decoding� Throughout the paper� we follow a system model and

a set of assumptions similar to �	
� ��
 to provide a benchmark for comparison�

All the proposed multi�user receivers are based on the same basic iterative decoder construction�

incorporating the iterative� soft in�soft out structure of Turbo decoder� The di�erence between

these receivers is a result of varying approximations for the probability distribution of the MAI

and the method employed for updating the conditional probability distributions in the system�

The �rst proposed receiver approximates the MAI by a Gaussian random variable while the second

proposed receiver represents the MAI as a random variable with a binomial distribution� Another

two receiver structures extend the �rst receiver by also updating the distribution of the noise

term� The �rst of these two receivers uses an estimate of the noise values to provide a better

approximation for the conditional noise distribution for each user by exploiting the fact that the

noise samples are correlated� In this case� the noise estimates are computed using both a hard

and a soft decision on the individual bit values� The last proposed receiver further extends the

previous structure by taking the conditional noise distribution over the range of all possible noise

estimates�

The paper is organized as follows� Section �II� examines the CDMA system model used in the

development of the proposed iterative multi�user receivers� Section �III� presents the derivation of

the proposed iterative receivers� Section �IV� describes the simulation setup and presents the BER

performance of the proposed schemes� followed by a complexity analysis in Section �V�� Finally�

Section �VI� concludes with a summary of the results�

II� Direct�Sequence CDMA System Model

The block diagram of the basic discrete�time CDMA system used in this paper is shown in

Figure ���� This model assumes that the channel is both chip and symbol synchronous� Note

that a similar model is used in �	
� ��
 which is the benchmark for the comparison in this paper�

Generalization to the asynchronous channel is possible by incorporating an appropriate model to

compute the conditional probability distribution for the MAI term�

The K users each transmit M source bits b
�k�
t � f�� �g per each block of data� where k �

f�� � � � �Kg speci�es the user and t � f�� � � � �Mg is the time index of the uncoded data� The source

bits for each user are assumed to be i�i�d� and are independent of the other users� The uncoded

bits b�k�t are coded into L � M�R symbols d
�k�
t � f�����g per block� where k � f�� � � � �Kg�
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t � f�� � � � � Lg is the time index of the coded block� and R is the coding rate� The discrete�time

spreading signal utilized by user k to spread the coded symbols at symbol interval t consists of N

chips� normalized to unit energy� and is denoted by s�k�t �
n
��p
N
� �p

N

oN
� The decoder is assumed

to have knowledge of the spreading signals of all the users�

Following the notation used in �	
� ��
� the matched �lter outputs of theK users can be expressed

in vector form as�

rt � Htdt � nt� ���

where rt �
�
r
���
t � � � � � r

�K�
t

��
� is the received vector �with ���� denoting the transposition operation��

dt �
�
d
���
t � � � � � d

�K�
t

��
is the coded data vector� and Ht is the K�K discrete�time cross�correlation

matrix of the spreading signals� The noise samples nt �
�
n
���
t � � � � � n

�K�
t

��
� as a result of matched

�ltering� are correlated with autocorrelation matrix E
n
ntn

�
t

o
� Ht�

�� where Efg denotes the

statistical expectation�

The sampled output of the matched �lter for the kth user is expanded as

r
�k�
t � d

�k�
t �

KX
i��
i��k

d
�i�
t ��ik� � n

�k�
t � �	�

where n
�k�
t is a Gaussian random process with zero mean and variance �� � N��	 ���
� The

cross�correlation value ��ik� comprises the ikth element of the cross�correlation matrix Ht�

III� Iterative Multi�User CDMA Receiver

The proposed iterative multi�user CDMA receiver is illustrated in Figure �	�� The receiver is

composed of a metric generator and K single user Turbo decoders� The metric generator uses the

outputs of the matched �lters� rt �
�
r
���
t � � � � � r

�K�
t

��
� from the front end of the receiver to generate

a metric suitable for use in the K single user Turbo decoders� Each Turbo decoder then uses this

metric to improve the bit probabilities� which will be subsequently used as the a�priori input to

the metric generator for use in the next iteration� The iterative process continues in this manner

until further iterations yield little or no signi�cant improvement�

The main problem of implementing such an iterative multi�user CDMA receiver is that of

generating the correct probability values in the metric generator for use in the Turbo decoders�

The key point to the proposed iterative algorithm is to �nd a proper method to update the

marginal conditional probability distributions �metric�� p
�
r
�k�
t jd�k�t

�
� from iteration to iteration�

We explore a variety of methods to extract and update these marginal probabilities�
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For the iterative multi�user CDMA receiver� each Turbo decoder is modi�ed to produce both

uncoded and coded bit probabilities Pr
�
b�k�r � bjr�k�

�
� b � f�� �g� and Pr

�
d
�k�
t � djr�k�

�
� d �

f��� �g� respectively� The metric generator creates the metric p
�
r
�k�
t jd�k�t

�
by assigning the output

of the Turbo decoders from iteration i as the a�priori input probability for the i�� iteration� For

the initial iteration� the metric generator assumes equally likely bit probabilities for all K users�

After the required number of iterations have been completed� the systematic bit probabilities

Pr
�
b�k�r � bjr�k�

�
� b � f�� �g� generated by the K Turbo decoders are used to make the �nal

hard�decision to calculate

�b�k�r � sign

�
�Pr

�
b�k�r � �jr�k�

�
Pr

�
b
�k�
r � �jr�k�

� � �

�
A � �k� ���

To reduce the complexity of the derivations for the probability metric� in most of our discussions�

the cross�correlation term ��ij� is assumed to be constant and equal to � for all i �� j� i� j �
f�� � � � �Kg� In such cases� we use � � ��N corresponding to maximum length spreading sequences�

As a result of this assumption� the discrete cross�correlation matrix Ht becomes a time invariant

matrix� represented as H� which has diagonals equal to one and the non�diagonal elements equal

to ��

The following proposed receivers explore di�erent methods to update the metric p
�
r
�k�
t jd�k�t

�
�

The �rst two receivers only update the probability distribution of the MAI� while the last two

receivers also include the updating of the probability distributions of the additive correlated Gaus�

sian noise terms�

A� Continuous Gaussian Approximation of MAI Receiver

In one class of algorithms� the MAI term is approximated by a Gaussian random variable�

From �	�� the MAI term consists of the sum of K � � discrete binary random variables� From

the central limit theorem�� as the number of users K increases� the distribution of the MAI term

approaches that of a Gaussian� Each single user binary probability distribution consists of the

coded bit probabilities Pr
�
d
�k�
t � �

�
and Pr

�
d
�k�
t � ��

�
� k � f�� � � � �Kg� The mean and variance

of these binary distributions for the kth user� k � f�� � � � �Kg are calculated as�

m
�k�
t � Pr

�
d
�k�
t � �

�
� Pr

�
d
�k�
t � ��

�
���

v� �k�t � � �
h
Pr

�
d
�k�
t � �

�
� Pr

�
d
�k�
t � ��

�i�
� ���

�The central limit theorem states that the sum of n statistically independent and identically distributed random variables

approach a Gaussian distribution as n���
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The addition of these binary distributions results in the MAI term �
KP
i��
i��k

d
�i�
t for the kth user

having a Gaussian distribution with mean and variance�

�
�k�
t� MAI � �

KX
i��
i��k

h
Pr

�
d
�i�
t � �

�
� Pr

�
d
�i�
t � ��

�i
� �

KX
i��
i��k

m
�i�
t ���

�
� �k�
t� MAI � ��

KX
i��
i ��k

�
��

h
Pr

�
d
�i�
t � �

�
�Pr

�
d
�i�
t � ��

�i��
� ��

KX
i��
i��k

v
� �i�
t � ���

The probability distribution p
�
r
�k�
t jd�k�t � d

�
� d � f��� �g for the kth user is derived as a Gaussian

random variable with mean �
�k�
t � d� �

�k�
t� MAI and variance �

� �k�
t � �� � �

� �k�
t� MAI �

B� Discrete Analysis of MAI Receiver

The continuous Gaussian approximation of the MAI receiver becomes accurate when the num�

ber of users becomes large� Thus� a di�erent approach is needed to determine the probability

distribution of the MAI when the number of users is small�

The MAI term �
KP
i��
i��k

d
�i�
t for user k is a discrete quantity that can only take on 	K � � di�erent

values since each coded bit d�i�t can only take on values f��� �g� As a result� the MAI term can

be represented as a random variable with a binomial distribution� This probability distribution is

obtained for user k by convolving the other K � � sets of bit probabilities to produce�

n
P

�k�
t�m

o
�

��	
�
Pr

�
B� KX

i��
i��k

d
�i�
t � m

�
CA
���
�
 �

where m � f��K � �����K � ��� � � � � �K � ��� �K � ��g� The value of the metric is determined

by convolving the distributions of the MAI and the Gaussian noise� The convolution of these two

distributions results in�

p
�
r
�k�
t jd�k�t � d

�
�

�p
	���

X
m

exp

�
���

�
r
�k�
t � d� �m

��
	��

�
��� P

�k�
t�m� ���

where m � f��K � �����K � ��� � � � � �K � ��� �K � ��g and d � f��� �g�

C� Correlated Gaussian Noise �CGN� Receiver

The correlated Gaussian noise terms n
�k�
t � k � f�� � � � �Kg� in �	� possess information about each

other� If these terms were known� the corresponding correlation between the noise terms could

�



be removed� However� the noise terms are not known exactly and only estimates of them can be

obtained by the metric generator through the use of the related bit probabilities at the output

of the Turbo decoders from the previous iteration� The receiver proposed in this section assumes

that the noise estimates are exact while the next proposed receiver uses these estimates as random

variables to further extend the calculation of the noise distribution�

The main idea for the CGN receiver is that upon generating an estimate of the noise samples�

the metric generator can calculate the conditional distribution p
�
n
�k�
t jn���t � ���

��k � n
�K�
t

�
to replace

the noise distribution p
�
n
�k�
t

�
in the calculation of p

�
r
�k�
t jd�k�t

�
� The conditional distribution

p
�
n
�k�
t jn���t � ���

��k � n
�K�
t

�
utilizes the K � � other estimated noise values to reduce the e�ect of the

noise for user k� From Bayes� rule� the conditional noise distribution can be calculated from�

p
�
n
�k�
t jn���t � ���

��k � n
�K�
t

�
�

p
�
n
���
t � � � � � n

�k�
t � � � � � n

�K�
t

�
p
�
n
���
t � ���

��k � n
�K�
t

� � ���

where the noise vector nt �
�
n
���
t � � � � � n

�K�
t

��
has the multivariate Gaussian distribution

p �nt� � p
�
n
���
t � � � � � n

�k�
t � � � � � n

�K�
t

�
�

�

�	��K�� jHj��� exp
�
��

	
n�t H

��nt
�
� ����

The probability distribution of p
�
n
���
t � ���

��k � n
�K�
t

�
will also be a multivariate Gaussian distribution

where H is a �K � �� � �K � �� matrix� Expanding and simplifying ���� the conditional noise

probability distribution takes the form�

p
�
n
�k�
t jn���t � ���

��k � n
�K�
t

�
�

�p
	����k�t

exp

�
���

�
n
�k�
t � ��

�k�
t

��
	��� �k�t

�
�� � ����

which is a Gaussian random variable with mean ��
�k�
t � �

�K������
KP
i��
i��k

n
�i�
t and variance ��� �k�t � ��� �

��
h
���������K�����

����K�����
i
� respectively� It is observed that the conditional noise variance ��� is constant

while the mean ��
�k�
t depends on the estimates of the noise produced by the metric generator that

are updated during the multi�user iterations�

Generating the updated noise probability function is done in combination with the updating

of the probability distribution for the MAI term� The continuous Gaussian approximation of the

MAI is used in the updating of the input metric for the Turbo decoders in this section� The

probability distribution p
�
r
�k�
t jd�k�t � d

�
� d � f��� �g� including the e�ect of updating the MAI

and the noise distribution� is a Gaussian random variable with mean �
�k�
t � d� �

�k�
t� MAI � ���k�t and

�



variance �
� �k�
t � �

� �k�
t� MAI ����� where �

�k�
t� MAI and �

� �k�
t� MAI are the MAI mean and variance given in ���

and ���� respectively�

Since the coded bit probabilities are used directly in the generation of the noise distributions�

reliable bit probabilities are needed before updating the noise distributions� Due to this reason�

the distribution of the noise is updated after a few iterations of the multi�user decoder have been

completed in which only the MAI distribution is updated� The probability distribution function

of the noise is updated with these bit probabilities in two ways� �i� by making a hard decision on

the coded bit probabilities� and �ii� by using the soft values of the coded bit probabilities� These

two methods will be further examined in the following�

C�� Hard Decision on Coded Bit Probabilities

For the CGN receiver of this section� the metric generator makes a hard decision on the coded

bit probabilities received from the individual Turbo decoders as�

d
�k�
t �

��	
�

�� � Pr

�
d
�k�
t � ��

�
� Pr

�
d
�k�
t � �

�
� � Pr

�
d
�k�
t � ��

�
� Pr

�
d
�k�
t � �

�
�

These estimated coded bits are used to produce an estimate of the noise for user k at time t

through the equation�

n
�k�
t � r

�k�
t � d

�k�
t � �

KX
i��
i��k

d
�i�
t � ��	�

which are used in the calculation of the conditional noise probability distribution in �����

C�	 Soft Decision on Coded Bit Probabilities

The CGN receiver described in this section uses soft decision information in the updating of the

noise probability distribution function� The metric generator� upon receiving the bit probabilities

from the previous iteration� calculates the average value of the bits from ��� as m
�k�
t � E

n
d
�k�
t

o
�

Pr
�
d
�k�
t � �

�
� Pr

�
d
�k�
t � ��

�
� k � f�� � � � �Kg� These average values are used to generate a

soft estimate of the noise through an equation similar to ��	� as�

�n
�k�
t � r

�k�
t �m

�k�
t � �

KX
i��
i��k

m
�i�
t � ����

These soft noise estimates are then used in the calculation of �����

�



D� Extending The CGN Receiver

The CGN receiver of the previous receiver updates the correlated noise distribution assuming

the noise values of the other K � � users are known exactly� However� the estimates of the noise

computed in the previous section are not exact but are random variables since they are computed

from bit probabilities of the previous iteration� As such� it can be shown ��
 that the noise estimate

�n
�k�
t can be modeled by a Gaussian distribution�

�n�k�t � N

�
B��n�k�t � v

� �k�
t � ��

KX
i��
i��k

v
� �i�
t

�
CA �

where v
� �k�
t is the variance of the information bits given in ��� and �n

�k�
t is given by ����� independent

of whether hard or soft estimates of the coded bits are utilized to create the noise estimates�

The joint probability distribution p
�
�n���t � ���

��k � �n
�K�
t

�
of these noise random variables is used to

extend the conditional probability distribution ���� of the CGN receiver� The updated noise

probability distribution p
�
n
�k�
t

�
for user k is obtained as�

p
�
n
�k�
t

�
�

Z
�n
���
t

���

��k

Z
�n
�K�
t

p
�
�n
���
t � ���

��k � �n
�K�
t

�
�

p
�
n
�k�
t jn���t � �n���t � ���

��k � n
�K�
t � �n�K�

t

�
d�n���t

���

��kd�n
�K�
t � ����

Since both the conditional and joint probabilities distributions in ���� are Gaussian� the prob�

ability distribution p
�
n
�k�
t

�
will also be Gaussian� Thus� only the mean and variance of the

distribution need to be computed� The mean and variance of ���� are found to be ��
�

���k�t �
�

�K � 	��� �

KX
i��
i��k

�n�i�t ����

��� �k�t � ��
�
�� � ���� � �K � ����

�� � �K � 	���

�
�

�
�

�K � 	�� � �

��
�

�
����

KX
i��
i��k

�
B�v� �i�t � ��

KX
j��
j ��i

v
� �j�
t

�
CA � 	

K��X
i��
i��k

KX
j��
j ��k
j�i

E
n
�n�i�t �n�j�t

o

�	
K��X
i��
i��k

KX
j��
j ��k
j�i

�n
�i�
t �n

�j�
t

�
���� � ����

��



The probability distribution of the metric p
�
r
�k�
t jd�k�t � d

�
� d � f��� �g� for the kth user� with

the generation of the updated noise probability distribution and the continued updating of the

MAI� is a Gaussian random variable with the mean �
�k�
t � d� �

�k�
t� MAI � ���k�t and variance �� �k�t �

�
� �k�
t� MAI � ��� �k�t � where the continuous Gaussian approximation receiver has been utilized to update

probability distribution of the MAI�

IV� Numerical Results

The Bit Error Rate �BER� performance of the various iterative multi�user CDMA receivers

derived in this paper is presented in this section� The �gures shown in this section are the average

BER performance taken over all the users present in the system�

The results presented are obtained by simulating the communication system over an AWGN

channel� The simulations are performed using a block size of M � ��	 bits� and K � � users� The

Turbo encoder utilized for simulation consists of two parallel recursive systematic encoders of �

memory elements with generator polynomials of ��	 and 	�	� respectively� The two encoder out�

puts are properly punctured to produce the desired e�ective bit rate for each case� The interleaver

is S�random interleaver ��	
 with S � ��

Figure ��� shows the BER performance of the continuous Gaussian approximation of the MAI

receiver versus Eb�N� for various values of � after the �th iteration of the multi�user receiver� each

with only � iteration of the Turbo decoder� The multi�user receiver consists of two di�erent types

of iterations� the Turbo decoder iterations and the overall receiver iterations� The iterations of

the overall receiver are referred to as �MUit� in the �gures while the iterations for the individual

Turbo decoders are referred to as �TDit�� Figure ��� shows that as the amount of correlation

increases� the performance of the continuous Gaussian approximation receiver becomes worse�

This is expected since there is more interference as � increases�

Figures ��� and ��� show the average BER performance of the continuous Gaussian approxima�

tion and discrete analysis of the MAI receivers after the �th and ��th system iterations� each with

only � Turbo decoding iteration� The continuous Gaussian approximation and discrete analysis of

the MAI receivers give almost similar results with the continuous Gaussian approximation receiver

being much less complex �refer to ��
 for a detailed complexity analysis� and only slightly inferior�

Figures ��� present the average BER performance of the CGN receiver and the extended CGN

receiver� The results presented show the performance of these receivers after � iterations of the

�The block size of M � �	
 bits corresponds to a delay speci�cation of 
� ms� assuming a data rate of 	�
 Kbits�sec�

��



continuous Gaussian approximation receiver with the �th iteration including the updating of the

noise distributions according to the respective model� In these �gures� the iterations that only

produce an update of the MAI probability distribution are referred to as �MAIit� while the

iterations that update both the MAI and noise distributions are referred to as �MUit�� The

results show that the CGN receiver and the extended CGN receiver perform slightly better than

the continuous Gaussian approximation receiver after the same number of iterations at a cost

of slightly higher complexity �refer to ��
 for a detailed complexity analysis��� As expected� the

di�erence in the results between these receivers is small since the results are already very close to

the single user BER performance bound�

Reed et al� �	
� ��
 derived an iterative multi�user decoder using Turbo�code for a CDMA system

with the same assumptions on the system synchronization resulting in a formulation similar to

the one presented in Section �II�� In the following� we compare the proposed continuous Gaussian

approximation MAI receiver to the receiver introduced in �	
� ��
� Reference �	
� ��
 presents

results assuming random spreading for K � � users in N � � chips using a Turbo�code of rate

��	 �with the same generator as used in our work� namely ��	 and 	�	� with a block length of 	��

information bits� To provide an appropriate comparison with reference �	
� ��
� we have extended

and applied our method based on a continuous Gaussian approximation to the case of random

spreading sequences� In this case� equations ��� and ��� should be modi�ed as follows�

�
�k�
t� MAI �

KX
i��
i��k

��ik�
h
Pr

�
d
�i�
t � �

�
� Pr

�
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�i
�
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i��k

��ik�m
�i�
t ����

�
� �k�
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i��
i��k

���ik�
�
�
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h
Pr

�
d
�i�
t � �

�
�Pr

�
d
�i�
t � ��

�i��
�

KX
i��
i��k

���ik�
�v� �i�t � ����

where ��ik�� i� k � �� � � � �K are the elements of the cross correlation matrix Ht of the spreading

signals�

In �	
� ��
� simulation results are presented for three multi�user system iterations� each with

four Turbo�code iterations and the corresponding average BER performance results are compared

with a single�user system using Turbo�code for FEC� with four iterations� At an average BER

of ����� the Reed et al� iterative multi�user decoder is about ��	�dB worse than the single�user

performance� The receiver in �	
� ��
 performs the updating operation of the iterative decoder

over a set of received bits for di�erent users resulting in an exponential complexity� However�

�	



the proposed receivers in this paper perform the updating operation on a per bit basis� resulting

in a much lower complexity� Reference �	
� ��
 also presents a reduced complexity method which

has a polynomial complexity� In the following� we provide a more detailed comparison between

our proposed method based on a continuous Gaussian approximation and the reduced complexity

method of �	
� ��
�

Figure ��� provides a comparison between di�erent methods using random spreading� In this

�gure� cases ��� and ��� correspond to single user Turbo�code of rates ��� and ��	 �four iterations

decoding� with a block length of ��	 bits� respectively� Case �	� corresponds to the proposed

method based on a continuous Gaussian approximation with K � � users in N � � chips with

rate ��� Turbo�code �e�ective rate of ��	� bits�chip�� and with a block length of ��	 bits� Case ���

corresponds to the proposed method based on a continuous Gaussian approximation with K � �

users in N � � chips with rate ��� Turbo�code �e�ective rate of ���� bits�chip�� and with a block

length of ��	 bits� Case ��� corresponds to the proposed method based on a continuous Gaussian

approximation with K � � users in N � � chips with rate ��	 Turbo�code �e�ective rate of ����

bits�chip�� and with a block length of ��	 bits� Case ��� corresponds to the reduced complexity

method of �	
� ��
 with K � � users in N � � chips with rate ��	 Turbo�code �e�ective rate of ����

bits�chip�� and with a block length of 	�� bits �curve extracted from �	
� ��
�� The total number of

Turbo decoding iterations for the Cases �	�� ���� ��� and ��� is equal to �	� It is observed that the

method proposed in this work results in about ��� dB improvement with respect to the reduced

complexity method of �	
� ��
 with a similar number of users and similar band�width e�ciency�

We will later present a comparison between the complexity of these methods showing that our

method has a smaller complexity as compared to the reduced complexity method of �	
� ��
�

Reference �	
� ��
 also presents a method with an exponential complexity which is about ��	

to ��� dB away from the single user bound� Referring to Figure ���� the example of our method

speci�ed as Case ��� �which is about ��� dB away from the single user bound� o�ers a performance

very close the full complexity method of �	
� ��
� however� with a much lower complexity�

Performance comparisons with a decorrelator receiver ���
 concatenated with a Turbo�decoder is

available from ��
 which shows a substantial performance improvement for the iterative interference

cancellation methods proposed in the current article� or in �	
� ��
�

��



V� Complexity Analysis

In the following� we compare the complexity of the proposed method based on a continuous

Gaussian approximation �assuming random spreading� with �	
� ��
� As already mentioned� ref�

erence �	
� ��
 presents two decoding methods� one method with an exponential complexity in

terms of the number of users� and a second method with a complexity which is only polynomial

in the number of users� Reference �	
� ��
 expresses the complexity in terms of the number of

computations required to compute the likelihood values and to generate the metrics required in

each iteration of a Turbo decoder� This complexity per Turbo�code iteration and per information

bit is reported in �	
� ��
 to be equal to�

	K� � �K � �

R
����

where K is the number of users and R is the code rate�

In our case� using the method based on a continuous Gaussian approximation� the complexity

required to compute the likelihood values and to generate the metrics required in each iteration

of a Turbo decoder is easily shown to be equal to �per Turbo�code iteration and per information

bit��

�K

R
�	��

This is mainly the complexity of computing the mean and the variance of the MAI term using

equations ���� and ����� respectively� Note that we have not included the complexity of computing

the elements ��ik�� namely the entries of the cross matrix Ht and this is consistent with the

complexity analysis used in reference �	
� ��
 �as quoted from �	
� ��
 in equation ������ Table �I�

presents numerical values for equations ���� and �	�� for curves corresponding to the Cases �	��

���� ��� and ��� given in Figure ����

Referring to Figure ��� and Table �I�� we observe that the method proposed in the current

article results in a reduction in the complexity� as well as an improvement in the performance as

compared to the reduced complexity method of �	
� ��
� As already mentioned� reference �	
� ��


also presents a method with an exponential complexity� O�	K�� which is about ��	 to ��� dB away

from the single user bound� Referring to Figure ���� the example of our method speci�ed as case

��� is about ��� dB away from the single user bound which is very close the full complexity method

of �	
� ��
� however� with a much lower complexity� i�e�� O�K��

��



Method Current article References �	
���


Case �	� ��� ��� ���

Code rate ��� ��� ��	 ��	

Bits�chip ��	� ���� ���� ����

Complexity �� �� �� ���

TABLE I

Complexity comparisons for different curves in Figure ��

VI� Conclusions

This paper has studied a number of di�erent sub�optimal iterative multi�user receivers for

CDMA� utilizing Turbo�code for FEC purposes� These iterative decoders show an improvement

in the BER performance� and�or a reduction in the computational complexity as compared to

similar previously known research works �	
� ��
�
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