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Abstract

In Multi-Input Multi-Output (MIMO) systems, Maximum-Likéhood (ML) decoding is
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this problem is known to be NP hard. In this paper, we propogaasi-maximum likelihood
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. INTRODUCTION

Recently, there has been a considerable interest in Ml Multi-Output (MIMO)
antenna systems due to achieving a very high capacity asareshfo single-antenna
systems [4], [5]. In MIMO systems, a vector is transmittedtbg transmit antennas. In
the receiver, a corrupted version of this vector affectedhigychannel noise and fading is
received. Decoding concerns the operation of recoveriagrdmsmitted vector from the
received signal. This problem is usually expressed in teshitattice decoding” which
is known to be NP-hard.

To overcome the complexity issue, a variety of sub-optimuwhyqomial time algo-
rithms are suggested in the literature for lattice decadithgwever, unfortunately, these
algorithms usually result in a noticeable degradation | plerformance. Examples of
such polynomial time algorithms include: Zero Forcing ébe (ZFD) [6], [7], Minimum
Mean Squared Error Detector (MMSED) [8], [9], Decision Heack Detector (DFD)
and Vertical Bell Laboratories Layered Space-Time Nullargd Cancellation Detector
(VBLAST Detector) [10], [11].

Lattice basis reduction has been applied as a pre-progest&p in sub-optimum de-
coding algorithms to reduce the complexity and achieve tebperformance. Minkowski
reduction [12], Korkin-Zolotarev reduction [13] and LLLdection [14] have been suc-
cessfully used for this purpose in [15-20].

In the last decade, Sphere Decoder &B)introduced as a Maximum Likelihood
(ML) decoding method for MIMO systems with near-optimal foemance [23]. In the
SD method, the lattice points inside a hyper-sphere arergtsteand the closest lattice
point to the received signal is determined. Téneerage complexityf this algorithm
is shown to be polynomial time (almost cubic) over certainges of rate, Signal to
Noise Ratio (SNR) and dimension, while the worst case coxitylés still exponential
[15], [24], [25]. However, recently, it has been shown thasia misconception that the

expected number of operations in SD asymptotically growa pslynomial function of

This technique is introduced in the mathematical litemtseveral years ago [21], [22].
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the problem size [26] (reference [26] derives an exponkluveer bound on the average
complexity of SD).

In [27], a quasi-maximum likelihood method for lattice ddowy is introduced.
Each signal constellation is expressed by its binary remtesion and the decoding is
transformed into a quadratic minimization problem [27].emhthe resulting problem is
solved using a relaxation for rank-one matrices in SemifitefiProgramming (SDP)
context. It is shown that this method has a near optimum padace and a polynomial
time worst case complexity. However, the method propos¢@his limited to scenarios
that the constellation points are expressed as a linear icatidn of bit labels. A
typical example is the case of natural labeling in conjwrctivith PSK constellation.
This restriction is removed in this work. Therefore, we abdeao handle any form of
constellation for an arbitrary labeling of points, for exalenPAM constellation with Gray
Iabelin@. Another quasi-maximum likelihood decoding method isadtrced in [29] for
larger PSK constellations with near ML performance and lemplexity.

Recently, we became aware of another quasi-maximum liketitdecoding method
[30] for the MIMO systems employing 16-QAM. They replace dinjite constellation
by a polynomial constraint, e.g. if € {a,b,c}, then(z — a)(z — b)(z — ¢) = 0. Then,
by introducing some slack variables, the constraints apeessed in terms of quadratic
polynomials. Finally, the SDP relaxation is resulted bypgriog the rank-one constraint.
The work in [30] , in its current form, is restricted to MIMO stgms employing 16-QAM.
However, it can be generalized for larger constellationb@tcost of defining more slack
variables, increasing the complexity, and significantlgrdasing the performarice

In this work, we develop an efficient approximate ML decoder MIMO systems
based on SDP. In the proposed method, the transmitted viscexpanded as a linear
combination (with zero-one coefficients) of all the possibbnstellation points in each
dimension. Using this formulation, the distance minimiatin Euclidean space is ex-

?It is shown that Gray labeling, among all possible condtieltelabeling methods, offers the lowest possible average

probability of bit errors [28].
3Private Communication with Authors
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pressed in terms of a binary quadratic minimization probléimre minimization of this

problem is over the set of all binary rank-one matrices wahlumn sums equal to one. In
order to solve this minimization problem, we present tw@xation models (Model Ili

and 1V), providing a trade-off between the computationahptexity and the performance
(both models can be solved with polynomial-time compléxifyvo additional relaxation

models (Model | and Il) are presented as intermediate stefisel derivations of Model
Il and IV.

Mode |: A preliminary SDP relaxation of the minimization probles abtained
by removing the rank-one constraint in the problem and ukimgrangian duality [31].
This relaxation has many redundant constraints and nd stterior point in the feasible
set (there are numerical difficulties in computing the dolufor a problem without an
interior point).

Model 11: To overcome this drawback, the feasible set is projectad arface of
the semi-definite cone. Then, based on the identified redurwbenstraints, another form
of the relaxation is obtained, which can be solved usingimtgoint methods.

Modé I11: The relaxation Model Il results in a weak lower bound. Tesgthen this
relaxation model, the structure of the feasible set is itigated. An interesting property
of the feasible set imposes a zero pattern for the solutioldifg this pattern as an extra
constraint to the previous relaxation model results in angfer model.

Model 1V: Finally, the strongest relaxation model in this work israsuced by
adding some additional non-negativity constraints. Thenlmer of non-negativity con-
straints can be adjusted to provide a trade-off between én®nmnance and complexity
of the resulting method.

Simulation results show that the performance of the lastehmdnear optimal for
M-ary QAM or PSK constellation (with an arbitrary binary Elmg, say Gray labeling).
Therefore, the decoding algorithm built on this model hasar+iML performance with
polynomial computational complexity.

The proposed models result in a solution that is not nedgssabinary rank-one
matrix. This solution is changed to a binary rank-one matvough a randomization
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algorithm. We modify the conventional randomization aitjons to adopt to our prob-
lem. Also, a new randomization procedure is introduced tviiilcds the optimal binary
rank-one solution in a smaller number of iterations thandbeventional ones. Finally,
we discuss using a lattice basis reduction method to funthéuce the computational
complexity of the proposed relaxation models. The extensiothe decoding technique
for soft output decoding is also investigated.

Following notations are used in the sequel. The spac& of N (resp. N x N)
real matrices is denoted b1y (resp. My), and the space oN x N symmetric
matrices is denoted b¥y. The indexing of the matrix elements start from one, unless
in cases that an extra row (or column) is inserted in the fowt (or column) of a matrix
in which case indexing starts from zero. Fokax N matrix X € Mgy the (i, j)th
element is represented hy;, wherel < i < K, 1 < j < N, i.e. X = [z;;]. We use
trace(A) to denote the trace of a square matAx The space of symmetric matrices is
considered with the trace inner produd, B) = trace(AB). For A,;B € Sy, A = 0
(resp.A > 0) denotes positive semi-definiteness (resp. positive defiass), and\ =~ B
denotesA — B > 0. For two matricesA,B € My, A > B, (A > B) meansa;; > b;j,
(a;; > b;;) for all 7, 5. The Kronecker product of two matrices and B is denoted by
A ® B (for definition see [32]).

For X € M., vec(X) denotes the vector iREY (real K N-dimensional space)
that is formed from the columns of the matriX. The following identity relates the

Kronecker product withrec(-) operator, see e.g. [32],
vec(ACB) = (BT ® A)vec(C). (1)

ForX € My, diag(X) is a vector of the diagonal elementsXf We useey € RY (resp.
On € RY) to denote theNV x 1 vector of all ones (resp. all zeroFrxny € Mgrxn
to denote the matrix of all ones, add, to denote theN x N Identity matrix. For
X € Mgy, the notationX(1:4,1: j), ¢ < k andj < n denotes the sub-matrix &
containing the first rows and the firs§j columns.

The rest of the paper is organized as follows. The problemddation is introduced
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in Section II. Section 1l is devoted to the semi-definite udimn of this problem. In
Section IV, randomization procedures for finding rank-ooletsons are presented. Section
V introduces a method based on lattice basis reduction taceedhe computational
complexity of the proposed relaxation models. In Sectionté soft decoding methods
based on the proposed models are investigated. Simulasoitts are presented in Section

VII. Finally, Section VIII concludes the paper.

[I. PROBLEM FORMULATION

A MIMO system with N transmit antennas ant! receive antennas is modelled as

| SNR -
y = ——Hx + n, 2
Y ME;,, @

whereH = [ﬁij] is the M x N channel matrix composed of independent, identically

distributed complex Gaussian random elements with zeronnaga unit variancen
is an M x 1 complex additive white Gaussian noise vector with zero maaah unit
variance, anc is an N x 1 data vector whose components are selected from a complex
setS = {51, 5,, --,5x} with an average energy df,, . The parameteSNR in () is

the SNR per receive antenna.

Noting z; € S, fori = 1,--- , N, we have
IINL'Z' :u2(1)§1+u2(2)§2++u,(K)§K, (3)
where
K ~
wi(j) €{0,1} and > wi(j)=1, Vi=1,--- N. (4)
j=1

T ~
Letu = [u1(1) e ug (K) - uy(1) - UN(K)] and N = N. Using the equa-
tions in [3) and[(4), the transmitted vector is expressed as

% = Su, (5)

whereS = Iy ®[5, -+ ,5k] isanN x NK matrix of coefficients, anah is an NK x 1
binary vector such thahu = ey, where A = Iy ® ek. This constraint states that
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among eachk” components of the binary vectar, i.e. u;(1),--- ,u;(K), there is only
one element equal to “1” and the rest are zero.

To avoid using complex matrices, the system modeél (2) isesmprted by real
matrices in[(B).

w)|  [sve [®(H) 3(H)] [nE
3(¥) ME,, |-3 (H) R (H) 3 (%)
L@
3 (1)
=y = Hx+n, (6)

wherefR(.) and J(.) denote the real and imaginary parts of a matrix, respegtiyels

the received vectqrandx is theinput vector

A2 ()
Let S denotes the real matri : therefore,
3(s)

y =HSu+n (7

expresses the MIMO system model by real matrices and the bipary data vectom.

Consider the case that different componentsk af (2), corresponding to the two-
dimensional sub-constellations, are equal to the cartegraduct of their underlying
one-dimensional sub-constellations, e.g. QAM signallimgthis case, the components
of x in (B) belong to the sef = {s;,- -, sk} with real elements, i.e.

x; = ui(1)sy + ui(2)sg + - - + u;( K) s, (8)

where only one of they;(j) is 1 and the rest are zero.

Letu = [ug(1) - uy(K) - -un(1) - uy(K)]", N = 2N, andS = Iy®[sy, - - - , sx].
Then, the equation for the componentsxah (8) reduces tox = Su and the relationship
for the MIMO system model is given (7).

At the receiver, the Maximum-Likelihood (ML) decoding ruke given by

X = argmin ||y — Hx|]*, )
T, ES
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wherex is the most likely input vector ang is the received vector. Noting = Su,

this problem is equivalent to

min ||y — HSul]* =
Au=ey

min u’STH"HSu — 23" HSu, (20)

Au=ey
whereu is a binary vector.
Let Q = STHTHS andc = —STH"y. Therefore, this problem is formulated as

min u’ Qu + 2c’u
st. Au=-ey
ue{0,1}", (11)

wheren = NK. The formulation[(11) is a quadratic minimization problernthabinary
variables [31]. Recent studies on solving binary quadmaiiimization problems such as
Graph Partitioning [33] and Quadratic Assignment Probl&d,[[35], show that semi-
definite programming is a very promising approach to proviget relaxations for such
problems. In the following, we derive several SDP relaxativodels for the minimization
problem in [11). AppendiX | provides the mathematical framoek for these models using
the Lagrangian Duality [31].

[1l. SEMI-DEFINITE PROGRAMMING SOLUTION

Consider the minimization problem in_(11). Sinads a binary vector, the objective

function is expressed as

u’Qu+2c’u = trace [ 1 u” } Lq
1
= trace [ Lq [ 1 u” ]

= trace | Lq , 12)
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0|c”

c|Q

Let £« n denote the set of all binary matrices M . ; with column sums equal

whereLq =

to one, i.e.
Exxn={XEMpgun :exX = ey, z;; € {0,1},Vi,j}. (13)

Since the constraintAu = ey, u; € {0, 1}VX in (1) andu = vec(U), U € £k, are
equivalent, the minimization problerh_(11) can be written as

T

u
min trace Lg
u | uu’ (14)

st. u=vec(U), U € Exun.
To derive the first semi-definite relaxation model, a dirggpraach based on the
well known lifting process [36] is selected. In accordancg(d4), for anyU € Ex v,
u = vec(U), the feasible points of (14) are expressed by

v, |} (1] = L) (15)

u u | uu”

The matrixY, is a rank-one and positive semi-definite matrix. Also, weehav

diag(Yy,) =YL = Yo,

uo,:

whereY,, . (resp.Y, ,) denotes the first row (resp. the first coluHm} Y. (Note that
u is a binary vector, and consequentlyag(uu?) = u).

In order to obtain a tractable SDP relaxation bfl(14), we reenthe rank-one
restriction from the feasible set. In fact, the feasible iseapproximated by another

larger setF, defined as

F:=conv{Y,:u=vec(U), Ue€Ekun}, (16)

“Matrix Y+ is indexed from zero.
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whereconv(.) denotes the convex hull of a set. This results in our firstxeglan model
(Model ) for the original problem given i (11):

min traceLqQY
st. YeF

(17)

It is clear that the matrices
Y, for u =vec(U), U € Exxn

are the feasible points ¢F. Moreover, since these points are rank-one matrices, tteey a

contained in the set of extreme pointsBf see e.g. [37]. In other words, if the matrix

1
Y is restricted to be rank-one i {17), i.¥. = [1u”], for someu € R, then
u

the optimal solution of[(17) provides the optimal solution(dI).

The SDP relaxation problern ([L7) is not solvable in polyndriilae andF has no
interior points. Therefore our goal is to approximate thie/Séy a larger set containing
F. In the following, we show tha¥ actually lies in a smaller dimensional subspace. We

will further see that relative to this subspade,will have interior points.

A. Geometry of the Relaxation

In order to approximate the feasible s&tfor solving the problem, we elaborate
more on the geometrical structure of this set. First, we @rhe following lemma on
the representation of matrices having sum of the elemergadéh column equal to one.

Lemma 1:Let

Ix_
Vix(k-1) = p € Mgy (k-1) (18)
—€K_1
and
1
Fruny = ? [EKXN - VKX(K—I)E(K—I)XN} . (19)

A matrix X € Mg,y with the property that the summation of its elements in each

column is equal to one, i.eL X = el, can be written as

X =Fgxn + Vixx-1%, (20)
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whereZ = X(1: (K —1),1: N).
Proof: see Appendix]I. u
Corollary 1: VX € Egun, 3Z € M(k_1)xn, zij € {0,1} s.t. X = Fgun + VKZ,
whereZ = X(1: (K —1),1: N).
Using Lemmd_1L, the following theorem can be proved which ples the structure of
the elements in the séf.

Theorem 2:Let

T
v — : | Ohen [
=(enx — (In @ Vg (k—1))€()k—1)N) ‘ Iy ® Vi (x-1

whereV ¢ Mnr+1)x((k=1)N+1)- FOr anyY € F, there exists a symmetric matriX of
order N(K — 1) + 1, indexed from 0 taV (K — 1), such that

Y =VRV?, R>0, and ry =1, ri; = ro:, Vi. (22)
Also, if Y is an extreme point ofF, thenr;; € {0, 1}, otherwiser;; € [0,1] for i, €
{0,...,N(K —1)}.
Proof: see Appendix]I. u
Using Theoreni ]2, we can show that the $étcontainsF:
Fr = {Y € Syk+1: IR € Sk—1yn41, R =0,
Ry =1,Y = VRV, diag(Y) = YO,;} . (23)

Therefore, the feasible set ih_(17) is approximated/y This results in our second
relaxation modelNlodel 11) of the original problem given in(11):

min trace (VLo V)R
T

s.t. dlaQVRVT) = (1, (VRV )O,l:n)T
R = 0. (24)

Note that the matrice¥, are contained in the set of extreme pointsfofWe need

only consider faces ofF which contain all of these extreme points. Therefore, we are
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only looking for theminimal face which is the intersection of all these faces. We will
show later that the SDP relaxatidn [24) is the projectiorhef 8DP relaxatiori (17) onto
the minimal face ofF.

Solving the relaxation model in_(L7) ovér results in the optimal solution of the
original problem in[(14), but this problem is NP-hard. Solyithe relaxation model in
(24) overF, results in a weaker bound for the optimal solution. In oradeimprove this
bound, the relaxation is strengthen by adding an intergginoperty of the matrixy .

This results in the next relaxation model.

B. Tightening the Relaxation by Gangster Operator

The feasible set of the minimization problem(24) is conviéxcontains the set
of matrices of the formY, corresponding to different vectons. However, the SDP
relaxations may contain many points that are not in the afiimié of theseY . In the
following, we extract a condition which is implicit in the tmx Y, and explicitly add it
to the relaxation model[(24). Subsequently, some redunctamgtraint are removed and
this results in an improved relaxation (relaxatigtodel 111).

Theorem 3:Let ¢/ denote the set of all binary vectots= vec(U), U € Exxn.
Define thebarycenter pointY, as the arithmetic mean of all the feasible points in the

minimization problem[(14); therefore,

Y = L Z Y. — L Z Lo (25)
KN ueld KN uey | U uu”
Then:

i) Y has (a) the value of as its(0,0) element, (b)N blocks of dimensionk x K
on its diagonal which are diagonal matrices with elemdnt&’, and (c) the first

row and first column equal to the vector of its diagonal eletsienhe rest of the
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matrix is composed of x K blocks with all elements equal ty K

1
1 Feg
k. #=Ex - HEx
Y = |,
& En :
1
_ 1
| e [ o ]
0 | o”
+ " ; (26)
0, | Iy @ (K1x — Eg)

i) rank(Y) = N(K —1) +1;

i) The NK + 1 eigenvalues ol are given in the vector
<K+N 1, T)T_

KR o O
iv) The null space ofY can be expressed by (Y) = {u:u € R(TT)}, where the
constraint matrixXT' is the following N x (N K + 1) matrix
T ex|a ]
v) the range ofY can be expressed by the columns of th&i +1) x (N (K —1)+1)
matrix V. Furthermore TV = 0.
Proof: see Appendix]I. u
Remark 2: The faces of the positive semi-definite cone are charaetriz/ the
null space of the points in their relative interior. The miail face of the SDP problem
contains matrice¥,, and can be expressedﬁ(§N(K_1)+1VT. Thus, the SDP relaxation
(24) is a projected relaxation onto the minimal face of thesfiele setF.
Theorem[B suggests a zero pattern for the element$.ofVe use aGangster
Operator [34] to represent these constraints more efficiently. Ldie a set of indices,
then this operator is defined as
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0 otherwise.

Considering the barycenter point, we haygY) = 0 for

J={(,j): i=K{p-1+q j=Kp-1)+r
q<r>er€{1>"'aK}apE{lv"'>N}}' (28)

SinceY is a convex combination of all matrices n with entries eithe® or 1; hence,
from (28), we haveG,;(Y,) = 0. Also, all the points from the feasible sgt are the
convex combination olY,,. Therefore,

G,(Y)=0, VYeF. (29)

The feasible set of the projected SDP [nl(24) is tightened digirey the constraints
G,(Y) = 0. By combining these constraints arld (24), we note that tlaeeesome
redundant constraints that can be removed to enhance theatien model. This is
expressed in the following lemma.

Lemma 4:Let R be an arbitrary(N(K — 1) + 1) x (N(K — 1) + 1) symmetric

matrix with

Too Ry -+ Rown
R — .10 | 11 | .1N ’ (30)
| Ryo | Ry -+ Ran ]
where ry is a scalarR;, for ¢ = 1,--- N are (K — 1) x 1 vectors andR,;, for

i,j=1,---,N, are(K —1) x (K — 1) blocks ofR. Theoreni 2 states tha&f = VRV,

We can partitionY as

Yoo Yor - Yo

Y Y oY
v - .10 '11 | .1N ’ (31)

YNO YNl YNN
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whereyy, is a scalary o, fori = 1,.-- | N are K x1 vectors andy;;, fori,j =1,--- | N,
are K x K blocks of Y. Then,

1) yoo = roo and Yp,ex = roo, fori =1,--- | N.
2) YOj :ef(Yij for t,7=1,---, N.
Proof: Noting TY = 0 (see Theorerfil3.4), the proof follows. n

If the Gangster operator is applied tal(24), it results infiwing redundant constraint
diag VRV ) = (1, VRV )o1.0)".

Note that using Lemmal 4Y,; = e, Y;; for j = 1,---, N and the off-diagonal entries
of eachY; are zero. Therefore, by defining a new set J U {0,0} and eliminating
the redundant constraints, we obtain a new SDP relaxaticseh{d odel 111):

min tracd VLo V)R
s.t. QJ(VRVT) = Eqg
R0, (32)

whereR isan(N (K —1)+1)x (N(K—1)41) matrix andEy is an(NK+1) x (NK+1)
all zero matrix except for a single element equal tm its (0, 0)th entry. With this new
index setJ, we are able to remove all the redundant constraints whiletaiaing the
SDP relaxation. The relaxation model [n{32) corresponda tighter lower bound and
has an interior point in its feasible set as shown in the Valhg theorem.

Theorem 5:The (N(K — 1) +1) x (N(K — 1) + 1) matrix

1
. 1 ‘ ?e%(K—l)

R= (33)

€N (K1) ‘ #=Enk-1) + 721y ® (KIxk 1 —Eg_y)

is a strictly interior point of the feasible set for the redéinn problem[(32).
Proof: The matrixR is positive definite. The rest of the proof follows by showing
VRVT =Y. m
The relaxation in[(32) is further tightened by considerihg mhon-negativity con-

straints [35]. All the elements of the matri¥ which are not covered by the Gangster
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operator are greater than or equal to zero. These ineqsatitin be added to the set of
constraints in[(32), resulting in a stronger relaxation eid¥odd 1V):

min trac§ VLo V)R
s.t. Gs(VRVT) = Ey
G;(VRVT) >0
R > 0, (34)

where the set/ indicates those indices which are not coveredjby

Note that this model is considerably stronger than madél§@2ause non-negativity
constraints are also imposed in the model. The advantagesofdrmulation is that the
number of inequalities can be adjusted to provide a tratlbaifveen the strength of the
bounds and the complexity of the problem. The larger numbéhe constraints in the
model is, the better it approximates the optimization peabl(14) (with an increase in
the complexity).

The most common methods for solving SDP problems of modesiates (with
dimensions on the order of hundreds) are IPMs, whose cortiquogh complexities are
polynomial, see e.g. [38]. There are a large number of IPSkbdasolvers to handle SDP
problems, e.g., DSDP [39], SeDuMi [40], SDPA [41], etc. I owmerical experiments,
we use DSDP and SDPA for solving (32), and SeDuMi is implemeibr solving [(34).
Note that adding the non-negativity constraints increaBescomputational complexity
of the model. Since the problem sizes of our interest are nadelethe complexity of
solving (34) with IPM solvers is tractable.

IV. RANDOMIZATION METHOD

Solving the SDP relaxation models {32) afdl(34) results ina&rimR.. This matrix
is transformed toY usingyY = VRV, whose elements are between 0 and 1. This
matrix has to be converted to a binary rank-one solution 4f,(ile. Y, or equivalently,
a binary vector as a solution for[(11).
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For any feasible point of (14), i.&/,, the first row, the first column, and the vector
of the diagonal elements of this symmetric matrix are equal binary solution for[(11).
For any matrixY resulting from the relaxation problemis {32) 6r|(34), itstfisw, its
first column, and the vector of its diagonal elements are ledirerefore, the vecton is
approximated by rounding off the elements of the first colwhthe matrixY. However,
this transformation results in a loose upper bound on thispeance. In order to improve
the performancey is transformed to a binary rank-one matrix through a randation
procedure. An intuitive explanation of the randomizationgedure is presented in [27].
We present two randomization algorithms in the Appendix Il

V. COMPLEXITY REDUCTION USING LATTICE BASIS REDUCTION

Lattice structures have been used frequently in differemiraunication applications
such as quantization or MIMO decoding. A real lattideis a discrete set of\/-
dimensional vectors in the real Euclideaf-space,RY, that forms a group under the

ordinary vector addition. Every lattické is generated by the integer linear combinations

of a set of linearly independent vectofb,,--- ,by}, whereb; € A, and the integer
N, N < M, is called the dimension of the latticeThe set of vectorgby,--- ,bx} is
called a basis of\, and theN x M matrix B = [by,---,by]? which has the basis

vectors as its rows is called the basis matrix (or generatrix) of A.

The basis for representing a lattice is not unique. Usuallyasis consisting of
relatively short and nearly orthogonal vectors is desealbhe procedure of finding such
a basis for a lattice is callddattice Basis Reductiorbeveral distinct notions of reduction
have been studied, including Lenstra-Lenstra and Lovalsk)(teduced basis [14], which
can be computed in polynomial time.

An initial solution for the lattice decoding problem can lmemputed using one of the
simple sub-optimal algorithms such as ZFD or channel invar®.g.s’ = [H'y]. If the
channel is not ill-conditioned, i.e. the columns of the atrelnmatrix are nearly orthogonal
and short, it is most likely that the ML solution of the lagidecoding problem is around

SWithout loss of generality, we assume thst= M.
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s’. Therefore, using a reduced basis for the lattice, eadh (8) can be expressed by a
few points inS arounds’, not all the points inS. In general, this results in a sub-optimal
algorithm. However, for the special case of a MIMO systenhwito antennas (with real
coefficients), it has been shown that by using the LLL appration and considering
two points per dimension we achieve the ML decoding perfoiced42].

Let L = HQ be the LLL reduced basis for the channel mafilx whereQ is a

unimodular matrix. The MIMO system model inl (6) can be writts
y =LQ 'x +n. (35)

Consider the QAM signaling. Without loss of generality, van@ssume coordinates of
x are in the integer grid. Sinc€ is a unimodular matrix, the coordinates of a new
variable defined ax’ = Q~'x are also in the integer grid. Therefore, the system in
(38) is modelled byy = Lx’ + n. Note that by multiplyingx by Q! the constellation
boundary will change. However, it is shown that in the l&taecoding problem with
finite constellations the best approach is to ignore the danand compute the solution
[43]. If the solution is outside the region, it is consider@sl an error. This change of
boundary will result in some performance degradation. Térfogpmance degradation for
some scenarios are depicted in Fig. 5 and Hig. 6.

In order to implement the proposed method using LLL basisiecBdn, each com-
ponent ofx’ is expressed by a linear combination (with zero-one coefiis) of L
(usually much smaller thak') integers around’, wheres’ = [L~'y]. Then, the proposed
algorithm can be applied to this new model. Due to the chamgermstellation boundary,
there is a degradation in the performance. However, the ditypreduction is large. The
trade-off between performance degradation and complegdyction can be controlled
by the choice ofL (see simulation results). The reduction in the complexitymore
pronounced for larger constellations. Note that the dinoenef the semi-definite matrix
Y is N * (K — 1) + 1. Therefore, the LLL reduction decreases the dimension ef th
matrix Y to N « (L — 1) + 1 (where usuallyL <« K), and consequently, decreases the
computational complexity of the proposed algorithm. Thegrenance of this method is
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shown in the simulation results.

VI. EXTENSION FORSOFT DECODING

In this section, we extend our proposed SDP relaxation degashethod for soft
decoding in MIMO systems. The SDP soft decoder is derivednagfficient solution
of the max-approximated soft ML decoder. The complexityho$ imethod is much less
than that in the soft ML decoder. Moreover, the performanicthe proposed method is
comparable with that in the ML one. Also, the proposed metbaxd be applied to any
arbitrary constellation and labelling method, say Gre\elaiy.

In the MIMO system defined i {6), any transmit datas represented by, =
log, K bits (x = map(b), whereb is the corresponding binary input). Given a received
vector y, the soft decoder returns the soft information about thelilood of b, =
Oorl, j=1,---,NN,. The likelihoods are calculated by Log-Likelihood Ratib&R)
in a Maximum A Posteriori (MAP) decoder by

L(bsly) = log (M) :

Pb; = Oly) (36)

Define
. P=1)
La(b;ly) = log Plo; = 0)"

It is shown that the LLR values are formulated by [44]
S bes, , P(YID).exp (3b% L)
Sbes,, P(¥ID).exp (16T, Loy

(. J/
-~

Lgkly)

(37)

L(bjly) = log

where by, denotes the sub-vector &f obtained by omitting itsith elementb;,, L
denotes the vector of all 4 values, also omitting,, andB,, ; (resp.By, o) denotes the set
of all input vectorsp, such thab, = 1 (resp.b, = 0). Note that there is an isomorphism

betweenB,, ; (resp.B; o) and X ; (resp.Xy), whereX,; (resp.Xj o) denotes the set
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of all corresponding constellation symbols; ; = {x:x = map(b),b € B} (resp.
Xpo = {x:x =map(b),b € Byo}).
As shown in [44], the computation of the LLR values [nl(38) uigs computing

the likelihood functionp(y|b), i.e.

Xp [—5iz. — Hx ||?
p(y|x = map(b)) = - 2 2?2W||U2Y)N ik }7 (39)

whereo? = +.
By having the likelihood functions, these LLR values areragpnated efficiently

using the Max-log approximation [44]

1 1
Lalbuly) g e {2 1y~ |7 b, L)

bGBkJ ag
L + ! | y—Hx ||* +bl,.L (40)
5 ggg}i) g2 IHy—HxX (k]-LA K] -

Without loss of generality, we assume that all componentxf an input vector are
equiprobab% therefore, the second term in each maximizatioriin (40) lélremoved.
Hence, computing the LLR values requires to solve problefrthe form

min ||y - Hx | (41)
XEX;@’C

wherek =1,--- /NN, and( = 0 or 1. Note that, as mentioned in [46], only NV, + 1
problems amon@N N, problems of the form[(41) are considered.

The Quasi-Maximum likelihood decoding method proposedis paper can be ap-
plied to the problem (41). HoweveX, . must be defined in implementing the algorithm.
This set includes all the input vectors,c SV, such thath, = (. Assigning 0 or 1 to
one of the bits irb removes half of the points i§”. In other words, whem, = (, one

of the components of the input vecter sayx,, can only select half of the points in the

sets, say{spl, s Sp } Therefore, thesth component ok is represented by
K
zp = up(1)sp, +"'+up(5)5p%- (42)

®In order to consider the effects of non-equiprobable sysbobth approaches presented in [45] and [46] can be
applied.
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As a result, we have the same matrix expression Su as [8), except that the
length of the vectou is (N — 1) x K + & and in thepth row of the matrixS, we have
% elements{spl,--- ,sp%}, instead of ' elements{sy,--- ,sx}. Now, the proposed
method can be applied to the new equation based on the neux rBaénd u.

VIl. SIMULATION RESULTS
A. Performance Analysis

We simulate the two proposed modéls]|(32) (34) for degpidiMIMO systems
with QAM and PSK constellations. Figl 1 demonstrates that phoposed quasi-ML
method using model[ (32) and the randomization proceduréewseh near ML perfor-
mance in an un-code?l x 2 MIMO system with QPSK constellation. Figl 2 shows the
performance in a x 4 MIMO system with 16-QAM. The performance analysis of a
MIMO system with different number of antennas employBi§SK is shown in Figl]3.
In figures[1[2, andl3, the curved lines with the stars reptethenperformance of the
system using relaxation modéel (32), while a simple roundilgprithm, as described in
Section 1V, transforms matri¥ to the binary vecton. The ML decoding performance
is also denoted by a curved line with circles. By increasimg dimension, the resulting
gap between the relaxation model(32) and the ML decodingeases. However, using
the randomization Algorithm | with\/,.,,, = 30 to 50 significantly decreases this gap
(curved line with diamonds). The curved lines with squatesasthe performance of the
relaxation model[(34) with a simple rounding, in which alethon-negative constraints
are included. This curve is close to ML performance. It isaclinat the relaxation model
(34) is much stronger than the relaxation model (32). No&t éldopting different number
of non-negative constraints will change the performancéhefsystem between the two
curves with diamonds and squares. In other words, the w#dmetween complexity and
performance relies on the number of extra non-negativet@nts.

Fig.[4 compares the two proposed Randomization procedutbdaelaxation model
(B2) and [(34). The effect of the randomization methods, Atgm | and II, for the
relaxation model[(32) is shown. As expected, Algorithm lirfpams slightly better,
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while its computational complexity is lower. The solutiof the relaxation model in
(34), in most cases, corresponds to the optimal solutiorhefdriginal problem[(11).
In the other words, because the model[in] (34) is strong encilngine is no need for
the randomization algorithm. Several compromises for oujmg the performance can
be done, e.g. including only some of the non-negative camtr in [34) and/or using a
randomization procedure with a fewer number of iterations.

In order to reduce the computational complexity of the pemggbmethod, the LLL
lattice basis reduction is implemented as a pre-processeyg for the relaxation model
(34). Fig.[5 and Fig.16 show the effect of using the LLL lattlwasis reduction ir2 x 2
and 4 x 4 multiple antenna systems wittd-QAM and 256-QAM. In a system with
64-QAM and 256-QAM, the performance of the relaxation modell(34) is closehe
ML performance withK = 8 and K = 16, respectively. By using LLL reduction and
consideringL = log,(K) symbols around the initial point, the performance degiadat
is acceptable, see Figl 5 and HFig. 6. Note that the resultapig the performance is
small, while the reduction in computational complexity igstantial.

o NxN Multiple Antenna Systems with QPSK Modulation
10 T T T
—%— Model (32) - Rounding
—4— Model (32) - Algorithm |
—#— Model (34) - Rounding
—— ML Decoding

107

10°F

LA g

Fig. 1. Performance of the proposed model (32) andl (34) in ®bystem withN transmit andV receive antennas
employing QPSK
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o NxN Multiple Antenna Sysmtems with 16QAM Modulation
10 == — T T T
S
S
107 T3y J
TN
é 107k Ax4 )
2%2 4
107 1
— % — Model (32) - Rounding
— 4 — Model (32) - Algorithm |
— #® — Model (34) - Rounding
— @ — ML Decoding 4
1074 L L L
-5 0 5 10 15
Eb/N0

Fig. 2. Performance of the proposed model (32) (34) indM®™bystem withN transmit andV receive antennas
employing 16-QAM

o NxN Multiple Antenna Systems with 8PSK Modulation
10 T T T
—%— Model (32) - Rounding
—4&— Model (32) - Algorithm |
—=&— Model (34) - Rounding
—&— ML Decoding
107 1
i
o 2x2
-2
1071 S
4x4 :
1073 Il L I
-5 0 5 10 15
Eb/N0

Fig. 3. Performance of the proposed model (32) (34) indM®™bystem withN transmit andV receive antennas
employing 8-PSK



SUBMITTED TO IEEE TRANS. ON INFO. THEORY 24

4x4 Multiple Antenna System with 16QAM Modulation

10
‘ "] —e— Model (32) - Rounding
—&— Model (32) - Algorithm |
—+— Model (32) - Algorithm II
—&— Model (34) - Rounding
—W%— ML Decoding
107
o
w
»n
5 p
10 "
i

-5 0 5 10 15

Fig. 4. Different randomization algorithms in a MIMO systesith 4 transmit and4 receive antennas employing
16-QAM

Complexity Reduction Using LLL Lattice Basis Reduction

10 ‘ - : ‘ , , ‘
x 64QAM
w10t A .
L=3 . 256QAM
2%x2
L=4

—4— SDP Model (34) with LLL
—=&— SDP Model (34)
—@— ML Decoding

107 I I
0 2 4 6 8 10 12 14 16 18 20

Eb/NO

Fig. 5. Performance of using LLL lattice basis reduction felaxation model[{34) in & x 2 MIMO system with
L =1log2(K)
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Complexity Reduction Using LLL Lattice Basis Reduction
N

T T
—4— SDP Model (34) with LLL
—@— ML Decoding

256QAM
ax4
- L=4

10°F 64QAM
S A4
L=3

10"

Fig. 6. Performance of using LLL lattice basis reduction felaxation model[{34) in d x 4 MIMO system with
L =1log2(K)

B. Complexity Analysis

Semi-definite programs of reasonable size can be solvedlymg@aial time within
any specified accuracy by IPMs. IPMs are iterative algorghmhich use a Newton-like
method to generate search directions to find an approxinwigian to the nonlinear
system. The IPMs converge vary fast and an approximatelynapsolution is obtained
within a polynomial number of iterations. For a survey on Kkee [47], [48]. In the
sequel, we provide an analysis for the worst case complexisplving models[(32) and
(34) by IPMs.

It is known (see e.g. [49]) that a SDP with rational data cansbked, within
a toleranceg, in O(y/mlog(1/e€)) iterations, wheremn is the dimension of the matrix
variable. Note that for the SDP problenmis](32) and (34)= N(K — 1) + 1.

The computational complexity for one interior-point itéoa depends on several
factors. The main computational task in each iteration Igiisg a linear system an order
determined by the number of constraints, This task require$)(p3) operations. The

remaining computational tasks involved in one interiompateration include forming
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system matrix whose total construction requit@gm? + p?m?) arithmetic operations.
Thus, the complexity per iteration of the IPM for solving SPpRoblem whose matrix
variable is of dimensiom: and number of equality constraintsis O (pm? + p?>m? + p?).
This means for a given accuraey an interior-point method in total requires at most
O(p(m? + pm? + p?)y/m log(1/¢)) arithmetic operations.

Since the SDP relaxatiof (32) contaif$/k > N) equality constraints, it follows that
a solution to [(3R) can be found in at ma3{ N*°K%5log(1/€)) arithmetic operations.
SDP relaxation[(34) contain@(K2N) equations and(K2N?) sign constraints. In order
to solve relaxation(34), we formulate the SDP model as adstahlinear cone program
(see e.g. [50]) by adding some slack variables. The additioequality constraints make
the model in[(3¥) considerably stronger than the model i) (88e numerical results),
but also more difficult to solve. An interior-point methodr fsolving SDP model[(34)
within a tolerance: requires at mosO(N°%>K°%%log(1/¢)) arithmetic operations. Since
the problem sizes of interest are moderate, the probleidnig¢3ractable. However, there
exist a trade-off between the strength of the bounds and dhgpuatational complexity
for solving these two models (see Section IlI).

The complexity of the randomization procedure applied ®riodel [(3R) is negli-
gible compared to that of solving the problem itself. Nam#lywe denote the number of
randomization iterations by, ..q, then the worst case complexity of the randomization
procedure iSO(N K N, 4na)-

The problems[(32) and (B4) are polynomially solvable. Thasdlems have many
variables; however, they contain sparse low-rank (ran@onstraint matrices. Exploit-
ing the structure and sparsity characteristic of semi-defprograms is crucial to reduce
the complexity. In [51], it is shown that rank-one consttamatrices (similar to our
problems) reduce the complexity of the interior-point aithon for positive semi-definite
programming by a factor oV K. In other words, the complexities of the SDP relaxation
problems[(3R) and(34) are decreasedtaV3°> K> log(1/¢)) andO(N*5K>5log(1/¢)),
respectively. Also, implementing the rank-one constramtrices results in a faster

convergence and a saving in the computation time and menegyirements. It is
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worth mentioning that when we use the LLL lattice basis ré¢idng the value of K
is replaced withL in the aforementioned analysis. As mentioned before, thisevis
much smaller thank’, e.g. in our simulation resulté = log,(K), which results in
reducing the computational complexity.

C. Comparison

The worst-case complexitpf well-known SD method [15], [24] is known to be
an exponential function of dimensioi/ over all ranges of rate andNR [24]. The
complexity analysis shows that our proposed SDP algorithossess a polynomial-time
worst case complexity. It should be emphasized that in need problems, the time spent
for decoding the received vector is important and it can besictered as a measure of
the complexity.

In the following, the worst case complexities of the aldumt based on model
(32), the method proposed in [30], the method in [27], and SBealgorithm [15] are
compared with different random values of input vector, cleimrmatrix, and noise for
Ey/Ny = {-5,0,5,10,15}. For each value of,/N,, the algorithms are performed for
10° times and the maximum time spent for the decoding procedwsavied im/axTime.
The average time spent for decoding each case is stordadfime.

It should be emphasized that tAéaxTime for each case depends on how the al-
gorithm is implemented. There are numerous variants for I§Brighm. In the following,
we have implemented the SD algorithm based on the Schnatnten strategy proposed
in [15]. Moreover, the simulations of the proposed alganthare implemented by one
of the simplest available packages, the SDPA package [4d\veder, by utilizing the
sparsity of the constraint matrices as suggested in [51Juasimy the DSDP package, the
computedAveTime and MaxTime can be reduced dramatically (a factor/@f< in the
analysis), without any performance degradation.

Table[] shows the simulation results for a MIMO system with = N = 4
employing 16-QAM. The maximum time for decoding a symbolngsiSD algorithm
is much longer than the corresponding time in the proposeld @axation method. The
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TABLE |
COMPARISON OF M azTime FOR DIFFERENT METHODS IN AMIMO SYSTEM WITH 4 TRANSMIT AND 4 RECEIVE

ANTENNAS EMPLOYING 16-QAM

Ey/No -5 0 5 10 15
Model 111 0.1037 0.1095 0.1108 0.1178 0.1196
Method [30] | 0.0685 0.0640 0.0697 0.0735 0.0624
Method [27] | 0.0580 0.0633 0.0536 0.0646 0.0596
SD Method | 61.8835 47.0480 28.0347 4.3848 2.24)77

other three methods have comparablexTime. As it is also shown in the analysis, the
proposed Model Il is more complex compared to the two otHeP $nethods. However,
this method outperforms the other SDP methods in [27] andl [30

The relaxation model(32) outperforms the SDP methods pm@gan [27] and
[29]. Fig.[Z compares the performance of [29] and the relaramodel [32) and the
performance of the method proposed in [27] is shown in [High 8 MIMO system with
4 transmit and receive antennas. The order of the compleki®7] is comparable to the
proposed model (32) and the order of the complexity of [29%$s than that of the model
(B2) (O(N?) vs.O(N39)). The method in [27] can handle QAM constellations; howgver
it achieves near ML performance only in the case of BPSK an&lQPonstellations.
Also, the method in [29] is limited to PSK constellations.tBlthat our proposed methods
can be used for any arbitrary constellation and labeling.

The comparison of the performance of the relaxation modegbgsed in [30] and
that of our method is shown in Figl & & 4 antenna system employing-QAM). It
is observed that the SDP relaxation modegls (32) (34pperbetter than [30]. The
order of the complexity of [30] is the same as that of the mdg@d), while the model
(34) is more complex@(N®°) vs. O(N35)).

Although the worst case complexities of the SD algorithm][124] and the other
variants are exponential, in several papers, the averagelegity of these algorithms are
investigated. In [26], it is shown that generally, there fisexponential lower bound on
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4x4 Multiple Antenna Systems with 8PSK Modulation
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— % — Model proposed in [29]
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Fig. 7. Comparison of the relaxation model proposed in [28] ¢hat in our method in a MIMO system with 4
transmit and receive antennas, employing 8-PSK modulation

4x4 Multiple Antenna Sysmtems with 16QAM Modulation
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Fig. 8. Comparison of the relaxation model proposed in [38] ¢hat in our method in a MIMO system with 4

transmit and receive antennas, employing 16-QAM moduiatio
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TABLE Il
COMPARISON OF AveT'ime FOR DIFFERENT METHODS IN AMIMO SYSTEM WITH 4 TRANSMIT AND 4 RECEIVE

ANTENNAS EMPLOYING 16QAM

Ey/No -5 0 5 10 15
Model 111 0.0372 0.0377 0.0394 0.0428 0.0417
Method [30] | 0.0130 0.0134 0.0142 0.0156 0.01%6
Method [27] | 0.0116 0.0118 0.0126 0.0141 0.0141
SD Method | 0.0449 0.0139 0.0060 0.0026 0.0016

theaverage complexitgf the SD algorithm. However, it is shown that for large valoé
Ey/Ny and small values of dimensial/, the average complexity can be approximated
by a polynomial function of dimensiofv/.

In Table[ll, the average timdveTime spent for decoding the received vectors in
the previous scenario is shown. As it can be seen, the ave@ygelexity of all SDP
methods is gradually increasing with, /N, while the average complexity of SD method
is decreasing exponentially. This suggests that for diffedimensions\/ and values
of E,/Ny, there is a threshold that the proposed SDP methods perfettartihan SD
algorithm even in terms of the average complexity. HoweVahle[l shows that how
inefficient SD algorithm performs in terms of the worst-casenplexity.

In the following, in Tables Il and 1V, the performance of tpeoposed algorithm
based on Model Il and SD algorithm are shown in termsdotTime and MaxTime,
for different number of antennas and constellations. It lsarseen that, in terms of the
worst-case complexity the proposed algorithm based on Mibdalways outperforms
SD algorithm. Generally, we can conclude that by increashegdimension and rate,
the range off, /N, that the proposed model outperforms the SD algorithm isergaln
order to show that thé/axzTime values are not sporadic, we also provide the values
of AveMaxTime in Table[IM. This number is the average of the large#t decoding
times in each case.

The performance of the proposed SDP relaxation madél (34geVilV, is close to
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DECODING TIME IN A MIMO SYSTEM WITH4 TRANSMIT AND 4 RECEIVE ANTENNAS EMPLOYINGQPSK

TABLE 11l

DECODINGTIME IN A MIMO SYSTEM WITH 8 TRANSMIT AND 8 RECEIVE ANTENNAS

Ey/No -5 0 5 10 15

Model Il 0.0154 0.0156 0.0238 0.0278 0.0236
AveTime

SD Method | 0.0199 0.0074 0.0046  0.0028 0.0020

Model Il 0.4271 0.4251 0.4765 0.7572 0.8417
MazxTime

SD Method | 28.326 26.3109 25.4260 2.2232 0.9663

TABLE IV

Ey/No -5 0 5 10 15
Model Il 0.0152 0.0152 0.0174 0.0224  0.0306
AveTime
SD Method| 0.6005 0.1061 0.0319 0.0149  0.00%2
Model Il 0.0965 0.0655 0.1666 0.6586 0.6959
QPSK | MaxTime
SD Method | 433.3972 179.0310 19.7889 16.7787 7.7819
Model IlI 0.0658 0.0587 0.0642 0.1492 0.2109
AveMaxTime
SD Method| 73.4830 16.3274 6.1652 5.9249 1.80f4
Model IlI 0.0936 0.0948 0.0984 0.1050 0.10%9
AveTime
SD Method| 42.2894 1.6575 0.4762 0.2955 0.1080
Model Il 0.2867 0.2974 0.2772 0.2916 0.3273
16-QAM | MaxTime
SD Method| 8633.8 383.40 290.89 121.92 91.082
Model IlI 0.1574 0.1580 0.1633 0.1682 0.1712
AveMaxTime
SD Method | 411.6743  15.3724 4.5987 2.9336 1.01B2

31

the ML performance. Similar to the SDP relaxation modell (3Bg algorithm based

on Model IV outperforms the SD algorithm in terms of the wocsise complexity

(polynomial vs. exponential). Furthermore, by using the.lLttice basis reduction before

the proposed SDP model, the complexity is reduced, with aeable degradation in

the performance (as shown in Simulation Results section).

As a final note, we must emphasis that in the complexity arsafgs model [34),

we have considered all the non-negative constraints. Tuggests that the complexity

of this model is not tractable. However, it is not required dansider all the non-

negative constraints. In order to implement this model neffeiently, we can solve
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the SDP relaxatior (32), and solve the SDP relaxafion (3#4) wmly themost violated

constraints These constraints correspond to those positions in mariwhere their

values are the minimum negative numbers. Implementing Mbdéased on the most
violated constraints reduces the complexity to almost abemmof times more complex
compared to the Model IlI.

VIII. CONCLUSION

A method for quasi-maximum likelihood decoding based on semi-definite re-
laxation models is introduced. The proposed semi-defitaxation models provide a
wealth of trade-off between the complexity and the perforoea The strongest model
provides a near-ML performance with polynomial-time wezase complexity (unlike the
SD that has exponential-time complexity). Moreover, thi# decoding method based on
the proposed models is investigated. By using lattice ha&slaction the complexity of
the decoding methods based on theses models is reduced.
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APPENDIX |
LAGRANGIAN DUALITY

In this appendix, we show that Lagrangian duality can be usederive the SDP
relaxation problem(24). We first dualize the constraint§ld}), and then derive the SDP
relaxation from the dual of the homogenized Lagrangian .diially, we project the
obtained relaxation onto the minimal face. The resultingxation is equivalent to the
relaxation [(24).

Consider the minimization problem ifn_(11). According to [3for an accurate
semi-definite solution, zero-one constraints should benédated as quadratic constraints.
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Therefore,
min u’ Qu + 2c’u
st. ||[Au—ey|* =0
wW=u; Yi=1,---,n. (43)

)

First, the constraints are added to the objective functgingilagrange multiplieré and
]T.

W = [y, -, Wy
to = muin n/r\l%x {uTQu +2c’u
+ A (uTATAu — 2eJTVAu + e%eN)
+ i w; (uf — ;) }. (44)
=1
Interchanging min and max yields
Ho = i = max min {u"Qu+2c"u
+ A (u"ATAu - 2eAu +ejey)

i=1

Next, we homogenize the objective function by multiplyingith a constrained scalar
up and then increasing the dimension of the problemlbyHomogenization simplifies

the transition to a semi-definite programming problem. &fae, we have

[to > iy = Max min {uT [Q + AATA + Diag(\fv)} u
1

AW uud—
— (2xejA —2¢" + W) you

+ eley }, (46)

where Diagw) is a diagonal matrix withw as its diagonal elements. Introducing a
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Lagrange multiplieny, for the constraint on,,, we obtain the lower boundy

o > g > pR= Iax min {uT[Q + AATA + Diag(w)]u

,V~V,u}0 up,u
- (2)\e§f,A —2¢” + (J'VT) upu
+ Aeyenug + wo (ug — 1) }. (47)

Note that both inequalities can be strict, i.e. there can laity gaps in each of the
Lagrangian relaxations. Also, the multiplication d% ey by «2 is a multiplication by
1. Now, by grouping the quadratic, linear, and constant tetogether and defining

u” = [u, uT}T andw’ = [wo,v”vT]T, we obtain

pR= max min {u" [Lq + Arrow(w) + ALy Ju — wp} (48)
where
, eley —elA N —el ® e}
)\ p— p—
—ATey ATA —ex ey Iy ® (exe)
_1wT
Arrow(w) = 1w0 . Wi
_§W1:n Dlag(wlzn>

0 c’
andLq = : (49)

c Q

Note that we will refer to the additional row and column gexted by the homog-
enization of the problem as the 0-th row and column. There sdden semi-definite
constraint in [(4B), i.e. the inner minimization problem isubded below only if the
Hessian of the quadratic form is positive semi-definite.His tase, the quadratic form

has minimum valué. This yields the following SDP problem:

max — Wy

s.t. Lq+ Arrow(w) + AL, = 0. (50)

We now obtain our desired SDP relaxation bof](43) as the Lagaandual of [5D). By
Introducing the(n + 1) x (n + 1) dual matrix variableY = 0, the dual program to the
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SDP [50) would be

min traceLqQY
s.t. diag(Y) = (1, Yo1.n)"
traceY L), =0
Y =0, (51)

where the first constraint represents the zero-one contsriai (43) by guaranteeing that
the diagonal and O-th column (row) are identical (mafyixis indexed from 0); and the
constraintAu = ey is represented by the constraint trac€, = 0. Note that if the
matrix Y is restricted to be rank-one in_(51), i.e.

vl IR R
u

for someu € R”, then the optimal solution of (51) provides the optimal solu, u, for
@3).

Since the matrixC, # 0 is a positive semi-definite matrix; therefore, to satisfg th
constraint in[(5l1)Y has to be singular. This means the feasible set of the priroalgm
in (51) has no interior [34] and an interior-point method nmever converge. However,
a simple structured matrix can be found in the relative iotesf the feasible set in order
to project (and regularize) the problem into a smaller disn@m

As mentioned before, the rank-one matrices are the extraymgspof the feasible
set of the problem in (51) and the minimal face of the feassigliethat contains all these
points shall be found [34].

From Theorem$§12 and 3, we conclude that= 0 is in the minimal face if and
only if Y = VRV, for someR > 0. By substitutingVRV" for Y in the SDP

relaxation [(51L), we get the following projected SDP rela@twvhich is the same as the
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SDP relaxation in[(24):

i = min trace(VILQV)R
st diadVRV') = (1, (VRV )o1.)"

R >+ 0. (52)

Note that the constraint tracé” £, V)R = 0 can be dropped since it is always satisfied,
i.e. ,C)\V =0.

APPENDIX Il
PROOFS

A. Lemmdn

LetX € Mg,y ande X = e} SinceVx, (x_1) is aK x (K —1) matrix containing
a basis of the orthogonal complement of the vector of all phes V1T<x(K_1)eK =0,
and

ef(FKxN = e%, (53)

we have
X =Fgxn + Vixx-1%, (54)

whereZ € Mx_1)xn. From

1
Frxn = ?(EKXN - VKX(K—l)E(K—l)XN)
Ox—
_ (K-1)xN 7 (55)
ey
and
\% Z z (56)
Kx(K-1 i
x(K-1) oz

it follows thatZ = X(1: (K —1),1: N).
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B. Theoreni 2

Let Y € F be an extreme point af, i.e.
1 T
Y=Y,= : (57)

x | xxT

for somex = vec(X), X € Exxy. From Lemmd.1L, it follows that every matriX €
Erexn is of the formX = Frn + Viexx-1nX whereX = X(1: K — 1,1 : N). From
the properties of the Kronecker product (see [32]), it fako

x = vec(X) = E(GKN — (In ® Vix(x-1))€(k-1)N)

+ (In ® Virx(x-1))X%, (58)

wherex = vec(X). Let p” := [ 1 x7 } and

1
W = |:E(9KN — (In ® Vixx-1))ex-1xn), In ® Vix-1)| - (59)
Therefore,x = Wp, and
1 ‘ pIWT .
Y = = VRV, (60)
Wp ‘ WpplW7T
whereR := pp’, i.e.
1| x*
R = = 0. (61)
% | %xT

Sincex is a binary vector, it follows that;; € {0,1}, Vi,j € {0,...,N(K — 1)},
and diag(xx”) = x. The proof follows analogously for any convex combinatidrthe
extreme points froni.

C. Theoreni3

Fix u e &/ and let
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Considering the constraint on this vector inl(14), we dividénto N sub-vectorsof
length K. In each sub-vector all the elements are zero except onesadléments which
is one. Therefore, there aré” different binary vectors in the sét. Consider the entries
of the 0-th row ofY. Note thaty, ; = 1 means that thg-th element ofu is 1. In addition,
there is only one element equal tdn each sub-vector. Therefore, there &€& ! such

vectors, and the components of the 0-th rowXbfare given by
Loy L _

KN K

Now consider the entries df in the other rows} ;.

yo:] =

1) If i = j, then,y; ; = 1 means that thé-th element of the vecton is 1 and there
are KV~1 such vectors; therefore, the diagonal elements are

Yii = % N1 = %

2) fi=Kp—-1)+q, j=Kp-1)+r,q#r,qre{l,---  K},pe{l,---,N},
i.e. the element is an off-diagonal element in a diagonatklthen,y; ; = 1 means
that thei-th and thej-th elements ofa in a sub-vector should be 1 and this is not
possible. Therefore, this element is always zero.

3) Otherwise, we consider the elements of the off-diagolwaks of Y. Then,y, ; = 1
means that the-th and thej-th elements ofu in two different sub-vectors are 1
and there aré("V =2 such vectors; therefore, the elements of the off-diagolualkis

are
1 1

KN K?
This proves the representation %t in (i) in TheoremB.

N-2 _

-~ —
Yii =

It can be easily shown that

1o for ][] —zer ] [ 1 ]or
—Le, InJY[On i(n o, | W ©2

. 1 N .
whereW = EIN ® (KIx — Eg). Note that rankY) = 1 + rank W).

The eigenvalues dfy are 1, with multiplicity V. and the eigenvalues d{1x — Ex are

K, with multiplicity K — 1, and 0. Note that the eigenvalues of a Kronecker product are
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given by the Kronecker product of the eigenvalues [32]. €fae, the eigenvalues of
W are % with multiplicity N(K — 1), and 0, with multiplicity N. Therefore, we have

rankY) = 1 +rankW) = N(K — 1) + 1. (63)

This proves (ii) in Theorerh]3.

. . ~ 1 .
By (62) and [(6B), we can easily see that the eigenvalue¥ afre e with mul-

tiplicity N(& — 1), 22

3.

, and 0, with multiplicity N. This proves (iii) in Theorem

The only constraint that defines the minimal faceAis = b. By multiplying of

both sides byu” and using the fact that is a binary vector, we obtain
Tuu” = ey (diag(uu”))” . (64)
This condition is equivalent to
TY = 0. (65)
Note thatrank(T) = N. Therefore, we have
N(Y)={u:ueR(TH.

This proves (iv) in Theoreml 3.
Since rankV) = N(K — 1) + 1 and using Theoreifl 2, the columns¥bfspan the
range space oY . This proves (v) in Theoreif 3.

APPENDIX I
RANDOMIZATION ALGORITHM

In this appendix, we present two randomization algorithmdransformY to a
binary rank-one matrix.
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A. Algorithm |

Goemans and Williamson [52] introduced an algorithm thaidoanly transforms
an SDP relaxation solution to a rank-one solution. This aagh is used in [27] for the
qguasi maximum likelihood decoding of a PSK signalling. Tteshnique is based on
expressing the BPSK symbols Ky-1, 1} elements. After solving the relaxation problem
in [27], the Cholesky factorization is applied to thex n matrix Y and the Cholesky
factor V.= [vi,...,v,] is computed, i.eY = VV7T. In [27], it is observed that one
can approximate the solution of the distance minimizatiovbjem, u, usingV, i.e. u;
is approximated using;. Thus, the assignment efl or 1 to the vectors{vy,...,v,}

is equivalent to specifying the elementswf

Fig. 9. Representation of the randomization algorithm in [52]

It is shown that norms of the vectods/q,...,v,} are one, and they are inside
an n—dimensional unit sphere [27], see Fid. 9. These vectorsildhioe classified in
two different groups corresponding toand —1. In order to assign-1 or 1 to these
vectors, the randomization procedure generates a randetorveniformly distributed
in the sphere. This vector defines a plane crossing the oigimong given vectors;,

1 =1,...n, all the vectors at one side of the plane are assigned dad the rest are
assigned to-1, as shown in Figl]9. This procedure is repeated several tamdsthe
vectoru resulting in the lowest objective function is selected as dhswer.

In our proposed approach, the variables are binary numbremder to implement
the randomization procedure of [52], we bijectively map toenputed solution of the
{0,1} SDP formulation to the solution of the correspondifrgl, 1} SDP formulation.
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More precisely, we use the following mapping:

“1l2 ... 0
M — ,
[ —1l0 - 2]
Y11} = MY M7, (66)

whereY 1y is the resulting matrix from the relaxation modell(32)[or)(3Ad Y (_ 1 is
its corresponding matrix with—1, 1} elements. Usind (66), the solution far {11) can be
computed using a similar randomization method as in [27¢ ddmputational complexity
of this randomization algorithm is polynomial [27].

Considering zero-one elements in our problem, we proposewarandomization
procedure inspired by [52]. This algorithm can be appliedol } formulation directly.
Therefore, the complexity of the whole randomization pohge is reduced, since the
preprocessing step, i.e. bijective mapping[inl (66), is tadit

B. Algorithm 1l
After solving the relaxation model (B2) or (34), the Choled&ctorization of Y

results in a matrixV = [vy,...,vy] such thatY = VV’. The matrixY is neither
binary nor rank-one. Therefore, norms of the resulting wect; are between zero and
one. These vectors are depicted in Figl 10. Intuitively, hesp with a random radius
uniformly distributed between zero and one has the sametifuradity as the random
plane in Fig[®.

In order to assigr) or 1 to these vectors, the randomization procedure generates

a random number, uniformly distributed between 0 and 1, asrdllius of the sphere.
Among given vectorsv,;, i = 1,...,n, all the vectors whose norms are larger than
this number are assigned toand the rest are assigned(oln another variation of this
algorithm, the radius of the sphere can be fixed, and nornsesktvectors are multiplied

by a random number. This procedure is repeated several eintkhe vecton resulting in
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Random’
Sphere

Fig. 10. Graphic representation for the proposed randomization algorithm

the smallest objective function value [n{11) is selectethassolution. Simulation results

confirm that the proposed method results in a slightly begtegformance for the lattice

decoding problem compared to the first algorithm. Also, tbemputational complexity

of the randomization algorithm is decreased, due to the vamof the preprocessing
step in [66). It is worth mentioning that, according tol(5Wgdd61), the randomization
procedure can be implemented for the maRixwhich results in further reduction in the

computational complexity.
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