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Abstract. A lower bound of the form( 2n
n+1)
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n−1 is derived on the coding gainγn of the densestn-dimensional
(n-D) lattice(s). The bound is obtained based on constructing ann-D lattice which consists of parallel layers.
Each layer is selected as a translated version of a densest (n− 1)-D lattice. The relative positioning of the layers
is adjusted to make the coding gain as large as possible. For large values ofn, the bound is improved through
tightening Ryškov’s inequality on covering radius and minimum distance of a lattice.
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1. Introduction

Coding gainγ is an important structural parameter of a lattice. The problem of finding dense
lattice packings (largeγ ) is of great importance in both mathematics and communications [3,
pp. 385–411], [1, pp. 66–74]. The maximum value ofγ in a given dimensionn is denoted as
γn, and is called the Hermite’s constant. The value ofγn is known only for the dimensions
n ≤ 8 [3, p. 410]. It has never been proved thatγn is an increasing function ofn, although this
is very likely to be true. In this work, we establish a lower bound onγn in terms ofγn−1 and
n. The bound is derived using a densely constructedn-dimensional (n-D) lattice which is
composed of parallel layers. Each layer is a translated version of a densest (n−1)-D lattice.
The layers are placed such that the lattice points in one layer are orthogonally projected to
the deep holes of the two adjacent layers. This, along with the proper adjustment of the
spacing between the layers, helps to increase the coding gain.

In deriving the bound onγn, we make use of a lower bound on the covering radius of a
lattice (µ) in terms of its minimum distance (λ) and dimension (n) which is due to Ryˇskov [9].
For large values ofn, the derived bound onγn is improved through establishing a lower
bound onµ in terms ofλ andn which is tighter than the Ryˇskov’s bound (forn > 42).

It should be also noted that Mordell and Oppenheim, independent of each other, have
obtained an upper bound of the form(γn−1)

(n−1)/(n−2) on γn, see [3, p. 376]. This, in
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conjunction with the lower bound presented here, provides a tight range forγn in terms of
γn−1.

It is quite known how to build up a packing inRn from a given lattice packing (corre-
sponding to a latticeL) in Rn−1 by extending the latter to a layer of spheres inRn (with
centers at the points ofL), and stacking congruent layers as densely as possible [4]-[7], [2].
In fact, it appears that the densest lattices in dimensionsn ≤ 8 have a layer structure, see
e.g., [1, p. 164]. In the above construction, we call the latticeL thebasefor the resulting
packing. As explained before, we select the base to be a densest (n − 1)-D lattice. To
preserve the lattice property, we form the successive layers by translating the base with a
fixedn-D vector, called thegenerator vector, successively. The generator vector is selected
such that the density (coding gain) of the resulting lattice is as large as possible.

2. Preliminaries

Let Rm be them-dimensional real vector space with the standard inner product〈., .〉, and
Euclidean length‖x‖ = 〈x, x〉 1

2 . A lattice is a discrete additive subgroupL of Rm. Its
dimensionis the dimension of theR-subspacespan(L) that it spans. Each latticeL of
dimensionn has abasis, i.e., a set{b1, . . . ,bn} of n linearly independent elements ofL
that generateL as their linear integer combinations. The correspondinggenerator matrix
(also calledbasis matrix) is then × m matrix B which has the basis vectors as its rows.
Thedeterminantof L, det(L), is defined as det(L) = [det(B BT )]1/2. We assume lattices
to befull-dimensional, i.e.,n = m, resulting in det(L) = |det(B)|.

Consider an-D lattice L. The length of the shortest nonzero vector(s) ofL (also called
the minimum distanceof L) is denoted byλ(L). Assume that ann-D sphere of radius
λ(L)/2 is centered at each lattice point. This arrangement of spheres is called alattice
sphere packingor briefly packingcorresponding to the latticeL. Related to the density of
the lattice packingL [1, p. 73], thecoding gainis defined as

γ (L) = λ(L)2det(L)−
2
n . (1)

This is also a measure of the performance of the corresponding lattice code in channel
coding applications.Hermite’s constantγn is defined as the supremum value ofγ over
all n-D lattices. It is known thatγn is attainable [3, p. 267]. The value ofγn, however, is
explicitly known only forn ≤ 8.

The covering radiusµ(L) of a latticeL is the smallest numberr such that all vectors
v ∈ span(L) are at distance at mostr from a lattice point. TheVoronoi cellV(p) of a
point p ∈ L consists of those points ofspan(L) which are at least as close top as to any
other lattice point. (Voronoi cells are also calledDirichlet regions, mainly in Geometry of
Numbers).V(p) has at least two vertices at distanceµ(L) from p. These are called the
deep holesof the lattice corresponding to the pointp.

We need the following lemma from [9]:

LEMMA 1 The length of the smallest edge of an arbitrary n-D simplex located inside a n-D
sphere of radius r is upper bounded by[2(n+ 1)/n]1/2r . This bound is achieved only for
a regular simplex inscribed in the sphere.



AN INEQUALITY ON THE CODING GAIN OF DENSEST LATTICE 209

THEOREM1 (Ry̌skov) For an n-D lattice L, we have

µ(L) ≥
√

n

2(n+ 1)
λ(L). (2)

Proof. Consider a sphereS(v) of radiusµ(L) centered at an arbitrary deep holev of
the latticeL. Sincev is the common vertex of some adjacentn-D polytopes (Voronoi
cells of L), it is located at the intersection of at leastn hyper-planes (which are the facets
of the corresponding Voronoi cells). It is not then difficult to see thatv is the deep hole
corresponding to at leastn+ 1 adjacent Voronoi cells. This means that there exist at least
n+ 1 lattice points on the surface ofS(v). Let the minimum distance between these points
be denoted byd. We haveλ(L) ≤ d. Considering the aforementionedn+ 1 lattice points
as the vertices of a simplex, and using Lemma 1, we obtaind ≤ [2(n + 1)/n]1/2µ(L).
Combining these inequalities proves the theorem.

It is interesting to note that inequality (2) is satisfied with equality for the densest one-
and two-dimensional lattices, i.e., the integer latticeZ and the hexagonal lattice.

Inequality (2) could also be obtained by combining the upper bound on the density of
packings given by Rogers (see [1, p. 19]), with the lower bound on the thickness of coverings
due to Coxeter, Few and Rogers (C-F-R) (see [1, p. 40]). Note that both of these results
had been available quite a while before the publication of the Ryˇskov’s bound in [8]. It
is clear from the above observation that by tightening either bounds, one can improve the
inequality given in (2). Rogers’ bound is the best known bound forn ≤ 42, [1, p. 20]. For
n > 42, the Kabatiansky-Levenshtein (K-L) bound (see [1, pp. 264-265]) takes over [1,
p. 20]. There does not, however, exist a simple expression for K-L bound except for the
large values ofn. Combining K-L and C-F-R bounds for large values ofn, as given in [1,
p. 19, p. 40], we obtain

µ(L) ≥ 0.7573

(
n

e
√

e

)1/n

λ(L), (3)

which is tighter than (2).

Remark.For a review of earlier works on sphere packing and covering, and in particular,
bounds on packing and covering densities, the interested reader is referred to [8].

3. Main Result

Let Lb be an (n−1)-D lattice with basisb1, . . . ,bn−1, wherebi = (bi,1, . . . ,bi,n−1), and let
v = (v1, . . . , vn−1) be a deep hole ofLb. We construct an-D latticeL using the following
generator matrix

B′ =


b1,1 b1,2 · · · b1,n−1 0
b2,1 b2,2 · · · b2,n−1 0
· · · · · · ·

bn−1,1 bn−1,2 · · · bn−1,n−1 0
v1 v2 · · · vn−1 h

 , (4)
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whereh is a properly selected positive number. It is easy to see that the latticeL has a layer
structure with the base latticeLb, and the generator vectorb′n = (v1, . . . , vn−1, h). As we
will see later, the selection ofv as a deep hole helps to increase the coding gain (density)
of L. It is easy to show that

det(L) = h det(Lb). (5)

To maximize the coding gain ofL, we would like to selecth as the smallest number such that

λ′ 1= λ(L) = λ(Lb)
1= λ . Choosing a proper value forh requires checking the distance

between lattice points in different layers. The value ofh also depends on the values of

µ
1= µ(Lb) andλ. We selectLb to be a densest (n− 1)-D lattice, denoted byLn−1. Since

we do not know much about the structure ofLn−1, for a general value ofn, we choose

h ≥ λ
2
. (6)

This selection guarantees that, except for the lattice points in two adjacent layers, the
distance between the other lattice points is at leastλ. It is easy to see that the minimum
distance between lattice points in two adjacent layers is

√
µ2+ h2. Therefore, to keepλ′

equal toλ, we also need

h2 ≥ λ2− µ2. (7)

The value ofh is selected as the smallest number satisfying both (6) and (7). The
corresponding value is denoted byh0. We have

h0 =
{ √

λ2− µ2 if µ ≤
√

3
2 λ,

λ/2 otherwise.
(8)

According to (8), the value ofh0 depends on the range ofµ (as determined byλ). However,
later in Proposition 2, we will present an upper bound onh0 which depends only onλ and
n. This upper bound will be used in conjunction with the following proposition to derive
our main result.

PROPOSITION1 We have

γ (L) =
(
λ

h0

) 2
n

γ (Lb)
n−1

n . (9)

Proof. The proof follows using the definition (1), and the facts thatλ′ = λ and (5).

PROPOSITION2 We have

h0 ≤
√

n+ 1

2n
λ. (10)
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Proof. We consider the following two cases:

(i) µ ≤ √3λ/2. In this case, the result follows by applying inequality (2) to the first
expression of (8).

(ii ) µ >
√

3λ/2. In this case, using (8), we obtainh0 = λ/2 which also satisfies (10).

THEOREM2 (MAIN RESULT) We have

γn ≥
(

2n

n+ 1

) 1
n

γ
n−1

n
n−1. (11)

Proof. Using Proposition 1, and the facts thatLb = Ln−1, andγn ≥ γ (L), we obtain

γn ≥
(
λ

h0

) 2
n

γ
n−1

n
n−1. (12)

The proof then follows by applying (10) to (12).

Note that inequality (11) is satisfied with equality forn = 2.
For large values ofn, applying (3), and using the same arguments as in the proofs of

Proposition 2 and Theorem 2, we can find a tighter bound than (11) as

γn ≥
[

1− (0.7573)2
(

n− 1

e
√

e

) 2
n−1

] −1
n

γ
n−1

n
n−1 > (2.345)

1
n γ

n−1
n

n−1. (13)

It can be seen that the expression 2n/(n+ 1) in (11) is always less than 2. This, unfor-
tunately, implies that the inequality (11) cannot result in the proof ofγn ≥ γn−1 for any
interesting values ofn, i.e.,n ≥ 10. The reason is that to conclude such a result from (11),
we need to haveγn−1 ≤ 2n/(n + 1) < 2. However, referring to the Tables 1.2 and 1.3
of [1], we observe that there already exist lattices in dimensionsn ≥ 9 which have coding
gains larger than 2. It is not difficult to see that combining K-L and C-F-R bounds for
n > 42 cannot help either.

It seems, however, quite natural that one tries to proveγn ≥ γn−1 for certain values of
n ≥ 10 by the proper improvement of inequality (2) for the corresponding densest lattices.
For the densest lattices in dimensionsn ≥ 9, we expect the number of lattice points on the
surface ofS(v), as defined in Theorem 1, to be larger thann+ 1. To make inequality (2)
tighter for these lattices, one might be able to use a well-quantified version of this argument
to improve the bound given in Lemma 1.
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