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Abstract

In this paper, a downlink communication system, in which s8&tation (BS) equipped with

M antennas communicates wifli users each equipped witR' receive antennas, is considered. An
efficient suboptimum algorithm is proposed for selectingtao$ users in order to maximize the sum-rate
throughput of the system, in a Rayleigh fading environmEnt.the asymptotic case whév tends to

infinity, the necessary and sufficient conditions in ordeathieve the maximum sum-rate throughput,
such that the difference between the achievable sum-ratelEnmaximum value approaches zero, is
derived. The complexity of our algorithm is investigatedtémms of the required amount of feedback
from the users to the base station, as well as the number aftesarequired for selecting the users.
It is shown that the proposed method is capable of achievilagge portion of the sum-rate capacity,

with a very low complexity.
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I. INTRODUCTION

Multiple-input multiple-output (MIMO) systems have prale¢heir ability to achieve high
bit rates on a scattering wireless network [1]. In a MIMO loast channel, the base station
equipped with multiple antennas communicates with sevaratiple-antenna users. Recently,
there has been a lot of interest in characterizing the capaegion of this channel [2], [3],
[4], [5]. In [2]- [4], it has been shown that the sum-rate capaof MIMO broadcast channels
can be achieved by applying dirty-paper coding (DPC) [6]hat transmitter. Practical schemes
for approximate implementation of DPC are proposed in [&], [9], [10], [11], [12]. HowevVer,
achieving the theoretical limits promised by DPC faces meimgilenges.

In a network with a large number of users, the base stationimenrease the throughput by
selecting the best set of users to communicate with. Thiglteesn the so-called “multiuser
diversity” gain [13], [14]. However, achieving the optimumultiuser diversity gain requires an
exhaustive search over all possible combination of thesygdrich is not practical for large-scale
networks. To overcome this problem, references [15] and fit6pose sub-optimum methods
for user selection. These methods exploit the multiusegrdity gain, but are based on assuming
DPC at the base station.

To avoid the complexity of DPC, the simple precoding scheffearo-forcing beam-forming”,
which is also called “channel inversion”, is considered byng authors [17], [18], [19], [20]. In
these works, it is assumed that the users are equipped witlgke sintenna. Using zero-forcing
beam-forming, the downlink channel with/ transmit antennas is decomposed ifo< M
interference-free subchannels, serviNgusers. Unfortunately, in cases that the number of users
is equal to the number of transmit antennas, this method nloiesffer a good performance [20].

However, the case oN > M is more common in practical networks. In this case, selgctin
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the best set of users improves the performance of this sciseggndicantly [5] , [21] (multiuser
diversity gain). Due to the high complexity of selecting thest set, reference [22] proposes a
suboptimum algorithm for user selection in order to maxinibe sum-rate. This algorithm is
based on using zero-forcing beam-forming at the transmitiee complexity of this algorithm
is shown to beD (M3 N).

To achieve a good performance by using zero-forcing beamifg, the selected sub-channels
must have high gains and be nearly orthogonal to each otlsethé number of users increases,
it becomes easier to satisfy these requirements. Howedvweregxhaustive search for selecting
the best set of users is very complex. In [23], the authorpgse a suboptimum algorithm for
selecting such a set of users in a downlink environment vatgd number of single-antenna
users. This algorithm is similar to the greedy algorithmgmeed in [15], with the difference in
using an orthogonality threshold for selecting the userganh step. As a result, the channel
vectors of the selected users become nearly orthogonaldo eer with considerable gains.
It has been shown that using this algorithm, the optimum sat@-throughput of the system
is asymptotically achieved a¥ — oo. However, in their approach, the base station must have
perfect Channel State Information (CSI) for all users.

To avoid the huge amount of feedback required by providingege CSI to the base station,
reference [24] proposes a downlink transmission schemedoais random beam-forming relying
on partial CSI at the transmitter. In this scheme, the baagost randomly constructs/
orthogonal beams and transmits data to the users with themmax Signal to Interference
plus Noise Ratio (SINR) for each beam. Therefore, only tHeev@f maximum SINR, and the
index of the beam for which the maximum SINR is achieved, acklack to the base station

for each user. This significantly reduces the amount of faeklbReference [24] shows that
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when the number of users tends to infinity, the optimum sut@-taroughput can be achieved.
However, for practical number of users, it does not perforail \\23].

In this paper, we consider a Rayleigh fading MIMO-BC witlg@number of users and propose
an efficient sub-optimum algorithm that assigns the coateis of transmission space to different
users in order to achieve the best performance in terms duherate throughput. It is assumed
that the zero-forcing beam-forming is used at the baseostais the precoding scheme. The
algorithm starts by setting a threshold value. By applyimgg8lar Value Decomposition (SVD) to
all users’ channel matrices, only the eigenvectors whosesponding singular values are above
the set threshold are considered. Then, among these céamdidanvectors, the algorithm chooses
a set of sizel which are nearly orthogonal to each other. For the asymptatse ofN — oo,
we give the necessary and sufficient conditions for the bulelsvalue in order to achieve the
optimum sume-rate capacity, such that the difference betwbe sum-rates approaches zero.
The proposed algorithm follows the same approach as thaR2jf with a difference in the
user selection strategy. The main advantage of our algorighthat the coordinates are selected
among the eigenvectors with singular values above a givesshiold, and for the rest of the
eigenvectors no information is sent to the base stationrefbee, the complexity of search and
the amount of feedback required at the base station is signify reduced. Indeed, we give the
necessary and sufficient conditions for the threshold vadweder to achieve the optimum sum-
rate, such that the difference between the achievable aterand the optimum value approaches
zero.

This paper is organized as follows. In section II, we introglthe system model, and describe
the proposed algorithm. Sections Il and IV are devoted w@yaing the performance, in terms

of the sum-rate throughput, and the complexity of our prepgoalgorithm, respectively. Finally,
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section V concludes the paper.

Throughout this paper, the norm of the vectors are denoted |pythe Hermitian operation is
denoted by(.)*, and the determinant and the trace operations are denotedtby and Tr(.),
respectivelyE{.} represents the expectation, notatidng” is used for the natural logarithm,
and the rates are expressednats RH(.) represents the right hand side of the equations. For

any given functionsf(N) and g(N), f(N) = O(g(NN)) is equivalent tolimy_,

IN)
g(N)) <

0o, f(N) = o(g(N)) is equivalent tolimy . %‘ =0, f(N) = Q(g(N)) is equivalent to

limy oo L& > 0, F(N) = w(g(N)) is equivalent tdimy .., L& = o0, and f(N) = ©(g(N))

is equivalent tdimy _. % = ¢, where( < ¢ < oo.

1. SYSTEM MODEL

In this work, a MIMO-BC in which a base station equipped withantennas communicates
with IV users, each equipped withi antennas, is considered. The channel between each user
and the base station is modeled as a zero-mean circularlynsyme Gaussian matrix (Rayleigh

fading). The received vector by uskrcan be written as
yr = Hpx + ny, 1)

wherex ¢ CM*! js the transmitted signal], € C** is the channel matrix from the transmitter
to the kth user, which is assumed to be perfectly known at the receside and provided
to the BS via a noiseless feedback chanheand n, € CK*! ~ CN(0,1k) is the noise
vector at this receiver. We assume that the transmitter haavarage power constraiit, i.e.
E{Tr(xx*)} < P. We consider a block fading model in which eakl, is constant for the

1As we will show later, the BS does not need to have the perf&tabout all the users’ channels. However, the partial CSI

that the BS receives through feedback is based on the p&fgicthat the receivers have.
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duration of a frame. The frame itself is assumed to be longughdo allow communication at
rates close to the capacity.
The maximum achievable sum-rate capacity in MIMO-BC, dedasR o, is equal to [2]
N
Rop =E{  max  logdet (IM + ZH;Q@) , 2)

S Tr(Qu)=P
whereQ,, is the transmit covariance matrix of theh user, and the expectation is taken over the

n=1

channel matrice#l,, - - - , Hy. The capacity achieving transmission strategy is shownvolve
at least)M, and at most\/? data streams in total [25]. However, experimental resuitsisthat
M data streams are adequate to achieve a significant portitreafapacity [15], [16].

As discussed earlier, the capacity achieving strategy inoantink environment requires
applying dirty-paper coding at the base station, which ispractical in many applications. For
this reason, it is desirable to utilize a precoding schenth {ess complexity. Among the known
precoding schemes, zero-forcing beam-forming has redeteasiderable attention, as it uses a
simple structure of channel matrix inversion. This scheewmults in having)/ interference-free
sub-channels. Although this scheme does not yield a godrpsnce for the caséd/ = N
[20]?, for the case ofNV > M, which is more common in wireless networks, by selecting an
appropriate set of dimensions, the corresponding perfoo@as shown to be good [23], [22],
[26]. In this work, using zero-forcing beam-forming at thasle station, we propose an efficient
algorithm to find M coordinates for data transmission, focusing on maximizimg sum-rate

throughput.

The result is derived for the case of single-antenna users
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I1l. PROPOSEDALGORITHM

As mentioned earlier, to maximize the sum-rate using zerokfig beam-forming, the selected
eigenvectors must be nearly orthogonal to each other, addbrresponding singular values be
sufficiently large. The measure of orthogonality betweea M x 1 vectorsv and is defined
as,

vy

200 = R ©)

It is evident that the smaller is(v, ¢), the more orthogonal will be and .

Using Singular Value Decomposition (SVDH, can be written as
Hy = Up AL Vi, (4)

where A, is a K x M diagonal matrix containing the singular valueskf, U, andV, are
K x K and M x M unitary matrices, respectively. Multiplying both sides(@j by Uj, ;, where

Uy, ; is the jth column ofUy, it is easy to show that
Tkj = Bk,jX + Wkj- (5)

In the above equation;,; = Uj yx, g; = /;(k)V}i,, whereV, ; is the jth column of
V. and \/W is the jth singular value ofH;, corresponding tdV, ;, andwy ; ~ CA(0,1)

is AWGN. This equation suggests that for selecting the dsrmars with high gains, the norm
of the equivalent channel introduced by (5), namgly;, which is equal to\/W, can be
compared with a threshold. This threshold is set by the b&s@s at the beginning of the
transmission. Using such a threshold reduces the amourgeafbbick and the size of search

space for selecting the coordinates. To satisfy the orthality criterion, the base station can
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perform an exhaustive search for finding the “most orthof@et® among the pre-selected

eigenvectors. Due to the large complexity of exhaustiveckedahe coordinates can be chosen

one by one. In other words, in each step the eigenvector wikithe most orthogonal to the

previously selected coordinates, is selected. The firstdtoate is chosen as the eigenvector with

the maximum corresponding singular value. The steps oflg@ithm are given in the following:

Proposed Algorithm (Algorithm 1):

1.

Using SVD, each user computes the eigenvectors and amngalues of its channel matrix
and sends back the singular values which are larger thandeterenined threshold along
with their corresponding “right” eigenvectors, to the bastation. The indices of these

eigenvectors form the following set:
So = {(k, ) Ai(k) > t}. (6)

Base station selects the index &, corresponding to the maximum eigenvalue. Let us

define this index a$s;, d;), i.e., thed;th eigenvector of the;th user.

Define
S = S —{(s1,d1)},
and
Yi(1) = 2(Vaa, Vi), V(k.j) €Sy, (7)
where z(.,.) is defined in (3). Note that a§Vy ;| = [|Vs,.all = 1, 2(Vs,41, Vij) =
Vi Vil

3In general, the orthogonality of a séh; 1L, can be measured by the orthogonality defect, define d]'ew “;‘Ii”;, where

H=

(|- [h},] "
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4. For 2 <m < M, repeat the followings:

mad - I j —1
($mydm) = arg . min - yei(m —1)

Sm - Sm—l - {(vadm>}
Yej(m) = 2(Vs,dm, Vi) + V;(m —1), V(k,j) € Sp. (8)

m—1

In the above;y; ;(m — 1) = > 7" 2(V,. 4, Vi) is used as the measure of orthogonality be-
tween a candidate eigenvectdy, ; and the set of previously selected eigenvect@kési,di};’;l.
Since these eigenvectors are nearly orthogonal to eachr btheéhe algorithm, with a good
approximation;y; ;(m — 1) can be interpreted as the square magnitude of the projectidf, ;
over the sub-space spanned {:]Vsi,di}?jll. It is obvious that the smaller is this projection, the
more orthogonal will bV, ; to this sub-space. The recursive structureypf(m) facilitates its
computation at each step of the algorithm.

After selecting the dimensions, we construct the “select@ardinate matrix” as
H= [gsTl,d1| gsTQ,dg| e gsTM,dM]T- 9)
Using zero-forcing beam-forming, the transmitted vectotan be written as
x = H 'u, (20)
whereu = [ug, 4., ,Usy,.a,,)° 1S the information vector. Using (5) and (10), the received
signal over thenth coordinate is equal to
Tsmydm — U:m,dmySm
= EspdnX T Ws,, d,y,
= Zod.H Ut ws, q,

= uSmydm + wSmydm' (ll)
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It can be seen that by applying zero-forcing beam-formihg,downlink channel is decomposed

to M interference-free sub-channels.

IV. PERFORMANCEANALYSIS

In this section, we examine the performance of our propokgatithm in terms of the sum-rate

throughput. First, we consider the asymptotic caseévVot oc.

A. Asymptotic Analysis

The sum-rate capacity of MIMO-BC has been shown to scal&/dsglog N, as N tends to
infinity [24]. This implies that to achieve the optimum suate, the singular values corresponding
to the selected dimensions must behave like/N. In other words, the threshold value should

scale adog N. The following theorems indicates this fact with more detai

Theorem 1 The necessary condition to achieliy_... Ropt — Rewop = 0 IS having
t=logN + (M + K —2)loglog N — p(N), (12)
where p(N) satisfies
p(N) ~ o(logN),
and

1
N) ~ loglogloglog N + log|I'( K)['(M _
pN) ~ toglogloglog N + og (KT 4 (o).

whereI'(n) £ (n — 1)!, for integer values of.

Proof - We show that by violating any of the above conditions, thenopin sum-rate can not

be achieved.
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The necessity gf(IV) ~ o(log N):

It is sufficient to show that

(13)

I t
im =
N—oo log N

For this purpose, we consider the following cases:

t .
Case I;limy_,oo t = 00, limpy_ o a N < 1: The achievable sum-rate of the proposed method,
0og

denoted byRp,,, Can be upper-bounded as

(

M
RProp < E < IIlPE:,X Z 1Og(1 + ‘Pi||g8i,di
Zgl Pi=P =1

%)

\
(

M
= [E« max Zlog(l—l—]%)\di(si)) , (14)

I

\

whereg;, 4. and A4, (s;) are defined in (5).

Since the optimum sume-rate is shown to k€log (ﬁ log N + O(loglog N)) [24], we have

RO pt — RProp

v

M
P
M log (M log N + O(loglog N)) —E max Zlog(l + PiAa,(si)) ¢,

g .
Zgl p=p =

P
= Mlog (M log N + O(loglogN)) —

M
1

E max Zlog(ﬂ)\di(si)) + log (1 + m) : (15)

SM, P=P T
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The right hand side of the above equation can be written dswsl

(a) P/M)M
RH(15) > min log (/T) + M log (log N + O(loglog N))
M I]i:ll%
2= Pi=P

_ ﬁlE {log Ag;(s:)} + O (%)

= Mlog(log N + O(loglog N)) — ZE{log A, (8))} + O <%)

=1

M log (log N + O(loglog N)) — E {krrllaxN log Amax(Hk)}

—(M — DE{logA\/X >t} + 0O G) : (16)
where \,.x(A) is the maximum singular value A A*, and \ is a random variable, denoting
an unordered eigenvalue offd x K Wishart matrix.(a) comes from using the approximation
log(1 4 z) ~ O(z), x < 1, noting that the solution to the maximization problem (1djisfies
P, (d;) > 1,1 =1,---,M. (b) results from the fact that excluding the largest maximum
singular value from the set of singular values, which areagethant, reduces the expectation
in the second line of (16). In writingb), we also used the fact that the eigenvectors and their
corresponding singular values of a circularly symmetricu€aan matrix are independent. The

distribution of A, denoting asf(\) is derived in [1] as
1= il
FA)==> W_—M[L?FK()\)P)\M*K exp(—A), 17)

1=0

whereLM~K()\) is the associated Laguerre polynomial of orél§27]. Using the above equation,

it is easy to show that

[ log Af(A)dA
1—F(t)

Jt A7

=an

~ logt+ O <%) , (18)

E {log \/A >t}

= logt+
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13
where F(.) stands for the CDF oh. Indeed, we can write

E{ max log )\maX(Hk)} <E {k_r{laXNlog HHkHQ} , (29)

k=1, N
where ||A||?> denotes the Frobenius norm of matrx. In [24], it has been shown that with
probability one,

pJax |HL||* ~ log N + O(loglog N).
Therefore,
E {krrllaxN log )\max(Hk)} < log (log N + O(loglog N)) (20)
Combining (16), (18), and (20), we get

log N loglog N 1
— > — — o ~ .
Ropt — Rprop > (M —1)log ; +0 ( log N ) +0 (t) (21)

Consequently, folimy_ ...t = oo andlimy_. < 1, imy_—o0 Ropt — Rprop 7 0.

log N

Case Il limy_, t = ¢, Wherec is a constantiIn this case, (16) can be written as

M
P
Ropt — Rperop > M log (M log N + O(loglog N)) — ZE {log(1 + PAg,(s:))}

=1

P
> Mlog (M log N + O(loglog N)) —E {log (1 + Pk_rrllaxN )\max(Hk)) }

—(M — DE {log(1 + PA)/\ > t}. (22)
Similar to (20), it is easy to see that
E {log (1 + Pk:rnlé-)fN )\max(Hk)) } < log P + log(log N + O(loglog N)). (23)
Indeed, sincéE {log(1 + P\)} < oo, we haveE {log(1 + PA)/A >t} ~ O(1). Hence,

Ropt — Rprop > (M —1)loglog N + O(1). (24)
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As a resultlimy_.o, Ropt — Rerop 7 0. This completes the proof of

lim

A Tog <l= ]\}1_{%0 Ropt — Rerop 7 0.

t . . . .
Case llI; limy_ o e N > 1: Let us definep, as the probability that the maximum singular
og

value of a randomly chosen uskis greater thar. In [16], it is shown that for & x M matrix

A, whose entries are i.i.d Gaussian with zero mean and vaiane, we have

PrOB A (A) > 1} ~ ; (A;)‘if‘(%_t) [1+0 (™). (25)
Therefore,
o= S Lo, )

which is independent of, and we denote it withp. We define L as the number of users
whose maximum singular values are greater tha®inceL is a binomial random variable with
parametep, E{L} = Np.

Using [28], Theorem 1, we can write
7?fOpt - 7?fProp 2 (1 - p)N(Rl - R§CSI)7 (27)

whereR, = E {max Q. log det (IM + 2521 H;Qan>
> Tr(Qn)=P

and RN stands for the sum-rate of MIMO-BC when no CSl is availabl¢hat base station,

A}, A is the event thal. = 0,

conditioned onA. In [29], it has been shown that
NCSI P *
R = Eq, {log det [I + MHka} } . (28)

Sincelimy o @ > 1, using (26), it can be easily shown th&t — 0. As a result, with a

)

~ O(1). (29)

similar approach as in [28], we have

P
RJIXCSI = EHHA {lOg det |iI + MH]CHZ]
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15
Indeed, we can write

R1 > E{log(l+ Pbunax) |Omax < t}
> E{log(1+ POnax) [Omax < t,O0max > log N} Prob{6,,.x > log N|0pax < t}

> log(1l+ Plog N)d, (30)

where 0., = maxy Apax(Hz), and 9 2 Prob{f,,.. > log N|fn. < t}. Using (26),9 can be

written as follows:

(1 — tM+K‘Qe—t<1+0<t—l>>>N _ <1 _ [1ogN}M+K—2(1+0([1ogzv1—1>>)N

9 T(M)T(K) JjVF(M)F(K) (31)
<1 _ HW*J(*2e*t(L+CHt*1)))
D(M)I(K)
Sincelimy_, @ > 1, it can be shown that ~ 1 — o(+). Substitutingd in (30), yields
1
R, > log(l+ PlogN) (1 - 0<N>) . (32)

Using the above equation and (29), the right hand side of ¢ari)be lower-bounded as,
RH(27) > (1—p)"[loglog N + O(1)]
~ e NPIHOP) oglog N 4+ O(1)]
~ loglog N. (33)

The last line in the above equation follows frdim .., @ > 1, which incursNp — 0. As

a result,Ropt — Rprop # 0. This completes the proof for the necessity V) ~ o(log N).

1
Th ity of(IV) = log log log log N + log|[['(K)T(M |
e necessity (V) = loglogloglog N + log[I'(K)I'( )]+w(logloglogN)

Let p(N) = loglogloglog N + log[['(M)I'(K)| + o(N). Suppose that

1
N) » loglogloglog N + log[I'(K)I'(M log loglog N >
p(N) = loglogloglog N + log[I"( K)T'( )]+w(1oglog10gN)’ e
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which incurso(N) ~ O (W) or o(N) < 0. Using (27), we have

Ropt — Rerop > (1 —p)V[R1 — RYZ). (35)

Similar to (29) and (32), under the assumption of (34), it banshown that

1
R1 > log(l+ PlogN) (1 _O<N>) ,

RS~ 0(1). (36)

Using the above equations and (26), we can write

tMJrKfQ

Ropt — Rbrop > o) 1y 0<t—1>]) loglog N 4 O(1)]

O s
p(N)
o (11— e 140 loglog N
NT(M)I(K) log N
eP(N)

o {‘P<M>F<K>

N
)]) [loglog N + O(1)]
} [1+0(1)][loglog N + O(1)]
~ exp {—e"(N) log log log N} [loglog N + O(1)] [1 + o(1)]
~ Mexp {[1 —e"™]logloglog N} [1 + o(1)]. (37)
. : 1 .
Under the assumption of (34), in the casedsdfV) = O (m), i.e.,

lim o(N)logloglog N = ¢ < o0,

N
using (37), we have
Ropt — Rewp > exp {[—0(N) + O(c?(N))] logloglog N'} [1 4 o(1)]
~ exp{—a(N)logloglog N}[1 + o(1)]. (38)
Hence,

]\}Hn ROpt - RProp > e
—00

£ 0. (39)

DRAFT



17

Also, in the case ob(N) < 0, using (37), we have
]\}1_)00 7?fOpt - 7?fProp > 1

£ 0. (40)

This completes the proof for the necessity @fV) = loglogloglog N + log|[I'(K)I'(M)] +

1
“ (logloglog N)'

Theorem 2 The sufficient condition to achieveny_... Ropt — Rprop = 0 IS having
t=logN + (M + K —2)loglog N — p(N), (41)
where p(N) satisfies
p(N) ~ o(logN),
and
p(N) ~ loglogloglog N +w(1).

Proof - First, we state and prove lemmas 1-4. In Lemma 1, we show tetpte-selected
eigenvectors in the first step of Algorithm 1 must correspémdhe maximum singular values
of some users’ channel matrices, with probability one. Hguhis, in Lemma 2, we obtain the
number of pre-selected users in the first step of Algorithm fierms ofp(V). Then, by deriving
the pdf of the orthogonality measure defined in (3), in Lemmavd give a lower-bound on
the measure of orthogonality between the selected eigtargein terms ofp(N). Finally, the
theorem is proved by obtaining a lower-bound on the achievedte of the proposed scheme

and showing that ifp(NV) satisfies the conditions in Theorem 2, the difference batwibés
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lower-bound and the sum-rate capacity of MIMO-BC approacero, asV — oc.

Lemma 1 AssumingK > 1, define(); as the probability of existing at least one user from
which J eigenvectors [ > 1) are selected in Algorithm 1. Setting= log N + (M + K —

2)loglog N — p(N), in which p(N) satisfies the conditions of Theorem 2, we have

eo(logN)

Proof- Consider the following evertt
A ={Nk)>t, i=1,---J Nk)<t, i=J+1,--- K} (43)
We have

IH,|> = Tr{HH;}

(44)

[V
M-
>
=
o
S~—

Sincet =log N + o(log N), we can write
Prob{A,} < Prob{||[H.||*> > Jlog N + o(log N)}, (45)

“We have assumed that the singular values are in the deageader, i.e.\1 > Ao > -+ > Ak
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As ||H,||? has a chi-square distribution with\/ K degrees of freedom [30], the right hand side

of (45) can be written as

e ) MK-1
Prob{ ||H,|? > Jlog N + o(log N)} = / v ewl)
{H kH ( >} Jlog N+o(log N) F(MK)

MK -1 m
_ Z [J1log N + o(log N)] ¢~ log N-+o(log N)
m!

m=0
([J log NJME=1 4 o([log NJME=1)) gollos N)
NI(ME —1)!
[10g N]]V[Kfleo(logN)
N7

= Yy

14 o(1)], (46)

J]\/IK—I

whereV ; = QIR Using (45), and (46), we can write; as

N
Q; = 1-— H (1 — PrOb{Ak})
k=1
log N|MK-1 collog N) N
< 1—[1—% 7 [1+0(1)]]
lo NMKfleo(logN)
~ 1—exp{Nlog{1—\I{][ g N] N7 [1+0(1)]}}
lo NMK—leo(logN)
~ 1—exp{—\I/J[ 8 ]NJ1 [1—1—0(1)]}
eo(logN)

|
As a resultlimy_,,, Q2; =0, for J > 1. This implies that asvV — oo, with probability one,
at most one eigenvector for each user is likely to be seldayeithis algorithm. This eigenvector

corresponds to the maximum singular value of that user.

Lemma 2 Lett = log N+(M+ K —2) loglog N—p(N), in whichp(N) satisfies the conditions

of Theorem 2, and. be the number of users being selected in the first step of iigorl.
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Then, asN — oo, with probability one
L~———[1+40(1)]. (48)

Proof- Using (26), the probability of a randomly chosen usdreing pre-selected in the first

step of Algorithm 1 can be calculated as,

p = Prob{)\,..(Hg) >t}

~ 7;(M)F(6K) (1+0@™h)
eP(N)
NTQIT(E) |
log log log Ne?™N)
NT(M)T(K)

1+ o0(1)]

[1+o(1)], (49)
whereq(N) = p(N) — loglogloglog N. Consider the following probability:
€ =Prob{Np(1 —€) < L < Np(l+¢)}, (50)

—4q

wheree = /2I'(M)I'(K)e . Note that since;(N) = w(1), we havelimy_,., e = 0. £ can

be computed as

Np(1+9)]
_ N\ 40 N
&= ) ( l )p (1-p)

I=[Np(1-e)]

B Np—Np(l—¢)\ Np(l+¢€)— Np
: Q( Np(l—p)) Q( Np(l—p)>

()
()
7v/Npe p)

—a(N)

Substitutingp from (49), and having? = 2I'(M)T'(K)e—= , we have

Q

Q

(51)

—q(N)
e 4 a(N)
~ 1-0 —logloglog Ne 2z |1 1 52
§ ( logloglogN) exp{ ogloglog Ve [1+ o )]} (52)
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Thus,limy_.. £ = 1. Finally, using (49) and (52), with probability one we have

L ~ Np(1+0O(e)
eP(N)

W 14+ 0(1)]. (53)
[

Sincep(N) = o(log N), from Lemma 2, it is evident thdtmy_... £ = 0. Therefore, only a
small fraction of users are pre-selected. This results dueceng the amount of feedback sent to
the base station.

As shown in Lemma 1, in the asymptotic caseNdof— oo, at most one eigenvector from each
user is likely to be selected. This eigenvector correspdodise maximum singular value of that
user's channel matrix, and is denoted Wy,,... Hence, for the sake of simplicity of notation,
we define the measure of orthogonality between the usardd j, denoted byO(i, j), as the
orthogonality measure betwedh; ,,.x andV; ..., defined in (3) ag (V; max; Vjmax)- IN other

words,

O(l,j) - ‘V;maxvj,max‘Q‘ (54)
Lemma 3 The probability density function @(i, j) defined in (54) can be computed from
Poij(2) = (M —1)(1 = )2, (55)

Proof- In Appendix A.

Definition1- A setS = {h;}",, in whichh; € C'*M, is called e-orthogonal if we have

=17

z(h;,hj) <, for everyh; # h; € S.
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Lemma 4-Lett = log N+ (M + K —2)loglog N — p(IN), wherep(N) satisfies the conditions

of Theorem 2. Then, a& — oo, the selected coordinates by Algorithm 1 constructeaN)-

(N

orthogonal set, with probability one, wheteN) = e~ r, andq(N) = p(N)—loglogloglog N.

Proof- After selecting the first useg;, with largest maximum singular value, the user which

is most orthogonal ta; is selected. In other words,

sg=arg min O(l, s), (56)

€S
whereS,; is defined in (7). First, we show that the usersands, are with probability one(V)-
orthogonal to each other, or equivalentty(s,, s;) < €(N). To do this, consider the following
probability:
p = Prob{O(sa,s1) < e(N)}. (57)
Using (55), this probability can be written as
po= Prob{mlin(’)(l,sl) < e(N)}
= 1— (Prob{O(l,s1) > ¢(N)})*"
1 L—-1
= 1- (/ (M —1)(1— z)M_de)
e(N)
- 11— [1 . G(N)](Lfl)(]wfl)
= 1—exp{—(L—1)(M~1)log[l - ¢(N)]}

= l-exp{—(L—-1)(M—1)[e(N)+ O (€(N))]}. (58)
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Defining the evenD = {Np(1 —¢) < L < Np(1 + ¢€)}, with p ande defined in (49) and (50),

and using (52), a lower bound far is found as,
p > Prob{D} [1—exp {—(Np(l —¢) —1)(M —1) [e(N) + O (¢(N))] }]

i —q()
e 4
~ [1-0 < logloglogN) exp{ log loglog Ne“ 2~ > [1 + 0(1)]}] X

B (M—1)q(N)
= =

Sinceq(N) ~ w(1), the above probability approaches oneMs— co. Therefore, with proba-
bility one userss; and s, are ¢(N)-orthogonal to each other.

Now, assume thatn users, which construct an(NV)-orthogonal setA,,, are selected up to
the mth step of Algorithm 1. We show that the selected user in theH( 1)th step of this

algorithm,s,,, .1, is such that with probability one4,, 1 = A, + {sm11} is ¢(N)-orthogonal, or

equivalently,s,,.1 is e(N)-orthogonal to all users itd,,. To this end, we define the following
probability:

Vim = Prob{O(s1, k) < a, O(s9, k) <, -+, O(sm, k) < a}, (60)

wherea = E(]Q’). vi.m 1S the probability that a randomly selected useis a-orthogonal to all

users inA4,,. This probability can be written as
= Prob{O(s1, k) < a} H Ki, (61)
wherer; = Prob{O(s;, k) < a| O(s1,k) < a,---,0(s;-1,k) < a}. From (55), the first term
in the right hand side of the above equation can be written as
Prob{O(s1, k) < a} — /Oa(M S (1= M2
= 1—(1—a)M!
~ (M —1)a+0(a?). (62)
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In Appendix B, it has been proved that
ki ~ (M —i)a+ O(a??). (63)

Hence, using (61), (62), and (63), we can write

(M)
T'(M — m)M™

[[e(N)]™ + O ([e(N)] " 172)] (64)

Now, we definew,, as the probability of existing at least one useorthogonal to the users in

the set4,,. Noting thaty ,, is the same for alk, we obtain,

Wm = 1—1:‘[(1—1/1437,71)
= 1l—exp{(L—m)log(1—vgm)}
= l—exp{(L—m) [~vm+OW;,)]} (65)

Similar to (59), we can compute,, as,

B —q(N)
Wi~ 1—0( € )exp{—logloglogNeq(éV)[l+0(1)]}] X

Vvl1ogloglog N

| log log log Net=mt
1 —exp {— 1+ 0(1)]}] . (66)

T'(M — m)M™T(K)

Sincem < M — 1, it follows thatlimy_.., w,, = 1. In other words, asV tends to infinity, with

probability one there exists at least one usgr,,, a-orthogonal to all users i4,,,.
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Consider uses,, 1 wWhich is selected in then{ + 1)th step of Algorithm 1. Obviously, we have

m

> O(smir:55) < Y O, s5)

J=1 J=1

< ma

< €(N). (67)
Knowing the fact thatO(s,,+1,s;) > 0, for j =1,---m, we can write
O(SerlaSj) SE(N)a ]:Lm

which means that with probability one,, ., is ¢(N)-orthogonal to the users in the sdt,, and
consequentlyA,,,, is ane(N)-orthogonal set.

Let us defineX,, as the event that the set,, is ¢(/V)-orthogonal. We can write

M
Prob{ Xy} = Prob{X,} [ ] Prob{Xx,,|X,,1}. (68)

m=3

From (59) and (66), the above probability is lower-boundsd a

Prob{Xy} > u me
m=2

I —q(N) M—1
e 1 a(N)
> |1-0 —logloglog Ne 2 [1 1
> ( —loglogbg]\[) eXp{ ogloglog Ne = [1 + of )]}] X
i (M —1)q(N)
logloglog Ne ™ ar
1— — 1 1
exp{ T(M — DT (K) [1+o( )]}] X
M-1 (M—m)q(N)
logloglog Ne ™
1— — 1 1
11 [ eXp{ T —m) (i) L )]}]
m=2
a(N)
log loglog Ne
~ 11— — 1 D] . 69

Therefore,limy_.., Prob{X,,;} = 1. In other words, the selected coordinates by Algorithm 1,
with probability one, construct an(V)-orthogonal set asv tends to infinity, which completes
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the proof of Lemma 4.

[
As mentioned earlier, after selecting the coordinates, “f##tected coordinate matrix’H, is
constructed using (9). By applying zero-forcing beam-fimgn the information vectorn, is

multiplied by H~! to construct the transmitted signal as (10). Using (11), & write

r=u-+w, (70)
wherer = [TSLdM T 7TSA47dAI]T’ u = [u51,d17 e 7uSA17d1»1]T’ andw = [w817d17 T 7w51\47dM]T
Having the power constrain® for x, the sum-rate capacity can be computed as [19],

M
Rewp =Enq max Y dog(L+Pu) 0 7= [HH)], (71)

S PP ™

where[A]; ; denotes the entry of matriA in theith row and thejth column. The optimaP,,’s
in (71) can be obtained by “water-filling”. Here, we assumattR,’s are all equal (uniform

power allocation). Thus,

P
Pn=——"". 72
Tr {[H*H] } (72)
Consequently,
RY,, = Ex {Mlog (1 + Tr{[H—Pm1}> } , (73)

where Rgop stands for the sum-rate achieving by the proposed methodnwhe power is

uniformly allocated among the coordinates.
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Having definedY); in (68) and using (69), the above equation can be written baws:

U P
R = Exy{Mlog |1+ ———— || Xy » Prob{Xy} +
Prop H { 0g Tr {[H*H]_l} M} b{ M}
Epd Miog [ 1+ ———— )| &€ (1 — Prob{Xy,})
" & T {[H Y )Y "
> Ey Mlo 1+—P Xy p Prob{ Xy}
=z iy g Tr{[? " ],1} M M

(
o (1o { et} ) »

P

where X, is the complement oft),.
From Algorithm 1, it is obvious that the corresponding silagwalues of the selected eigen-

vectors are greater that= log N + (M + K — 2)loglog N — p(N). However, the following
lemma which is proved in Appendix C, states that the singudduies of all selected dimensions,

with probability one, can not exceddg N + (M + K — 1) loglog N:

Lemma 5 Lett =log N + (M + K — 1)loglog N. Then,

1
n= PrOb{ka%%N Amax (Hy) > t} =0 (logN) ) (75)

As a result of this lemma, the singular values correspondinthe all selected dimensions
can be expressed &sg N + o(log N).

To compute the conditional probabilif, {Mlog (1 + Tr{TPH]—I})

X]y[}, we defineBB =
‘HH*. Conditioned onX),, i.e., havinge(V)-orthogonality among the selected dimensions, using

(9), and the results of Lemma 4 and Lemma 5, we can write

2~ log N + f(N), (76)

Bii - Hgsi,di
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and

Byl = /lgea,

~ /O(log N) x O(log N) x O (¢(N))

2 Hgsj,dj HQZ (Vszydi’ Vsjvdj)

~ O(e(N)log N), (77)

where f(N) ~ o(log N). In Appendix D it has been shown that any diagonal element df

can be expressed dsg N|™' + O <ﬁfg—N]\),> where

h(N) £ max (lj;(g]\]f\)[, e(N)) ~ o(1). (78)

Having this, and using the fact that {[%*H] '} = Tr {B~'}, we can write

EH{Mk%<1+fa?£éF§> XM}:EB{ng(1+Ta%:jMXM}

P
~ Mlog |1+ ")
Mllog N|-' 4+ O (@)

~ Mlog (1 + Mlog N]-1 []13+ 0] (h(N))])
(

I%N+OMWM%N0. (79)

From (74) and (79), we have

a(N)
U P log log log Ne ™7
> — — — .
Rprop > M log (M log N + O(h(N) log N)) (1 exp { T — m) M T (K 1+ o(1)]
(80)
Since adaptive power allocation (using “water-filling”)stats in higher sum-rate than that of

uniform power allocation, we havRp,., > Rlymp. Having the fact that [24]

P
Ropt ~ M log (M log N + O(loglog N)) ) (81)
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and using (80), we have

P P
Ropt — Rerop < M log (M log N +91(N)) — Mlog (M log N +92(N)> (1—g3(N))

Mgy (N) Mgs(N)
— Mlog (1 ~ Mlog (1
Og( T Plog N B\ Plogn ) T

Moo (7108 N + (). 82
whereg; (N) ~ O(loglog N), g2(N) ~ O (h(N)log N), and

N logloglogNe% 1 1 1 83
gs(N) ~ exp _F(M—m)MmF(K)[ ot NO(W) )

From (78) and (83), and Using the approximatiog(1 + =) ~ z, for z < 1, and we can write

M[gi(N) — g2(N)]
Plog N

P
ROpt _RProp ~ M( ) _'_Mg?)(N) 1Og (_ 1OgN+gl(N))

M
~ o(1). (84)
Consequently,

]\llm ROpt - RProp = 07 (85)

which completes the proof of Theorem 2.
|
Theorem 2 implies that using Algorithm 1, and applying ze@ing beam-forming at the
base station, the same performance as when the optimumelseti@n algorithm and optimum

precoding scheme is utilized, can asymptotically be addev

Remark 1- Although in the proof of Theorem 2, we showed that y_... Ropt — Rprop = 0,

it is interesting to minimize the order of difference.
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Rewriting (84), we get

log log log Nel/<()

T'(M —m)M™I(K)

Ropt — Rprop ~ O (0(N)) + exp {— 1+ 0(1)]} O(loglog N),
(86)
where o(N) = max (h(N) M), andh(N) is defined in (78). Hence, in order to minimize

? log N

the order of difference, we must hawg¢N) = O <%) which incurse(N) = O <%>

and f(N) = O(loglog N). As a result,
a(N) = —Mloge(N)
= Mloglog N — M logloglog N + ©(N), (87)

where)(N) is an arbitrary function with the conditiolimy_.., ¢¥/(N) = ¢ > 0. Hence, using

the definition of¢(N) in Lemma 4, we can write
t = logN + (K —2)loglog N + M logloglog N — loglogloglog N —¢(N). (88)
Also, to guaranteef(N) = O(loglog N), we must have
t =log N 4+ O(loglog N), (89)

which meansy)(N) ~ O(loglog N). Having these conditions of) we can guarante®¢,; —
loglog N
RProp ~ O <%) .
Remark 2- It is important to note that satisfyingm y_.., Ropt — Rerop = 0, IS much more

challenging than that dimy_., Rewp — 1 The following lemma, which is proved in Appendix

RO pt

E, clarifies this fact:
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Lemma 6-Suppose that in Algorithm 1,= log N, and the coordinates are chosen randomly

among the pre-selected eigenvectors. Then,

Rp
lim —2 =1. 90
N—oo ROpt ( )

The above lemma states that to satisiiyiy .. Rerr — 1, the orthogonality among the

ROpt

coordinates is not a necessary condition.

B. Comparison with other Downlink Strategies

In this section, we compare the performance of our proposkeense with some other downlink
strategies in terms of sum-rate capacity. To have a good unedsr comparison, we give the

following definition:

Definition 2- For a MIMO-BC in which a base station, and average power t@mst P

communicating taV users, using strategy, the multiplexing gain is defined a$

.. Rs(P,N)
5= g P oD
and themultiuser diversity gainis defined as
P,N
ds = lim SN (92)

N— rgloglog N’

whereRs(P, N) is the achievable sum-rate.

Lemma 7-Using the proposed algorithm, and applying zero-forcingreforming, we can
achiever = M, andd = 1, which are the maximum achievable values in a MIMO-BC.

Proof- Appendix F.

SMore precisely, as in [31]y is the maximum achievable multiplexing gain when diversjain approaches zero.
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1) Time Division Multiple Access (TDMA)n this scheme, the base station only serves one
user in each time slot. Hence, to achieve the maximum sumiftsg user which has the maximum
single-user capacity should be served. Because of its itypkhis strategy is widely used in
the downlink of the cellular networks. The achievable sat®of this scheme can be written as

Rrpma = E max max log det Txxx + HiQrHE] o, (93)

Qp
Tr{Qx}=P

where Q. is obtained by “water-filling”. Using (91) and (92), and thesult of Lemma 1 in
[32], the multiplexing gainand multiuser diversity gairfor this scheme can be obtained as,

RTDMA(P> N)

rroma = Hmo log P
min Z)Ai i
. {maxk (Zil(MJ{) log <W]\;)K)))}
pu— ].. 7
i o5

and,

d ~ im Rrpma(P, N)
TDMA N—co min(M, K') loglog N

- 1. (95)

Hence, this scheme achieves the full multiuser diversitg,gahile achieving the full multiplex-
ing gain only in the case ok > M.

Although this method has been shown to be optimal for siagiienna broadcast channel
(M = 1) [33], for the case ofM > K > 1, as a result of losing the multiplexing gain,

this method is no longer optimuf

SFor the case of > M, this scheme is not optimal either. This fact will be disesin more details later.
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From the proof of the Lemma 1 in [32], it can be observed thatpper and lower bounds for

Rrpma have the same behavior asymptotically almost surely, wkier: oo. In other words,
P !y * P *
Klog 1+ 7 max Amin(HLH, ) | ~ Klog |1+ 777 Wmax Tr(HH;})

P
~ Klog(l+ 2 log N), (96)

whereH, (K x K) is a truncated version dfl;, by omitting the)/ — K columns ofH,. From
(96), and having the fact that,,;,,(H,H,") < A\ (H:H;"), the following observations can be
obtained:

Observation 1- For the user which maximizes the single-user capacity in, (93, all the
eigenvalues should be of the same order. In other words,

log N

N (HH)) ~ + O(loglog N), j=1,-- K. (97)

As a result of thisH,;H; tends to the identity matrix.
Observation 2- The user with maximum single-user capacity has the maximyg, asymp-
totically.

For the case of > M, similar to (96), the asymptotic sum-rate capacity can bamaed

as
P
Rrpma ~ M log Wlog]\f . (98)

In this case, it can be easily shown thaty_. % = 1. In other words, the optimum
pt

sum-rate can asymptotically be achieved. However, thewsledimensions by TDMA belong

to the same user and have the asymptotic behavié‘-?%ﬁf, while in our proposed method the

"It is assumed thafd < M.
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selected dimensions belong to different users with the asyme behavior oflog N. Moreover,

we have

P P
Ropt — Rtpma  ~ Mlog(l—l—MlogN)—Mlog(l—i—WlogN)

~ M log M. (99)

As can be observed from figure 2, this gap affects the perfoomaignificantly, especially when

M is large.

2) Random Selectiontn this method, the base station randomly seleddtusers for trans-
mission. This results in having fairness in the system. Htiategy can also be regarded as
Round-Robin scheduling algorithm, when the users are mrahddivided into groups of sizé/,
and the base station serves one group in each time slot.

In Appendix G, it is shown that using multiple dimensions fansmission results in having
multiplexing gainequal toM. However, because of random selection of the users, thsnseh
does not provide multiuser diversity gain. More precisely,

i Rrs(P, N)
N—oo M loglog N

En, .. Hy, {max Q. logdet (IM M H;‘anHm> }
~ lm > Tr(@Qu) =P

N->oo M loglog N
o)
N—oo M loglog N

drs =

= 0 (100)

As a result of lacking multiuser diversity gain, this scheshews a weak performance especially

for large number of users. (Figure 2)
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C. Simulation Results

So far, we have shown that &é tends to infinity, our scheme achieves the optimum sum-rate
which scales likeM log (£ log V). In this section, simulation results are provided to examin
the performance of our proposed scheme in practical nesvamikh finite number of users.
Figure 1 shows the optimum threshold (computed by exhaustarch) as a function of the
number of users fol/ =2, K =1, and M = 4, K = 1. These curves show that the optimum
threshold for eachV, lies betweenlog N — loglog N, andlog N, which is consistent with
(88), in which we showed that the optimum threshold behagdsgaV + (K — 2) loglog N +
O(logloglog N), which lies betweeriog N + (K — 2) loglog N andlog N + (K — 1) loglog N.

Figures 2 presents the plots of the corresponding sum-ratgeus the number of users for
different number of transmit and receive antennas. ThedignNoise Ratio (SNR), which is
equal to the transmitted poweét, is fixed to 10 dB in all curves. For comparison, the plots of
sum-rate when using TDMA and Random Selection algorithmsyell as the optimum scheme
of dirty-paper coding are also given. For Random Selectigoréghm, it is assumed that the
optimum precoding scheme of dirty-paper coding is used.

Figure 3 depicts the plots of sum-rate capacity versus SRR for M = 2, K = 1 and
M =4, K = 1. The number of users is fixed to 100 in both curves. It can bemwbd that the
sum-rate achieving by the proposed scheme shows a linegrase withlog P in high SNRs
with the slope equal td/. This confirms achieving the multiplexing gain 6f by the proposed

scheme.
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M=2, K=1

[ optimum threshold ] o
- ptimum threshold
log(N)-log log (N) - log(N)-log log(N)
-6~ log(N) -6~ log(N)

M=4, K=1

Number of Users Number of Users

Fig. 1. Optimum threshold versus the number of users.

V. COMPLEXITY ANALYSIS
A. Amount of Feedback

As can be observed in the proposed algorithm, only the e&ptovs that belong t6,, defined
in (6), must be sent back to the base station, along with twenesponding singular values. For
the asymptotic case oV — oo, from Lemma 2, we conclude that the cardinality &f scales
as % Assuming that for each eigenvector and its singular valuereal values must be
fed back, the total number of real values required at the btséon is asymptotically equal to

2MePN)
DNM)N(K)*

From Theorem 1, we observe that to achieve the optimum stet@.,limy_.. Ropt —

Rewop = 0, the following condition must be satisfied:

1
N) ~ loglogloglog N + log|I'(K)I'(M —_— . 101
pN) ~ Ioglogloglog N + gl ()TN 4 (o). (oD

As a result,

Nprop ~ 2M logloglog N + w(1), (102)
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Fig. 2. Sum-rate capacity versus the number of uséts; 10dB.

where NVp,,, stands for the amount of feedback (in terms of the total nunalfegeal values

required at the base station) in the proposed method. Frenalbove equation, it follows that
the minimum amount of feedback required to achieve the aptirperformance is lower-bounded
by logloglog N, in the proposed algorithm. However, in [28], it has beenvshthat the same

result holds for any other strategies.
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Fig. 3. Sum-rate capacity versus transmit pow®r= 100, K = 1.

In order to guarantemy_.., Ropt — Rerop = 0 In the proposed scheme, using Theorem 2,

the following condition must be satisfied:
Nprop ~ w(logloglog N). (103)

Note that the computation ofy ;'s in Algorithm 1 (eq. (8)) can be performed in the mobile
sides, which reduces the amount of feedback further. Thes id described in details as the
following algorithm:
Algorithm 2 (Modified version of Algorithm 1):

1. Set the thresholdsand .

2. Define

So = {(k, ) Ai(k) >t}

For all (k,j) € Sy, send);(k) to the base station.
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3. Let(sy,dy) = arg maxg es, Aj(k). Base station informs the user to feed back the
eigenvector corresponding to its maximum singular valug: @ter receiving it, sends these

information to all the users i, — {(s1,d1)}.

4. Definey; ;(0) =0 for all (k,j) € Sp. Form =1 to M —1 the following steps are repeated:

— DefineS,, = {(k,7)|(k,j) € Sm-1,|V: 4, Viil* < 8} andr;(m) =

IV L Viil? + vej(m — 1), for all (k,j) € S, All users inS,, feed back their

Sm,dm

correspondingy; ;(m) to the base station.
— Select(sp41,dmr1) = arg  mingjes, k;(m). Base station inform the user,

to feedback itsd,,th eigenvector, and after receiving, sends it to all usersjn—

—{(Sm> dm) }-

For the asymptotic case &f — oo, havingt = log N+(M+ K —2) log log N —log log loglog N —

(N

q(N) and s = e, and using equations (53) and (64), we have

M-1

jv%nm = zzj‘éin‘+'2A42

~ (104)

Figure 4 depicts the plots of the required amount of feedbswkus the number of users for
M=2,K=1andM =4, K = 1, when Algorithm 1 and Algorithm 2 are used. The measure
for the amount of feedback is defined as the number of real coes per user that should

be sent to the base station. In these curves, the optimures/ébu the thresholds @nd ) are
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found by exhaustive search. Since the optimum threshddised in Algorithm 2, the achievable

sum-rate of this algorithm is the same as that of Algorithm 1.

M=2, K=1 M=4, K=1

10° | -

e Algorithm 1 |
-8 Algorithm 2
-©- Perfect CSI

H
°,

Number of real components fed back per user
Number of real components fed back per user

. . .
10° 10° 10" 10° 10° 10*

Number of users Number of users

Fig. 4. Amount of feedback

Although Algorithm 2 decreases the amount of feedback Bagmtly, however, it increases
the feedback delay. This can degrade the performance ofysters in practical scenarios, as

the CSI can become outdated.

B. Search Complexity

Since at the first step of the algorithm, only a fraction ofegigectors are pre-selected, the size
of the search space for next steps is decreased i¥amto L, which is defined in Lemma 2. As
can be observed, at theth step of the algorithm, the base station searches for tmemsion
with the smallesty, ;(m—1) amongs,,_1, which requiresL —m+-1 searches. Therefore, the total
number of searches for selecting the desired set is eql@%gl(L —m+1)=ML-— %

which is linear inL. Again, we can restrict our search space if the modified #&lyorstated in

the previous section is used.
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As mentioned earlier, the bedt eigenvectors for maximizing the sum-rate capacity can be
found by exhaustive search. In this case, the size of thelsesgrace is equal t@»ﬁ{)

In the asymptotic case aV — oo, from Theorem 2, the total number of searches in the
proposed algorithm i€ (e”™)) ~ o(N) and can be as low as(logloglog N), which is much
less than that of exhaustive searéh( V1)), and also the algorithm in [235(V)). Therefore,

using our algorithm the complexity of search at the baseostas decreased significantly.

VI. CONCLUSION

In this paper, we have considered a downlink communicatysitesn, in which a base station
equipped withM transmit antennas communicates withusers, each equipped witki receive
antennas. We have proposed an efficient suboptimum algofith selecting a set of users in
order to maximize the sum-rate throughput of the systemmgumero-forcing beam-forming at the
base station. For the asymptotic caseNof— oo, we have derived the necessary and sufficient
conditions to achieve the optimum sum-rate capacity, shel ltmy_... Ropt — Rprop = 0.

We have also investigated the complexity of our scheme imgeof the required amount of
feedback from the users to the base station, as well as thbenwhsearches needed for selecting
the coordinates. The proposed algorithm is compared withesother downlink strategies like

TDMA and Random Selection algorithms.

APPENDIX A; PROOF OFLEMMA 3

In this appendix, we derive the probability density funatiof O(i, j) = [V, ., V;max|*. FOr
simplicity of notation,V; ..., is denoted byp;, andV; ,..x is denoted byp,;. Since¢; and¢; are
the eigenvectors of two independent matrices whose erreegdepender@\ (0, 1), it follows

from [34] that¢; and ¢; are independent isotropically distributed unit vectorsCitf, with the
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following probability density function:

Poi () = po; (¢) = %W*oﬁ —-1). (105)

Indeed, this probability density function does not changenultiplying any M x M unitary
matrix O, i.e.,
Pe¢: (@) = Py, (). (106)

Now, defineu = ¢;¢;, and let® be a unitary matrix whose first row is equal ¢5. We can

write

= ¢,;(1), (107)

where¢; = ©¢;, and¢;(1) is the first element of.. Since® is unitary,¢; and ¢, have the
same pdf. Hence, the probability density functiorwg';)(l) is the same as that @f;(1), and can

be computed as [34]
M -1

Pu(tt) = py, 1) (1) = (1—Ju?)" 2. (108)

Using the above equation, the probability density functdrO (s, j) = |u|? will be equal to

poi(2) = pup(?)

P (V)
2V/z
2m/2pu (V%)
2V/z

= (M -1)(1-2)"2 (109)
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APPENDIX B; PROOF OF(63)

Since the selected vecto{éfsjmx}j:1 are nearly orthogonal to each other, they form a basis
for the sub-space spanned by them. We call this sub-space In the following, we denote
Vimax, the eigenvector corresponding to the maximum singulawevalf userk, by ¢, for the
simplicity of notation.

Any vectorv € CM can be represented as

i—1
Vo= v (6) s (110)
j=1

wherev is the project ofv on the null space oP;_,, denoted byP;-,, and (¢, v) = ¢} v.

Defining the event; = {O(s, k) < a,--+,O(s;_1, k) < a} 8, the conditional probability in

(63) can be written as
ki = Prob{O(s;,k) <a| C;}. (111)
Using (54), we can writ&; by
¢ = {lohanl® <o, 101 aul? <alf. (112)
Hence, (111) can be expressed as
ki = Prob{lgianl’ <a| [¢5aul? <16 @il <al. (113)

Using (110), we can writ@ as

i—1
O = dp + Y (s, D) b, (114)
j=1
and ¢,, as
i—1
¢si = ¢j; + Z <¢sja ¢sz> ¢s]‘- (115)
j=1

e(N)

8Recall the definition ofx which is Jg .
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Hence,|¢% ¢;|> can be computed as,

1—1
9,00 = (0L, 68) + D (9 04,) (04, 00) +
j=1

[y
—_

i—1 i—

<¢Sia ¢5j> <¢sla ¢k> <¢5j7 ¢Sl> ’2' (116)
=
Defining
uy = <¢i7 ¢Ii_> )
i-1
Uz = Z <¢S¢7 ¢Sj> <¢S]'7 ¢k> )
j=1
i1 i—1
us = D> (G bs,) (Das O) (D5, 05, (117)
=
we have
‘¢:z¢k|2 = |ug]?® + |ug|® + |us)® + 2R{uyus} + 2R{ugud} + 2R{u uj}, (118)

whereR{xz} denotes the real part af. An upper bound for¢: ¢,|* is given by
65 bl < ua® o+ Jual? + [us]? + 2| (fua] + usl) + 2us [us]- (119)

Having the facts thaf¢;||* < [|¢x[|* = 1, and||¢5.]|* < [|¢s,]|* = 1, we can write

|U1\2 19 \Ul\
lowlPllosl? llon ol

= O(6h.65) + 20/O (6 0L) (fus) + lusl) + (ol + Jus])?
2
_ (,/o(¢g,¢¢)+\m|+|m|) | (120)

Also, a lower bound fol¢% ¢,|> can be given as

‘¢:i¢k|2 < (Jua| + |us]) + (Juo| + |us])?

05 oul” > Jual® — 2Jun|(Jua| + [us|) — 2Jus||us]
> O (05, 05) low IPls )1 — 24/0 (o, 08) (lua| + lus))l|dx Il da ]l — 2Juz| us]
> O (¢n,0a) 0% P10 117 — 24/ O (o5, k) (Jual + Jus|) — 2|usl|us). (121)
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Using (114) and (115), we have

i—1

D (D1 0s,) (D5 b0) (D1, D) (122)
=

1
1#£j

i—1
g ll* =1 - Z\w I+
7=1
and

i—1 +—1

Hd) ||2 =1- Z ‘d)s]d)s |2 + ZZ <¢5 ’¢53> <¢53’¢Sl> ¢Sz7¢s > (123)

7=1 [=1
I#j

Conditioned orC;, and knowing that the seft, }}_, is ¢(V)-orthogonal (or equivalently)/a-

orthogonal, i.e.Jd);‘j%P < Ma,j,l=1,---,1), from (117) we conclude the followings:
lus| < (i — 1)V Ma,
us| < (i = 1)(i —2)Ma®”?,
l6F1? > 1 (- 1Da— (i —1)(i—2)VMa®?,
61> > 1—(i—D)Ma—(i—1)(i —2)M*?a*>2. (124)

Therefore, using (120), (121), and (124) the upper boundlawer bound for|¢? ¢,|* can be

rewritten as

2
\¢:i¢k|2<< O(¢¢,¢S{.)+(7;—1)\/Ma+(7;—1)(@—2)Ma3/2) , (125)
and
ps.0k> > AO (¢, 05) — 2B\ O (o1, 04) — C, (126)

whereA = (1 = Da—(i—1)(i— 2)\/Ma3/2> (1 (i~ D)Ma— (i — 1)(i — 2)M\/Ma3/2),

B=(i—1)vVMa+ (i—1)(i —2)Ma*?, andC = 2(i — 1)2(i — 2) M>/2a°/2.
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Using (111), (125), and (126) we have

Ky > Prob{{ O (o, ¢L) + (i — D)W Ma + (i — 1)(i — 2)Ma®/?

. a}
_ prob{(’) (0, 0%) < [Va = (i = )Mo+ (i = 1)(i - 2)Ma3/2}2}

- Prob{o (6, 61) < o — 2(i — 1)V Ma®? + O(a2)} , (127)

and

ki < Probs A.O (¢p,¢y) —2By/O (¢, 0L) — C<a}

B+¢B%hﬂo+®}

— Prob{ O (¢t ¢5) < y

= Prob< /O (i, 1) <\/_+(Z—1)\/Moz+0(a3/2)}
- Prob{o (¢, 6%) < a+2(i — )VMa*? + O(a2)} . (128)

Since ¢;; and ¢, are the projections ofy,, and ¢,, over Pi-,, a (M — i + 1)-dimensional

K and

ol H¢>L 7> can be considered as uniformly distributed unit vectors in
k

subspace of2**!
Pit . Therefore, using Lemma 3, the probability density funetfor O (d)k,&) can be given

as
Po(stor)(2) = (M —i)(1 = 2)"L, (129)
Having (129), and using (127) and (128) we can write

(M —i)(1 — )M~ 14z

a+2(i—1)vVMa3/2+0(a?)
K < /
0

M—i

- 1- [1 —a—2(i— D)VMa*? + 0(a?)

~ (M —i)a+2(M —i)(i — 1)VMa*? + 0(a?), (130)
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and

a—2(i—1)vVMa3/24+0(a?) 4
K > / (M — i)(1 — 2)M=i-1q5
0
M—i
- 1- [1 —a+2(i — DWMaP? + 0(a?)
~ (M = i)a—2(M =i — 1)VMa*? + 0(a?). (131)
From (130) and (131) we conclude
ki ~ (M —i)a+ O(a®/?). (132)
APPENDIX C; PROOF OFLEMMA 5
Let us define
p = Prob{\,.x(Hy) > t}, (133)

wheret = log N + (M + K — 1) loglog N. Using (25), the above probability probability can be

written as

tMJrKfQ

F(M)?(igt) [1+0o0™)]

log N + (M + K — 1) loglog N"™*7% 1 O ([log NJM+K-3)
D(M)T(K )elog N+(M+K—-1)loglog N

1 40 log log N
Nlog NT'(M)T'(K) Nllog N2 )~

(134)
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Using the above equation, the probability in (75) can be ageg as,

n = 1—(1-p~

~ 1—exp (—Np+ O(Np?))

~ 1—exp {_F(M)F(;() log N + O <%)}
VT {1 - F(M)F(;() ey 7 <%)}

1
< o). w29

APPENDIX D

We observed thas = HH* is an M x M matrix whose diagonal elements behave like
log N + f(N), where f(N) ~ o(log N), and its non-diagonal elements scale(ys(N) log N).
For simplicity of notation, we definé(N) =log N + f(NN) andp(N) = O(e(N) log N).

Let us defineA,, as am x m matrix whose diagonal elements scale ItkgV), and, its non-

diagonal elements scale like(N). Hence, all diagonal elements ¢! can be written as

det Ay
det Ay

It can be easily shown that
det A,, = [0(N)]™ + O([0(N)]"*[p(N)]*)

= [log N|™ + O ([log N|™h(N)), m=2,---,M. (136)

whereh(N) = max <£(gN]3, e(N)) ~ o(1). Consequently, we can write any diagonal element of

B! as

log N]JM=1 4+ O ([log N]M~1h(N))
[log NJM + O ([log N]*h(N))

B~y =

= [logN]™'+ O (h(N)[log N]7'). (137)
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APPENDIX E; PROOF OFLEMMA 6

For the proposed method, we have seen that the achievableaseiroan be lower-bounded

as
P
Rprop Z EH {Mlog (1 + W) }
> Mlog P — MEy {log (Tt {[H*H] ' })}. (138)

where’H is the “ selection coordinate matrix”, defined in (9).

In [35], it has been shown that

il *llagl|* < 6(B),  i=1,---, M, (139)
whereb;, i =1,--- , M, are the columns oB, a M x M matrix with the orthogonality defect
§(B), anda;, i = 1,--- , M, are the columns oA = (B~!)*. Similarly, we can write

bi*llasl|* < 6(A),  i=1,---, M. (140)

Defining B = H~!, and using the above equation, we can write

T (A7) = D libi?

M N
> d 2) : (141)
i1 lai

wherea;, is theith column of *, which is equal tog? . Having the fact that|g,,||> > ¢ (by

the algorithm), we can rewrite (141) as

M6 (H)

Tr ((HH]) < .

(142)
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§ (H*)

Defining X (H) = log Tr ([(HH*] "), Y (H) = log MT Z(H) = log 6(H*), and Fyy (.) as

the CDF of the random variabld’, we have
E{X(H)} < E{Y(H)}
M
= log o E{Z(H)}
M [o¢]
= 10g7 -l—/ ZfZ(H)(Z)dZ
0
M o0
= log + +/ [1— Fza0(2)] dz
0
M o .
1
It can be easily shown tha{H*) = §(¥), where¥ = [¥,]|---|¥ ] is the matrix consisting
H*;

— =
[l
chosen randomly among the pre-selected eigenvectors, @adodthe fact that the eigenvalues

of the normalized columns of*, i.e., ¥; = 1,---, M. Since the rows ofH are
of a zero-mean circularly symmetric Gaussian matrix areepahdent of their corresponding
eigenvectorsW¥ can be considered asM x M matrix whose column aré/ randomly selected
unit vectors. We have

1
| det(W)[>

- (144)

M—-1
Hi:l Vi
where~; is the square norm of the project @, over the sub-space spanned {byj}j-zl, Pi.
Now, consider®,--- ,®,,, to be an orthonormal basis for the-dimensional space, where
{<I>j}§-:1 are a basis foP;. Therefore, ¥, , can be represented &%, ;,1, - ,%;i41,0,---,0),

where; ;. is the project of®¥, ; over ®,. In [34], the joint probability density function of

‘1’521 = (Y1,i41, -+, Yii41) IS given as,
I'(M Meie
pag, ) = mpar g (1= 1) 145)

DRAFT



51

Using the above equation, the probability density functdny; = H\I'EQIHQ can be written as

(M)

Pyi(z) = mzkl(l — )M (146)

which corresponds to the Beta distribution with parameterd/ — ).

Using (144), (146), and independencengk [19], we have

Prob{d(®) > r} < Prob{min~; <77 |

M-1

- 1-J1 [1—Ii,M,i (r—ﬁ)} r> 1, (147)

=1

where I, ;(.) denotes théncomplete Beta Functigrwith parametergr, s). In [36], it has been

shown that
L(r+s)z"(1 —z)*!
I = I _ 7+ 14
r,s(aj) F(’I"—'— 1)F(8) + r+1,s 1(-1')’ VT,S € ) ( 8)
which incurs that
]ﬁs(l') Z ]7‘+1,s—1(x)7 Vx € [0, ].] (149)

Consequently,

Liv—i(z) < Iipm-1(z)

= 1—(1—-a)™ i=1,---,M—1. (150)
Using (150) and (147), we can write,
(M—1)2
Prob{s(®) > r} <1 (1 - M*&/lﬁ) . (151)
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Combining (143) and (151), we have

E{X(H)} < log¥ + /100 {1 - (1 - eMT1>(M_1)2] dr

(M —1)? /OO _mr_
= 1 - —1 m+1 1
og— + mz:l ( - (—1) 1 e M-1dr
(M-1)
(M —1)? M—-1 -n
= log— —1)m*t -1
og — + mz:l < m (—=1) - e
(M-1)? 1 _ <1 _»@‘Jwil)rn
= log— + (M —1)
m=1 m
(M—1)2 1
< log—+ (M —-1) —
m=1 m
M
< log -+ (M —1)[2log(M — 1) +1]. (152)
Substituting (152) into (138) and havirig= log N, we get
P
Rprop > M log (M log N) — M(M —1)[2log(M — 1) +1]. (153)
As a result,
lim SProp _ g (154)

N—oo 73’Opt

APPENDIX F; PROOF OFLEMMA 7
Achievability of the maximum multiplexing gain

Using (138), the multiplexing gain achieved by the proposezthod, denoted byp,,,, can

be lower-bounded as

- * -1
Fep 2 lim Mlog P = My Eggp (Te {HH) ')}

MM lm Ey {logTr{[HH*]fl}}.

155
P—oo log P (155)
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Following the proof of Lemma 6 in Appendix E, and using eqmasi (143), and (152), and

the union bound for the probability, we have

Ey {log Tr {[HH*|"'}} < log¥ + (]Lw) /100 [1 - (1 - eMﬂ>(Ml)2} dr

< log ¥ + (M —1)[2log(M — 1) + 1] <]\I;[), (156)

where L is the number of preselected eigenvectors in the first steplgdrithm 1. Sincel <
NK, we haveEy, {log Tr {[HH*| "'} } < oo, the second term in (155) approaches zero, and as
a resultrp,,, > M.

For the optimum strategy, the sum-rate can be upper-bouasdd7],

P
Ropt < MEjjgj,,.. {10% (1 + MHHHfm) } , (157)

where ||H|2,,, is the maximum Frobenius norm of all channel matrices. Taiglom variable

max

can be considered as the maximumMfy?(2M K) random variables which has the pdf of the

form

aME-L exp(—x)

['(MK)

P, () = N v(z, MK)N, (158)

MK

wherey(z, MK) = [~ %"%)‘“)du. So, using (157) and (158), we can write the upper bound

for the sum-rate as

2ME=1 oxp(—2)

TOIK) vz, MK)N"'dx. (159)

e P
Ropt < M/ log(14+ —x)N
0 M

Thus, using the above equation, we have

r = lim Ropt
Opt P=oo log P

xv aMElexp(—x)

N
M) I'(MK)
log P

Mlog P+ [;° M log( v(x, MK)N"ldx

IN

- M (160)
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Since for any values aP and N, Ro (P, N) is the maximum achievable sum-ratey,,;, will

be the maximum achievable multiplexing gain in MIMO-BC. ldenusing the above equation

and having the fact thatp,,, > M, we concluderq,, = rp.op, = M Therefore, the proposed

method achieves the maximumultiplexing gainin MIMO-BC.

Achievability of the optimum multiuser diversity gain

In the proof of theorem 2, we observed that the sum-rate aetiby the proposed strategy,

as well as the optimum one, scales likélog (£ log N). Hence, using (162) thenultiuser

diversity gainfor the optimal scheme, denoted by, is equal to

dOpt =

and for the proposed method,

dPrOp -

P
M log (M log N)

I

N M loglog N

1. (161)
lim Rerop

N—00 Tprop 1Og IOg N

P
M log (M log N)
M loglog N

lim
N—oo

1. (162)

Therefore, the proposed method achieves the maximurtiuser diversity gainn MIMO-BC.

This, completes the proof of Lemma 7.

APPENDIX G; MULTIPLEXING GAIN IN RANDOM SELECTION METHOD

In this appendix, we prove that the Random selection styadefjieves the maximumultiplex-

ing gain i.e.,rgs = M. For this purpose, we consider the the precoding schemeroffaecing
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beam-forming. We assume that the coordinates are choselomdy among the eigenvectors
corresponding to the maximum singular value of each usé&éeel matrix. Therefore, similar
to (155), we have

Ey {log Tr {[H*H] '} }

s = M =M lim og P , (163)
whereH = [g7 el |---|e”, e | s and the users,,--- s, are selected randomly.
Defining B = H~!, similar to (141), we can write

M
_ O(H*
T {[HH] '} < ) H;HQ), (164)
i=1 !

wherea; is theith column of *, which is equal tog;,. Noting that||gs,||* = Amax(Hs,;), we

have
M
x1—1 5(H*)
< _ N
TI' {[HH ] } = . Amax(Hs-)
i=1 g
M
M&(H)
< _—.
< 2 TEp (165)

Using (143), (152), and (165) we can write

Ey {logTr {{H*H]'}} < E {log (Z Mo

)

- 1ogM+E{log5(H*)}+E{10g (Z 1 )

51

IN

log M + (M — 1)[2log(M — 1) + 1] + log {ME

IN

M[2log(M — 1) + 1] + log {/OO :L'*l.xMKil §_x)da:}
= M[2log(M — 1)+ 1] —log(MK —1). (166)

Using (163) and (166), and noting thef®" < rgg < M, we concludergrs = M.
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