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Abstract— In this paper1, a new method for the performance
evaluation of Turbo-Codes is presented. The method is based on
estimating the Probability Density Function (pdf ) of the bit Log
Likelihood Ratio (LLR) by using an exponential model. It is
widely known that the pdf of the bit LLR is close to the normal
density, and the proposed approach takes advantage of this prop-
erty to simplify the calculations. The moment matching method
is combined with the maximum entropy principle to estimate the
parameters of the new model. A simple method for computing the
confidence intervals for the estimated parameters, as well as for
the Bit Error Rate (BER) is presented. The corresponding results
are adopted to compute the number of samples that are required
for a given precision of the estimated values. It is demonstrated
that this method requires significantly fewer samples than the
conventional Monte-Carlo (MC) simulation.

Index Terms— Bit Decoding, Log Likelihood Ratio, Maximum
Entropy, Probability Density Function, Turbo-Code.

I. INTRODUCTION

In the application of channel codes, one of the most
important issues is to develop an efficient method for per-
formance evaluation, since the Monte-Carlo (MC) simulation
is extremely time consuming for low Bit Error Rate (BER)
values. There have been numerous efforts devoted to the
performance evaluation of Turbo-Codes. These approaches
derive some bounds on the average performance of Turbo-
Codes by assuming Maximum Likelihood (ML) decoding [1]–
[3]. Some researchers [4]–[10] have employed the Importance
Sampling (IS) method to improve the performance of the
MC simulation by increasing the weight of the rare error
events. In this method, instead of choosing the samples from
the original distribution, the samples are selected from a
modified distribution which concentrates the points where the
rare error events occur. This modified distribution is obtained
from the original distribution by the application of a biasing
function. This ensures a variance reduction if the biasing
function is appropriately selected. The Turbo-Product Codes
(of a small block length) are simulated in [11] by partitioning
the error regions and by using a biasing function for each
sub region independently. This method becomes inefficient,
as the complexity of the code increases. In the case of Turbo-
Codes with a large block length, the search for the appropriate
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biasing functions may be lengthy, which renders this method
even more complicated than the conventional MC simulation.

It is observed in [3], [12], [13] that the pdf of the bit Log
Likelihood Ratio (LLR) is nearly Gaussian. There have been
some efforts on estimating this pdf using Gaussian mixture
model [14], [15]. Two soft decision MC simulation techniques
based on probabilities or LLR values are introduced in [16],
and later on compared in [17].

An exponential model with a polynomial in the exponent
is proposed. The aforementioned model has the ability to
efficiently capture the deviation of the desired pdf from
Gaussian. The moments of the bit LLR is used to estimate
the parameters for the proposed model, in this article.

II. MODELING THE pdf OF THE BIT LLR

A common tool to express the bit probabilities in bit
decoding algorithms is based on the so-called LLR. The LLR
of the kth bit position is defined by the following equation:

LLR(k) = log
P (ck = 1|x)

P (ck = 0|x)
, (1)

where ck is the value of the kth bit in the transmitted code-
word, x is the received vector, and log represents the natural
logarithm. Let us define the random variable Y = LLR(k)
with its pdf denoted as f(y). It is proved in [18] that the pdf
of the bit LLR is independent of the transmitted code-word,
as long as the value of the bit position under consideration
remains unchanged. By using this result and without the loss
of generality, the case of sending the all-zero code-word is
considered. It is proved in [19] that the pdf of the bit LLR
has the following symmetry property:

f(y) = e−yf(−y). (2)

Taking the logarithm from both sides of (2) and utilizing the
power series, it easily follows that the following model can be
used for the pdf of the bit LLR:

f(y) ' exp(−y/2 +
N∑

i=0

aiy
2i). (3)

The received bit is decoded to 0 (or 1), if the corresponding
LLR is negative (or positive). Therefore, the following integral
simplifies the remaining BER calculations:

Pe '

∫
∞

0

f(y)dy. (4)



In the next section, the maximum entropy principle is used
to find the parameters of the proposed model by using the
moments of the bit LLR.

III. MOMENT MATCHING USING THE MAXIMUM

ENTROPY PRINCIPLE

There are various methods for parameter estimation. Typ-
ically, the unknown parameters of a pdf can be found by
adopting moment matching, entropy matching, or ML. In
this paper, the moment matching method with the maximum
entropy principle is used simply because it is mathematically
tractable, and has been successfully implemented in a variety
of applications [20]. An attractive feature of the class of
the distributions with the maximum entropy is that a simple
iterative maximization technique can be employed to compute
their parameters. The maximum entropy principle was first
introduced by Jaynes [20] in 1982. Since then, it has been
widely used in various applications. In this method, the search,
while satisfying the constraints on the moments, is limited
to the pdf with the maximum entropy. For more recent
discussions on this method, refer to [21], [22]. We follow an
approach that is similar to the one introduced in [23]. The
maximum entropy density can be found by maximizing the
following with respect to f̂(y):

Maximize −

∫ +∞

−∞

f̂(y) log[f̂(y)]dy, (5)

Subject to: µ̂i = µi, i = 1, 2, . . . , N, (6)

where µi denotes the true ith moment, µ̂i stands for the
estimated ith moment, and N is the number of moments
used in the parameter estimation. This maximization problem
can be solved with the Lagrange multipliers by following the
methods of the calculus of variations [24]. One can estimate
the parameters ak, k = 1, . . . , N using the first N moments
of the bit LLR. In practice, the statistical estimates of the
moments are used instead of the true moments.

IV. CONFIDENCE INTERVAL STATEMENTS

An analytical approximate method to compute the confi-
dence intervals for the estimated parameters of the model in
terms of the covariance matrix of the estimated moments is
derived. Subsequently, a relationship between the confidence
interval on the BER and the confidence interval on the param-
eters is established. If the moment estimator satisfies a set of
mild conditions, it follows that the estimated parameters are
asymptotically normal with a derivable covariance matrix [25].
This allows for the confidence interval statements to be made
concerning f̂(y). A method to compute the covariance matrix
of the estimated parameters in terms of the covariance matrix
of the moments is developed. With the covariance matrix of the
parameters, the desired confidence intervals for the parameters
can be easily computed. Let us define mi as follows

mi =

∫
∞

0

y2i exp(−y/2 +

N∑
i=0

aiy
2i)dy. (7)

It can be shown that ∆Pe, the error in the BER estimation, is
a linear combination of mi’s, which can be estimated during

the procedure of the moment computation by considering
the positive samples only. This analysis enables us to make
confidence interval statements on the estimated BER in terms
of the confidence intervals for the model parameters.

V. NUMERICAL RESULTS

A Turbo-Code of the length 100 and rate 1/2 is employed
to perform the simulations. In Table 1, variances of the BER
estimations are computed for both methods. The number of
samples and the variance to the mean ratio of the BER
are denoted as n(.) and v(.), respectively. The variance of
the MC method can be computed analytically, although this
analysis is very complex for the proposed method and one
need to estimate the variances with numerical methods. The
variance of the proposed method can be computed by repeating
the experiment for J times (generating J independent sets
of moments), and computing the variance of the resulting
sequence of the BER values. In the computations of Table
1, we set J = 1000 to obtain a reasonable approximation, and
at the same time, render the analysis feasible in the sense of
the required time.

Eb

N0

BER v(new) n(new) v(MC) n(MC) G

1 3.8E-2 6.8E-5 1E4 9.5E-5 1E4 1.4
2 4.9E-3 1.4E-5 1E4 9.9E-5 1E4 6.8
3 1.7E-4 4.9E-6 1E5 9.9E-6 1E6 20.2
4 3.5E-6 2.3E-8 1E6 1.0E-8 1E8 43.5

Table 1 : Comparison of the proposed method and the MC simulation,
where the variances are computed as described in Section V and Eb

N0

is in dB.

The relative gain G is used in Table 1 as a measure to
compare the two methods. To incorporate both the variance
reduction and the sample reduction advantage of the new
method, and noting that v(MC) is inversely proportional to
n(MC), define G as follows:

G =
v(MC)

v(new)
.
n(MC)

n(new)
. (8)

Simulation results are shown in Figure 1, where the same
number of samples is used as indicated in Table 1. It is
evident that increasing the number of moments (the order of
approximation) that are involved from two to five significantly
improves the approximation.

In addition the confidence intervals are computed by using
the proposed method in Section IV for this example. This
confidence interval is closely related to n, the number of sam-
ples used to compute it. In Table 2, this relation is presented
for three different values of n at Eb/N0=2dB. We compute
p(|∆Pe| < θ) for the different values of n and θ. When we
compare the proposed method with the MC simulation in Table
1 and Table 2, the number of samples required for the BER
calculations indicate a significant reduction for our method. It
can be seen that the proposed method is more accurate than
the MC simulation even by using significantly fewer samples.
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Fig. 1. BER curves for Turbo-Code of the length 100 and rate 1/2 in
comparison with the MC simulation.

n θ p1 p2

104 0.0058 0.95 0.67
105 0.0058 0.96 0.70
106 0.0058 0.97 0.96

104 0.0020 0.94 0.66
105 0.0020 0.95 0.70
106 0.0020 0.96 0.96

104 0.0005 0.93 0.33
105 0.0005 0.94 0.68
106 0.0005 0.95 0.95

Table 2 : Relation between n and confidence interval at Eb/N0=2dB
for the new method and the MC simulation. p1 = p(|∆Pe| < θ) for
new method and p2 = p(|∆Pe| < θ) for MC.

VI. CONCLUDING REMARKS

In this paper, we have proposed a new method for the
performance evaluation of Turbo-Codes. Although our focus is
on Turbo-Codes, the application of the proposed method is not
necessarily restricted to this class of channel codes. The prob-
lem of finding the BER in high signal to noise ratio regions
can be solved with this method, since the MC simulation may
not be feasible. We take advantage of the symmetry properties
of the pdf of the bit LLR to propose a suitable model for this
unknown density. The moment matching method is employed
to find the density with the maximum entropy which satisfies
the moment constraints. A simple method is introduced to
make confidence interval statements both for the parameters
of the model and the BER integral, which enables us to
compute the BER values accurately. It is demonstrated that
significantly fewer samples, compared to those required in
the MC simulation, are necessary to compute the statistical
moments that are accurate enough.
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