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Abstract— This article presents a method for the combined Turbo-code
and QAM modulation using coset coding. A Turbo-code (acting on non-
binary symbols) is used to select a coset along each one-D co-ordinate us-
ing a one-D lattice partition (Ungerboeck partition). The proposed method
satisfies the conditions for the separability of shaping and coding, and con-
sequently, can be easily integrated with a shaping algorithm. Numerical
results are presented which show that the proposed configuration outper-
forms the best known techniques in terms of the complexity, delay and
BER performance (even ignoring the extra gain achievable through shap-
ing). Furthermore, we are able to achieve an additional gain of about 1 dB
through integration with shaping. The proposed method also demonstrates
an excellent performance near the error floor region.

I. I NTRODUCTION

Coded modulation goes back to 1974, when Massey sug-
gested the notion of improving system performance by looking
at coding and modulation as a combined entity [1]. The most
successful step towards implementing Massey’s thoughts was
the invention ofTrellis-Coded Modulation (TCM) by Unger-
boeck [2]. A distinct feature of TCM is the application of la-
beling by set partitioning where the constellation is successively
binary partitioned into congruent subsets defining a mapping of
binary addresses to the signal points. Almost at the same time
and independent of [2], Imai and Hirakawa [3] proposedBlock-
Coded Modulation(BCM) using multi-level binary coding. This
is based on using a set of parallel binary block codes to specify
different bit values in a given binary labeling of the constellation
points. The basic structure proposed in [3] has been further stud-
ied and generalized in a number of subsequent research works.
Reference [4] which is the state of the art article in this category
includes a detailed review of the relevant literature.

Shaping concerns the selection of the boundary of a multi-
dimensional signal constellation to reduce its average energy.
It is well known that by using shaping techniques in conjunc-
tion with conventional band-width efficient modulation meth-
ods, one can achieve an additional shaping gain (refer to [5] for
definition) of about one dB with a modest increase in the com-
plexity. In the work of Wei, [6], shaping is a side effect of the
method employed to transmit a non-integral number of bits per
two dimensions. Forney and Wei generalized this method in [5].
Conway and Sloane in [7] introduced the idea of the Voronoi
constellation based on using the Voronoi region of a lattice�s

as the shaping region. Voronoi constellations are further stud-
ied by Forney in [8]. In [9], Calderbank and Ozarow introduced
a shaping method in which the�-D subspaces are partitioned
into equal sized shells of increasing average energy where a
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shaping code is used to specify the sequence of the�-D shells.
Lang and Longstaff in [10] use an addressing scheme which
first divides the final constellation into energy shells. Then, a
point in a shell is found by successively decomposing the space
into lower-dimensional subspaces via generating function tech-
niques. The addressing scheme of Lang and Longstaff is further
discussed and elaborated in [11][12][13][14][15]. The idea of
the trellis shaping is introduced in [16]. This is based on using
an infinite dimensional Voronoi region, determined by a convo-
lutional code, to shape the constellation. In [17], Kschischang
and Pasupathy discuss a shaping method which is based on us-
ing the�-D points with non-equal probability. In [13], [18], [19]
some very low complexity addressing schemes are given which
achieve (or closely approximate) points on the optimum trade-
off curves. The method reported in [18] has been the lowest
complexity addressing method for spaces of dimensionality up
to 32, and the the method reported in [19] has been the low-
est complexity addressing method for spaces of higher dimen-
sionality (up to 512). In the current article, we present an ad-
dressing scheme based on some improvements upon the method
proposed in [18] for addressing in a 32 dimensional shaped con-
stellation which results in a lower complexity as compared to all
the methods reported in the literature.

In 1993, a new class of channel codes, called Turbo-codes,
were announced which have an astonishing performance with
a reasonable complexity [20]. The basic idea of Turbo-codes
is to make use of some convolutional component codes which
are connected in parallel through pseudo-random interleavers.
There have been a number of successful research works ad-
dressing the problem of band-width efficient modulation in
conjunction with Turbo-codes [21][22][23][24][25][26][27][28]
[29][30][31].

This article presents methods for the combined Turbo-code
and QAM modulation using coset coding where the underly-
ing binary code is a symbol-based Turbo-code. The proposed
method satisfies the conditions for the separability of shaping
and coding in [5], and consequently, can be easily integrated
with a shaping algorithm.

References [22][23][26][27][31] present structures based
on parallel concatenation of trellis-coded modulation (TCM)
schemes using binary component codes. In [22][23], the in-
terleaver operates on bits, while in [26][27][31] the interleaver
operates on symbols. The use of symbol interleaving has the dis-
advantage of reducing the effective interleaving gain, however, it
also offers some advantages in terms of complexity and perfor-
mance [33][34][36][37][38] which usually results in a net gain



for symbol vs. bit interleaving. Note that the trellis branching
factor in [26][27][31][33][34] depends on the number of con-
stellation points and consequently the complexity of the soft out-
put decoder for the underlying trellis can be substantially higher
than the standard binary Turbo code. The method proposed here
is also based on symbol interleaving, however, its underlying
binary component codes operate on the cosets (and not on the
individual constellation points), and consequently, the decod-
ing complexity does not grow with the size of the constellation.
Reference [32] discuses the application of shaping technique to
Turbo-codes using a nonuniform constellation. However, the
shaping gain achievable using the method proposed in [32] is
limited to about 0.2 db. The problem of shaping in conjunction
with Turbo-codes is also briefly mentioned in [4].

A common approach to Turbo-coded modulation is based on
a direct mapping of the output bits of a binary Turbo-code to the
points of a base constellation via an interleaver. In this config-
uration, the channel can be considered asm binary input, con-
tinuous output channels (the output of each such binary chan-
nel is the corresponding bit LLR), where�m is the number of
points in the base constellation. These binary channels are not
necessarily symmetrical and also their outputs are dependent on
each other. The value of the achievable rate over these equiv-
alent binary channels (value of the mutual information associ-
ated with bits) can be easily computed. Figure 1 shows different
configurations for the overall achievable rate of a 4-point one-
dimensional constellation. This figure also contains the capac-
ity of an AWGN channel for the sake of comparison. The two
curves labeled as “binary independent channels” are simply ob-
tained by adding up the mutual information associated with the
corresponding equivalent binary channels. This indicates the
achievable rate if the underlying binary channels areencoded
anddecoded independent of each other. Referring to Fig. 1, we
observe that there is a substantial gap of about 1.5dB in using
Gray vs. Natural labeling. The curve labeled as “4-point con-
stellation with equal probability of points” is the mutual infor-
mation associated the original constellation when the constella-
tion points are used with equal probability. This is indeed the
sum of the achievable rates of the underlying binary channels
if these are coded independently (using different code rates for
the underlying binary channels), but the decoded sequentially
where each decoder takes advantage of the decoded bit value
produced by its previous decoders. The difference between this
curve and the two curves labeled as “binary independent chan-
nels” accounts for the effect of the memory between underlying
binary channels. The key point to improve the performance is to
find a method to exploit this dependency towards increasing the
achievable rate. The curve labeled as “4-point constellation with
optimum probability of points” is the mutual information asso-
ciated with the 4-point constellation maximized over the input
probability assignment. The difference between this curve and
those labeled as “4-point constellation with equal probability of
points” accounts for the effect of shaping (using the constella-
tion points with non-equal probability). Note that the shaping
gain here is limited to about 0.5dB because the number of con-
stellation points is small. We will later present numerical results
for the achievable shaping gain in a 256 QAM constellation,
showing a shaping gain more than one dB.
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Fig. 1. Achievable rates in a one-D constellation with four points using dif-
ferent configurations, as well as the maximum achievable rate in an AWGN
channel.

A method for exploiting the dependency between the binary
channels is to incorporate the constellation as a component in
the iterative loop where the probabilities calculated in a given
step of the iterative process are passed as APP values to the con-
stellation. A more practical method to exploit the dependency
between the bits is to keep the dependent bits together in the
process of encoding/decoding. This is achieved by interleav-
ing several bits at a time [34]. The case of two bit interleaving
is especially attractive because the number of branches starting
from each state will be equal to four, resulting in two branches
per bit [34][35]. As a result, the computational complexity (per
bit) of the forward-backward algorithm on the resulting trellis
will be the same as the standard case of single bit interleaving,
while the effective length of the trellis reduces by a factor of
two, reducing the memory required to store the state probabili-
ties in the forward-backward algorithm by a factor of two. For
larger values ofm, the complexity of the resulting trellis for
the symbol-based interleaving increases exponentially withm,
making it infeasible. This makes the method unattractive for
larger constellations. As an example, in Fig. 2, a 16-point con-
stellation is decomposed into 4 cosets using the partition chin
Z��Z. These cosets are labeled by two bits using Gray labeling
and are selected by the output bits of a symbol-based Turbo-
code withm � �. Such a coset decomposition of a large con-
stellation results in the complexity of the symbol-based decoder
to be independent of the number of constellation points (i.e., de-
termined by the number of cosets). The decoding proceeds by:
(i) detecting the sequence of cosets by decoding the Turbo-code
(recovering part of the input bits), then (ii) detecting a point
within the selected cosets, and finally, (iii) recovering the sec-
ond sequence of bits using the inverse of the addressing scheme
used for shaping. The probability values required to initialize
the Turbo decoder are computed by adding the probability of
points within each coset, and then the conventional iterative de-
coding procedure follows.

The achievable shaping gain for this constellation and the
shaping partitions given in Fig. 2 can be computed using the
technique given in [13]. The result for a constellation of dimen-
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Fig. 2. A one-D constellation of 16 points divided into 4 cosets with related
coding and shaping labels.

sion 32 as a function of Constellation Expansion Ratio (refer
to [5] for definition) is shown in Fig. 3. The same graph also
contains the shaping gain achievable in 32 dimensions if one
does not group the one-D points into shaping partitions [12], as
well as the shaping gain in an infinite dimensional space assum-
ing continuous approximation.
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Fig. 3. Shaping gain in dB vs. CER for a 2-D sub-constellation with 256 points
in a 32-D space.

We introduce an efficient addressing scheme for shaping in
a 32-dimensional space with a CER equal to 1.35. We assume
that addressing is achieved in a hierarchy of stages which each
stage involves the Cartesian product of two (similar) lower di-
mensional sub-spaces. This results in 5 stages to reach to dimen-
sion 32 starting from 2-D sub-spaces. This hierarchy is shown
in Fig. 4. To simplify addressing, the 2-D sub-constellations are
divided into 16 energy shells of equal number of points with in-
creasing average energy. This number of 2-D shells is enough
to realize most of the achievable shaping gain for 2-D constella-
tions with 256 (or more) points. For 2-D sub-constellations with
smaller number of points, a lower number of 2-D shells (say 8)
will be enough (this results in a noticeable reduction in the size
of the look-up table). Note that in all our discussions, addressing
refers to selecting a 2-D shell within each 2-D sub-constellation.
Obviously, if each such 2-D shell contains�m signal pints, then
one will need anotherm bits per 2-D to select the final point
with the selected 2-D shell (in each sub-constellation). We do
not discuss the effect of these extra bits because these are simply
extracted from the input bit stream.

Assuming 16 shells in 2-D sub-spaces, we obtain�� �
�� � ��� elements in the Cartesian product of the 2-D sub-
constellations in 4-D sub-spaces. In general, we refer to the
elements formed in the Cartesian product of the lower dimen-

sional shells asClusters. The 4-D clusters are ordered ac-
cording to their average energy, and�� subsequent clusters are
merged into a 4-D shell. This results in�� shells of equal car-
dinality in the 4-D sub-spaces. Again, the Cartesian product
of the 4-D shells (resulting in��� clusters in each 8-D sub-
space) are ordered according to their average energy and sub-
sequent clusters are merged into 8-D shells. To reduce the ad-
dressing complexity, the merging at this stage is achieved us-
ing non-equal number of clusters in subsequent 8-D shells. In
specific, the number of clusters (in the order of increasing av-
erage energy) merged into subsequent 8-D shells are equal to
f��� ��� ��� ��� ��� ��� �����g, respectively. This results in�
shells in 8-D sub-spaces. Following that, we obtain 64 clus-
ters in the 16-D sub-spaces (which are not merged) and�	
�

clusters in the 32-D space (which are not merged). Note that the
cardinalities of the 16-D and 32-D clusters are not equal (these
cardinalities are all an integer power of two). The final constel-
lation is selected from the 32-D clusters of least energy such that
the overall bit rate is 54. Note that without shaping, the bit rate
would be��� � � ��. This means that the shaping redundancy
is equal to� bits/32-D, resulting in,

CER �
��

������
� ����

The addressing at the highest level of the hierarchy is
achieved using a Huffman tree as shown in Fig. 5. The first
step is decide if the selected 32-D cluster belongs to Set I, Set II
or Set III. This is achieved by assuming that the�
� clusters are
labeled by the binary number obtained by assigning zero to the
left branch and one to the right branch at each node of the tree.
Then, the label of each final node (corresponding to a cluster)
is obtained by concatenating the binary labels of its branches
(where the most significant bits correspond to values closer to
the top of the tree). This will result in the labels of the final
nodes to be ordered increasingly from left to right. Note that the
label of the final nodes are composed of� bits (for Set I),� bits
(for Set II), and
 bits (for Set III). In this case, to select a 32-D
cluster, we extract� bits from the input stream and compare its
numerical value with the thresholdT� which is the label of the
last cluster in Set I. If the label is smaller or equal toT�, then
we are within Set I, and have another�� � � � �	 bits to pro-
ceed with the addressing within the selected cluster. Otherwise,
we extract one more bit from the input stream, resulting in an�

bit label. We compare the numerical value of the resulting�-bit
label with the threshold valueT� which is the label of the last
node in Set II. Again, if the label turns out to be smaller or equal,
we proceed with the addressing within Set II using the remain-
ing bits (in this case,�
 bits are left). If the label turns out to be
larger thanT�, then we extract one more it from the input stream
and use the resulting
 bits to select an element within Set III (in
this case, we are left with�� bits to select an element within Set
III).

After selecting one of the�
� clusters in 32-D (as explained
above), to proceed with the addressing within the selected clus-
ter, we assume that there exists a look-up table with�
�memory
locations each of� � � � �� bits, where the 3-bit address sec-
tions point to the 8-D shells building a given 32-D cluster (note
that each 32-D cluster is simply the Cartesian product of four



8-D shells). This results in��
�� �� � ���� bits of ROM.
To proceed with the addressing within 8-D shells, we note

that the selected 8-D shell is composed of��� ��, or �� of 8-
D clusters (corresponding to�� �� � bits, respectively). In this
case, we extract another�� � or � bits from the input (for each
8-D sub-space) to bring the total number of bits per 8-D to�

bits. We use these 8-bit addresses to select an 8-D cluster in
each 8-D sub-space. To do this, we assume that there exists a
look-up table with 256 memory locations each of��� � � bits,
where each 4-bit section of these 8-bit addresses points to the
4-D shells construing a given 8-D cluster. These bits are used to
select one 4-D shell in each 4-D sub-space.

To proceed with the addressing within 4-D shells, we assume
that there exists a look up table of��� memory location each of
�� � � � bits, where each 4-bit section of these 8-bit addresses
points to the 2-D shells construing a given 4-D cluster. These
bits are used to select one 2-D shell in each 2-D sub-space. As
mentioned before, there will be another group of input bits (de-
pending on the number of signal points within each 2-D shell)
which will be used to select the final point within each 2-D sub-
constellation. Simulation results show that the proposed con-
stellation offer a shaping gain of about 1 dB. The total memory
requirement for the proposed addressing scheme is equal to,

Mtotal � ����� �	�� � �	�� � ���� bits � 	���K

Note that the clusters always happen in pair (of equal energy),
sayA�B andB �A, unless the two constituent lower dimen-
sional components are the same, sayA � A. This property can
be used to reduce the size of the required memory by a factor of
close to two at the price of a very small number of comparisons
(comparing the labels to some anchor points corresponding to
the label of the clusters with identical components).

Example: Assume that each 2D sub-constellation is com-
posed of 256 points. The input is composed of a total of 57
shaping bits plus another 64 bits. We are only concerned with
the operation of the selection of the 2-D shells using the 57 shap-
ing bits. The selection of the final 2-D points within those 2-D
shells is a trivial task. The same procedure will apply to any
other scenario where the number of 2-D points is different from
256 while the number of 2-D shells is 16. Let us consider the
following cases for the 57 shaping bits:

Case I: 0010010... The first 7 bits are 0010010 with the value
of 18 that is less thanT� � �
. In this case, the selection will be
within Set I in Fig. 2. This value of 18 will point to a location in
the corresponding look up table which contains 4 pointers each
of 3 bits specifying the related 8-D clusters (there are 4 of these
8-D clusters). After knowing the 8-D clusters, we proceed with
the addressing within each of those 8-D clusters by extracting
an appropriate number of bits from the remaining input bits in
a sequential manner and using those bits to select their related
elements within the 4-D and subsequently 2-D sub-spaces by
referring to the related look-up tables used for the addressing
within 4-D and 2-D sub-spaces.

Case II: 1010010 0 100100 The first 7 bits are 1010010 which
is equal to 82 and is greater thanT� � �
. To proceed, we
extract one more bit from the input which is equal to 0. Then, the
first 8 bits, namely, 10100100 with the value of 164 is compared
to T� � ���. As the label is smaller thanT�, then we are within

the Set II. In this case, we are left with 49 shaping bits to proceed
with the selection of the 8-D clusters.

Case III: 1111011 1 100100 The first 7 bits are 1111011 with
the value 123 which is larger than 69 and the first 8 bits, namely
11110111 are of value 247, so we are within Set II and we use
the first 8 bits for the addressing in Set II.

Case IV: 1111110 1 100100 The value of the first 7 bits is
larger thanT�=69 and the value of the first 8 bits is larger than
T� � ���, so we are with Set III and we extract the first 9 bits
for the addressing with Set III
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Fig. 4. Tree structure of the hierarchy used for addressing 32 dimensions.
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Fig. 5. Structure of the Huffman tree used for addressing.

Fig. 6 shows the BER performance of the proposed scheme
for a spectral efficiency of 4,6 bits/sec/Hz. Block length is
16400 bits and the code has 4 memory elements, the interleaver
is S-random withS � ��.
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