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Abstract — In this paper!, we study certain proper-
ties of the bit decoding algorithms for the case of lin-
ear binary block codes. Our focus is on the probability
distribution function (pdf) of the bit Log-Likelihood-
Ratio (LLR).
with discrete input and discrete or continuous out-
put. We prove that under a set of mild conditions
on the channel the pdf of the bit LLR of a specific bit
position is independent of the transmitted code-word.
It is also shown that, the pdf of a given bit LLR when
the corresponding bit takes the values of zero and one
are symmetric with respect to each other (reflection
For the
case of channels with single bit input a sufficient con-

We consider a general channel model

of one another with respect to the origin).

dition for two bit positions to have the same pdf is
presented.

I. INTRODUCTION

In the application of channel codes, one of the most impor-
tant problems is to develop an efficient decoding algorithm for
a given code. The class of Maximum Likelihood (ML) decod-
ing algorithms are designed to find a valid code-word with the
maximum likelihood value. The ML algorithms are known to
minimize the probability of the Frame Error Rate (FER) un-
der the mild condition that the code-words occur with equal
probability. Another class of decoding algorithms, known as
bit decoding, compute the probability of the individual bits
and decide on the corresponding bit values independent of
each other. This results in minimizing the value of the Bit
Error Rate (BER). Note that unlike ML algorithms, in the
case of the bit decoding algorithms the collection of decoded
bits do not necessarily form a valid code-word.

The straightforward approach to bit (or more generally sym-
bol in the case of non binary codes) decoding is based on
summing up the probabilities of different code-words accord-
ing to the value of their component in a given position under
consideration. A number of research works have addressed
the problem of finding bit decoding algorithms of a reduced
complexity (as compared to an exhaustive method) assuming
a soft decision at the channel output. An optimum symbol
decoding rule is proposed in [1] which is still exhaustive, but
uses the set of code-words of the dual code in the decoding
process. This method results in a lower complexity as com-
pared to an exhaustive search if the dual code has a smaller
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number of code-words. Two modifications of the basic exhaus-
tive method are presented in [2]. It gives a set of necessary
and sufficient conditions for achieving minimum symbol er-
ror probability decoding and uses these conditions to derive
a non-exhaustive optimum decoding algorithm of a reduced
complexity. Bit-by-bit soft-decision decoding of binary cyclic
codes is considered in [3] where the authors have modified the
optimum decoding rule so as to reduce the complexity while
maintaining good performance.

The problem of decoding linear block code used over a bi-
nary symmetrical channel with a given cross over probability
is considered in [4-7] where the objective is to minimize the
probability of an information bit error. Reference [4] gives an
optimal rule for selecting coset leaders. Seguin [5] notes that
the probability of an information symbol being in error is a
function of the generator matrix chosen when the decoder is
fixed. Seguin shows how to choose the optimal generator ma-
trix when a fixed standard array code has been selected. A
more difficult problem of simultaneously choosing the gener-
ator matrix and decoder that minimizes the probability of an
information bit error is considered by Dunning [6]. Tolhuizen
and van Gils [7] show that the large number of computations
required for Dunning’s procedure can be reduced somewhat by
using the automorphism group of the code. Some authors [8,9]
have considered specific coset leader rules for use when cross
over probability of BSC is small and the encoding is system-
atic. Elia and Prati [8] give a decoding strategy, and note that
for some codes it outperforms minimum weight coset lead-
ers for small cross over probability. Montgomery and Vijaya
Kumar [9] give another improved (though still sub-optimal)
decoding strategy.

In an early paper Posner examines the information bit er-
ror probability obtained by using a linear block code over an
Additive White Gaussian Noise (AWGN) channel with low
signal to noise ratio and hard decision decoding [10]. More
recently, in [11] the performance of linear block codes is ex-
amined when used on AWGN channel with soft decision de-
coding. Some asymptotic expressions are derived in [12] for
bit error probability under optimum decoding for the AWGN
channels. There have been also some works on bounds and
approximation on the bit error probabilities of decoding con-
volutional codes [13] and trellis codes [14].

Maximum Likelihood decoding algorithms have been the
subject of numerous research activities, while bit decoding al-
gorithms have received much less attention in the past. The
reason being that the bit decoding algorithms are known to
offer a BER performance very close to that of ML algorithms,
while they have a substantially higher level of decoding com-
plexity. More recently bit decoding have received increasing



attention, mainly due to the fact that they deliver soft out-
put decision (reliability information) which can be advanta-
geously exploited in both uncoded and coded systems. In
1993, a new class of channel codes, called Turbo-codes [15],
were announced which have an astonishing performance and
at the same time allow for a simple bit decoding algorithm.
Due to the importance of Turbo-codes, there has been a grow-
ing interest among communication researchers to work on the
bit decoding algorithms. Reference [16] provides a method
(known as BCJR) to compute the bit probabilities of a given
code using its trellis diagram. An efficient exact APP de-
coding algorithm based on coset decoding principle proposed
in [17]. There are also some special optimum methods for
bit decoding of linear block codes based on sectionalized trel-
lis diagrams [18] and based on using the code-words of the
dual code [19]. The main simplification of BCJR has been the
SOVA (soft output Viterbi Algorithm) of Hoeher and Hage-
nauer [20] which is a sub-optimum solution. A reduced-search
BCJR algorithm is also proposed in [21]. Other researches
have been done on reducing complexity of bit decoding like
early detection and trellis splicing in [22].

More recently, in [23], Abedi and Khandani present an an-
alytical method for performance evaluation of binary linear
block codes using an AWGN channel model with Binary Phase
Shift Keying (BPSK) modulation. The computation is based
on using the probability distribution function of the bit LLR
which is expressed in terms of the Gram-Charlier series expan-
sion. This expansion requires knowledge of the statistical mo-
ments of the bit LLR. An analytical method is presented for
calculating these moments using some straight-forward recur-
sive calculations involving certain weight enumerating func-
tions of the code. It is shown that the estimate of the bit error
probability provided by the proposed method will asymptot-
ically converge to the true bit error performance. Numerical
results are provided for the (15,11) Cyclic code which demon-
strate close agreement with the simulation results.

This paper is organized as follows, in section I1 the model
used to analyze the problem is presented. All notations and
assumptions are in this section. Some examples of our general
channel model are presented in section IlII. We prove some
theorems on bit decoding algorithms in section IV. This work
is a continuation of [24] in which the case of AWGN channel
with BPSK modulation is considered.

II. MoDELING

Assume that a binary linear code C with code-words of length
N is given. Using notation ¢! = (c{,cé, .. .,cév) to refer to
a code-word and its elements, we partition the code into a
sub-code CY and its coset Cj, according to the value of k" bit
position of its code-words c'.

Vel €Ciif cb=0=c'€ O (1)
if ci=1=c'€e C;
cluci=¢C C'NnCi=o2

We define bit wise binary addition of two code-words on our
code book as, ¢! & ¢/. Note that the sub-code CY is closed
under binary addition and all code-words are equally prob-
able to be sent. Each code-word will be partitioned into L
blocks of m bits, i.e., N = mL, to be transmitted over a
channel with a discrete input alphabet set composed of 2™
elements. Notation I;, i=1,..,|C|l,=1,...,L, is used for

these blocks which will be called m-blocks hereafter. For ex-
ample code-word ¢’ is composed of ( L CY I‘L) Note that
it is not necessary to partition the code-words into blocks of
equal length. In other words, channels with different num-
ber of inputs can be used in subsequent block transmissions.
The only crucial condition is that the channels in different
transmissions should be independent of each other (memory-
less channel). For simplicity of modeling, we use fixed length
m-blocks in our following discussions and assume that there
exists a one to one correspondence between the 2™ possible
m-blocks and the input symbols of the channel. The set of
m-blocks referred as 7 form a group under binary addition.

The channel has 2™ discrete input and discrete or contin-
uous output as shown in Figure 1. For the continuous output
channels, O C R", where & is the set of real numbers and
small p(.) stands for pdf. For channels with discrete output,
O is a set of discrete alphabets and small p(.) stands for prob-
ability mass function (pmf) 2.

IeZ x €0

Channel Model
p(x|I)

Figure 1: Channel Model

Consider the situation of sending a code-word € through the
channel. Each m-block of the code-word € will be transmitted
and a symbol x; will be received at each channel use.

A common tool to express the bit probabilities in the
bit decoding algorithms is based on using the so-called Log-
Likelihood-Ratio (LLR). The LLR of the kY Dbit is defined
by the following equation.

> pleth .

3 1
c eCk

.XL)

. p(Ek :1|X1...XL‘)
LLR(k) =1lo — =~ =lo - -
(k) gp(ck:0|x1...xL) > plefxy...x1)
c’ng
(2)
where & is the value of k" bit in the transmitted code-word,
¢. For the case of equally likely code-words, we have,
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(3)

Given the value of bit LLR, decision on the value of bit & is

made by comparing the L LR with a threshold of zero. We are

interested in studying the probabilistic behavior of the LLR.

Assuming a linear code, we derive a set of conditions on the

channel for which the choice of € does not have any impact

on the resulting probability distribution as long as the value
of the k" bit remains unchanged.

We consider two different channel models

discrete input alphabet:

both with

2Note that without loss of generality we have combined modu-
lation and channel into a new channel model.



e Channels with Geometrical Representation
e Channels without Geometrical Representation

We define an endomorphism ¢. on code € which permutes the
code-words by adding code-word ¢ to them,

be: C—C (4)

¢c:ci—>ci@c

This mapping also change each m-block within a code-word
to another m-block. The following sufficient conditions are
required to carry out the proofs.

vitiPeZ, vxe0, Iyec0: (5)
p(xIel o) =p(yD), VI€Z

In the following subsections we inspect the above mentioned
different channel models.

A Channels with Geometrical Represen-
tation

In this section, we consider channels for which input and out-
put symbols belong to R". We use the notation Py: € R”™ to
refer to the channel input symbols representing I'.

In other words, the m-blocks are just labels of the points
We assume that the signal set at
the channel input is geometrically uniform [25]. This means
that for any given pair of signal points, say Pj: and Pj,
there exists an isometry which transforms Pj: to Pj. while

in the Euclidean space.

leaving the signal set unchanged. In addition, we assume that
the scenario shown in Figure 2 is valid for the corresponding

labels.
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Figure 2: Mapping of points with an isometry

It is easy to see that under the following conditions, the
condition given in 5 will be satisfied, if

(i) y is selected as the image of x under the isometry
P;j; = Pi
(i) p(x|Ps1) is a function of ||x — P ||

A good example for a channel satisfying condition (ii) is

the AWGN channel.

B Channels without Geometrical Repre-
sentation

In this section, we assume that the channel output set is a
discrete set composed of elements x? € (. We define matrix
A whose elements a;; are conditional pdf of channel output
given its input.

u=2" =11, v =10 (6)

Auxo = laij],  aij = p(x’|I),

We can satisfy the condition given in (5) if after shuffling all
input symbols by adding an arbitrary m-block I to them, for
each column in A,x,, there exists another column for which
the probability values are shuffled in the same order as the
corresponding m-blocks.

I1I. EXAMPLES OF DISCRETE CHANNEL MODEL

In this section, we present some examples of the discrete chan-
nel models which satisfy the required condition stated in (5).
Example 1: For the channel shown in Figure 3 we have,

X1 X2 X3 X4
A: 0 1/2—61 €1 1/2—62 €2 (7)
1 €1 1/2—61 €9 1/2—62

O x!

10

1/2—62

€2

Ox*

Figure 3: Channel model for example 1.

Example 2: For the channel shown in Figure 4, we have,

| x! x2 x* x* X°

00 | eo e € 0 0
A=|01l|le eo € 0 0 (8)

10 O 0 € e e

11| 0 0 € €1 €g

where eg + €1 + € = 1. This matrix has the required sym-
metry properties stated in (5).
Example 3: For the channel shown in Figure 5, we have,

| X1 X2 X3 X4 X5 X6 X7 X8

00 €0 €1 €2 €3 €4 €3 €9 €1

A = 01 €2 €1 €0 €1 €2 €3 €4 €3 (9)
10| es es e e e e ez e3
11 €9 €3 €4 €3 €9 €1 €0 €1

where eg +2(e1 + €2+ e3) +e4 = 1. In this example the signal
points are labeled using Ungerboeck set partitioning [26]. Tt
is easy to see that the required condition for the columns of
the probability matrix can be satisfied.
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Figure 4: Channel model for example 2.
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=

Figure 5: Channel model for example 3: The values of
error probabilities which are not shown follow the same
pattern as the values specified on the figure.

IV. MAIN RESULTS
Using the above definitions and notation, we have the follow-
ing theorems.

Theorem 1 The probability distribution of LLR(k) is not af-
fected by the choice of the transmitted code-word &, as long as
the value of the k'" bit remains unchanged.

Proof: If we take two different code-words &',&? and
transmit them over the channel by partitioning them to
(i%, cen ii) and (if, e i%), we will receive (x;...xr) and
(y1...y1), respectively. We form their bit LLR for the k**
bit position using (3),

S s L)

LLR'(k) =log —*——— (10)

LLR?(k) =log —*———— (11)

where I; are m-blocks of ¢'. As long as the value of the k" bit
remains unchanged both &', &? are in the same subset namely

CY or Ci. No matter they are in which subset, &' @ &?* will be
in sub-code C%. Noting that & @ & € C2, we use ¢z @a2 as
defined in (4), to map the sub-code C} onto itself as seen in

Figure 6.
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Figure 6: Mapping of C onto itself

Consider this mapping applied to the denominator of (10).

L L
Yo [Irxin) — - [[rxiG el o)

c’ng Jj=1 c’eCE Jj=1

(13)

Where i; @i? is the m-block which is added to each m-block of
¢’ as a direct result of the mapping ¢z1 gz2. Assuming that the
properties of channel defined in section II hold, there exists a
y; such that,

p(y;|L) = p(x; L @ 1 & 13) (14)

This means,

S I e — 3 T ey

0g4=1 04=1
c’eCkJ c’eCkJ

(15)

The right hand side expression is the denominator of (11).
Applying the mapping ¢z1gs2 to the numerator of (10), the
elements of coset shuffle with the same permutation and the
numerator of (10) will be mapped to the numerator of (11).
From (5) we obtain,

p(x;|15) = p(y;l1}) (16)
Noting that each transmission is independent of the others we
conclude that,

L L
[ o615 =[] plyili3) (17)
J=1 Jj=1

p(xixo B A =p(yr oy B 0D (18)
p(xi ... x0[&) = p(y1...yL|&) (19)

Note that the value of LLR'(k) is uniquely determined
by vector (x1...xr) and the value of LLR?(k) is uniquely
determined by vector (yi...yr). It is shown that for each
(x1 ...x1) there exists a (y1 ...yr) with the same conditional
probability as given in (19) which preserves the value of LLR.
This means (10), (11) posses the same pdf independent of the
transmitted code-word. ]



The following theorem explains the effect of a change in the
specific value taken by bit & on the probability distribution of
LLR(k).

Theorem 2 The probability distribution of LLR(k) for value
of bit k =0 or 1 are the reflections of one another through
the origin (threshold point).

Proof: Having chosen two different code-words &', &>
(which have different values in their kth bit position), we form
their bit LLR for the k'" bit position as given in (10),(11).
Assume that the elements of CJ are mapped by adding a code-
word é! @ &2 to them which contains a 1 in position k. This
will change the value of bit & from zero to one. This operation
results in each component in the set of the code-words ¢’ € cy,
to be exchanged with a counterpart element within the set of
the code-words ¢’ € Ci. In this case, we exchange the values
of numerator and denominator. Changing the value of the k"
bit means &', & are in two different subsets. No matter which
one is in which subset, & @ &? will be in coset C}. Noting
that &' @ &% € C}, we use ¢z ga2 as defined in (4), to map the
sub-code C§ onto coset C}, as seen in Figure 7.

¢&1@&2 H 02 — C]}; (20)

¢E’:1€BE‘:2 ¢’ — ¢ (o] él (&) 62

cECi

Figure 7: Mapping of CY onto C}

Consider this mapping applied to the denominator of (10).

L L
Yo [Irxin) — - [[rxiG el o)

04=1 14=1
c’eCkJ c’eCkJ

(21)

Assuming that the properties of channel defined in section 11
hold, there exists y; such that,

ply;IL) = p(x; | o 1) o 1) (22)
This means,
> ey — > T e(ysIn) (23)
c’ng j=1 c’eCi j=1

The right hand side expression is the numerator of (11). Ap-
plying the mapping ¢z1gz2 to the numerator of (10), the el-
ements of coset shuffle with the same permutation and the
numerator of (10) will be mapped to the denominator of (11).

It is shown that for each (x;...xz) there exists a
(y1...yr) with the same conditional probability as given in
(19) which exchanges the value of numerator and denomina-
tor of LLR' (k). This means (10), (11) posses the same pdf

independent of the transmitted code-word, while their values

are different only in their signs. Under these conditions, it
is easy to see that, the given value of LLR(k) if k*"bit = 0
occurs with the same probability as —LLR(k) if k*™bit = 1,
and vice versa. Therefore, changing the value of bit k in the
transmitted code-word is equivalent to inverting the sign of
the random variable corresponding to LLR(k).

[

We will now concentrate on the conditions for two bit posi-
tions to have the same pdf for their bit LLR. These conditions
are presented for a memoryless channel with binary input (no
other conditions of the form given in 5 are required). Note that
unlike in the previous two theorems, here, we require that the
channel remains the same in subsequent transmissions.

Let C be a binary linear code of length N. We define a
permutation P which simply permutes the elements of each
code-word. The set of permutations which maps the code-
book € onto itself form a group called Automorphism group

of code C.

Theorem 3 Consider two bit positions of a code-word, a,b
such that 1 < a,b < N, a #b. If there exists a permutation
P within Automorphism group of code C which transfers bit
position a to b, then LLR(a) and LLR(b) possess the same
probability distribution.

Proof: Consider the situation of sending &' bit by bit
and receiving x; for bit I;. The permutation mentioned in
the theorem will be used as follows,

P& =& (24)
P.(i,... i) —d;,... 1) (25)
P:(x1,....,xz) — (y1,---,¥L) (26)

Using the permutation P, the arguments of the summation
in the numerator of (10) will be mapped to the arguments
of the summation in the numerator of (11), and similarly the
arguments of the summation in the denominators of (10) and
(11) will be mapped to each other. Noting that the channel
is memoryless and is not changing with time, we have,

L L
11 pxi1E5) = [T p(yslE) (27)
J=1 Jj=1
The rest of the proof follows similar to theorem 1. [ ]

Note that set of permutations form a group, it is clear that
inverse of P exists and transfers bit position b to a. The
existence of the permutation to yield two bit positions with
the same probability distribution for their LLR is our next
We apply this result to the class of cyclic codes
as a good example for checking the existence of the desired
permutation.

concern.

Theorem 4 The permutation mentioned in theorem 3 exists
for the class of cyclic codes.

Proof: Transferring bit position a to b (a < b) is achiev-
able by shifting elements of the code-words b — a times to the
right. It is the property of cyclic codes that any such shift
results in another code-word. Hence, this permutation in au-
tomorphism group of the code C exists for the case of cyclic
codes. ]



V. CONCLUSION

In this paper the probabilistic behavior of bit LLR has been
investigated over a general channel model with discrete input
and discrete or continuous output. We proved that under cer-
tain symmetry conditions on the channel the pdf of the bit
LLR of a specific bit position is independent of the trans-
mitted code-word, if the value of that bit position remains
unchanged. It is also shown that a change in value of a bit
position will not change the shape of the pdf of that bit LLR,
while make it reflect through the origin. Some examples have
been provided for channels with discrete input and output
which have the required symmetry properties. For the case of
channels with binary input, it is shown that a sufficient con-
dition for two bit positions, a, b, to have the same pdf is the
existence of a permutation in the automorphism group of the
code which can transfer bit position a to b. We showed that
this permutation exists for the class of cyclic codes.
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